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Navier-Stokes equations

%—?—I—(u-V)u:—Vp—l—uAu

with smooth initial data with finite energy in R3

J. Leray, Acta Math. 63, 193 (1934).



Motivation

e “lOog"’ blowup in critical norms

characterisation of possible blowup via extinction

e dynamic scaling and turbulent solutions, known to exist in 3D &
4D

strong form energy inequality holds (except for singular points)
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1. Scale-invariance and criticality
T — /XNt — /N2
u(x,t) - U, 7) = A_lu(w/)\,t/Az)
p(z,t) — P(&,7) = A" %p(z/X, t/A%)

example:
=M\, t = N1, u=\"1U

[ lultda = Am=1 [ |Ude,

q < n . super-critical, g =n . critical, ¢ > n : sub-critical
n =spatial dimension

[ IVulde =12, [ julPde = 12



3D blowup criterion with H/2-norm [12] (A= (=2)Y/2 & |k|)

/|/\1/2u|2da} = /’u, Audz < (/ |u|2d:c/ |w|2dm> 1/2

It has the same physical dimension as

. \1/2
Helicity /uowda} < </|u|2dm/|w| da:)

1
SIAY?uf? <. Au, Cordoba-Cordoba(2003)



Notations

energy
B = [, lutz,t)Pde = _|ul?
2 JR3 7 2 L (R?))
enstrophy
Q) =~ [ (e, t)Pda = ul?;
2 JR3 ’ 2 H (R3)
“helicity”

1 1
H(t) == [ INPu(@,)Pde = Slul o5



Leray’s attempt to build self-similar blowup weak solutions (1934)

' U(¢)
u(z,t) =< [2a(ts —t)]1/2
0 (2> tx)

(0 <t < ty),

\

§

T [2a(t. — )]/

lLLeray equations
U-V£U+a(£-V£U+U) — —VSP—|—1/A€U, VS-U:O

If U € L3(R3) then U = 0 Netas, RGZicka and Sverak (1996),
also Tsai (1998)



3D N-S eqs: H1/2-critical

/R3 |u(213,t)|2d513 — \/2(1,(t* — t) /R3 |U(£)|2d€

o3 \/\1/2u(w,t)|2da; — /IR{3 |/\2/2U(€)|2d€

/R3 Vu(z,t)|[*de / VU (€)]%dé

\/Qa(t — 1) /R



Blowup criteria

,3/2

Leray bound /|w|2da: P O—
tx — t

Escauriaza, Seregin & Sverak (2003). Hence

||u||H1/2(R3) — 00 aS t — t«

VIwl p2llull g > llwll a2 > llull s

cf. With e =23
p

ve

Uu Uu > |lu o/ > |lu o) > 2C
Vil allwllgiea 2wl yaseare 2 llull sa-20 2 20—
9




2. Constraint on the extinction phenomenon

Observation (weak solution)
,3/2 ,3/2

N < Q) = e E(t) < E(4)Q(1)

If blowup : ¢

1
Assume E()Q(t) < v*'log P
— Uk

1
E(t) < cv®?\/t, —t' log ’

t — t«

lim E(t) = 0, extinction
t—tx

E(t) =0 for t > t«, a trivial solution
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Physicists do not (cannot) distinguish

EQ = O(*) : small initial data

and

EQ =0 (1/4Iog ) . critical blowup

* —

to leading-order
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Enstrophy equation

“©_ w-V’u,-wdm—V/ IV x wl|?
dt R3 R3
3 2
well-known bound —Q < CQ— — iQ—
dt V3 4 F
ith 4 d Q2 - (FQ)?
With — = —2vQ = —Il0g(FEQ) < C

dt dt 32

12



Note:

B®Q) < BOQOexo (55 [ Q)2

cp3/2

Q) ~ F—

= power-law upperbound,

cp3/2

1
t« —t) 1O
\/(* ) gt*—t

= log upperbound

Q1) ~

13



Recasting the known bound

1 E?dQ ., 5
< — —Ff, where f(t) =
C’I/5th_f 20’ 1)

quadratic inequality in f

f>>1 ES'FJ(ES>2+'4E2(%Q
=2 |ac

E()Q(1)
4

2 4C Cv5Q dt

Essentially,

E d
f= CV5/2 \/dt 09 Q
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Question:

small E(Q) = global regularity

mildly singular E() = constraints on the evolution ?
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A simple analysis
Assume f blows up in a mild fashion: e.g. f(t) <'log

More precisely, lim;_ (t« —t)€f(t) = 0, Ve(> 0)

d 1
Q_C 52><’Iog :
dt E2 t — t«
at ~ 7Y 2
dE
T =_9
|t vQ

t — t«

16



E(t)

By E(t) = O1/2,5/2

0g |1 —cE@)| 4 cE() > (t — tx)

(t« : constant)

Taylor expansion around £ =0 : E’(t)g\/Q(t* — 1)

17
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3. Weak form of Leray’s dynamic scaling(attempt)
Assuming N-S solutions blows up at ¢t = t« apply dynamics rescaling.

1
1) = U, 1
W) = U
E L xr - t ds _ 1 Iog tx
- \/Qa(t* _ t)’ 0 M(5)2 2a T ti—t
1 — 8—2&7‘ 1
(A(t) = \/2a(ts —t), t = S b= 2—@)

non-stationary Leray equations

oU
E_FUVSU_FCL(&V£U—|—U):—V£P—|—VA£U, V£~U:O
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Dynamic scaling has been used to discuss the first singularity tx

Asymptotic self-similar blowup ruled out.

lim U@ 7) ~T@©| »=0,TEeLP, p=n

U is a steady solution to the Leray equations.

=
U =0 by NRS (1996)

Chae (2007), Hou & Li (2007)



Leray’s structure theorem
“Time singularities are quantised (digitised)”
Disjoint, countable time intervals J., £k =0,1,2,...
3T > 0, Jg = [T, 00)
IR — U o Jil =0
(©.@)

S kY2 < oo
k=1
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Leray (1934)

0

4D: Kato (1984)

h

L
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Two operations: dynamic scaling & weak formulation
Structure theorem valid in 3D and 4D

To apply dynamic scaling to singular points t1,to,t3..., it iS necessary
for them to commute.
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N=-S---------------- — Leray
weak form . weak form
Y '
weak N-S — weak Lera

scaling
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Route 1

o0
Navier-Stokes equations 8—? + (u-V)u=—-Vp+rvAu

Weak form
T oP
/o - (u,a> + (u- Vu, ®) + u(Vu,W>] dt = (b, @)
then scale

T’ L !
—(n—1)at | _ . . / /
/O e { (U, o tat V§<I>> + (U - VU, ®) 4+ v(VU, Ve ®) | dr

= (b, ®)’

More pricesely ®(z,t) = ®(e=97¢, 126 ") = &(¢, 7)

24



T
/O — (1, @) + (u- Vu, ®) v (Vu, VO) | dt = (b, ®)

=(1) =(2) =3) | =(4)

1 o 1
\/Qa(t* — 1) Ve ot Qa(t* —t) (87‘ tat: v§>

V =

1

(D= / \/Qa(t* - t)UQCL(t* —t)

( + ag - Vg‘I’> (2a(ts — t))"/2d¢

= (2a(ts — t))("3)/2 /U( + ak - vch>> d¢



_ L oy 1 O U | ®ialt—t))" 2
(2)= / \/Qa(t* — 1) U] \/QCL(t* — 1) (agj \/QCL(t* — ) )
n—3)/2 .an .
= (2a(tx — t))( 3)/ /U] 8{7 d;d€

1 9 1 1 s ~1))"/?
- - ®; | (2a(t«—t))™2deE
P V/ (\/Qa(t* — 1) 9%/ 2a(t. — 1) j) <\/2“(t* - D% ]>

OU;0%; .
0&; 0§;

(4) = [ b®(2a(t. - t))”/st\t:O = (b, ®)’

= (2a(ts —t))("=3)/2,




Route 2
lLLeray equations

%—[j—FUVgU—FCL(ﬁV£U+U):—V£P+VA§U

then weak form

T o_ n—1)ar o® / / /
/O e~ (n—1) {— (U,E—I—aS-VSCI)) + (U - VU, @) +v(VeU, V@) | dr

= (b, @)’
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Ur @)+ U VU, 2+ a€-VeU, @) +aU,2)
=—na(U,(I))’ja(£-V£U,(I))’

=~ (VeP @)+ v(OgU, @)
=0 :—u(vgf,vécb)/

g e (n=Dem (U, @) dr

— |:€—(’I’L—1)CLT(U’ (I))/}Z;/—F(n B ]_)a/e_(n_l)aT(U, (I))/dT—/G_QaT(U, (I)q-)/dT
They match.
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They formally commute in any dimensions.

For ¢t > t1, non-uniqueness may be an obstacle for weak formulation
of Leray equations; it is ambiguous whether/how we may consider

e.g.
1

V2a(ts — )

xr 1 to
— , T = — |Og .
V2a(ts —t) 2a "ty —t

u(x,t) = U, 7) (0<t <ty t7#11)

27



4. 4D N-S and generalised dissipativity (P(t) = %HUH?{Q)
dQ 1/2

— SCPQYE—2uP
Q(t)? < E(t)P(t) = v*g(t)
E dQ

5 < Ca(1) (9% - 2)

, 5 [t dt
e Q(t) Q) +Cv 0 B

Osgood-type condition for blowup

g(t) < C'log

tdt/
|m/ = oo (extinction)
t—t« JO E(t)



o < Cor) (s - 2) T, (LD 1)

v dt v
E dlog @ 1/4

or 3~ =Cg@®) (g()/* - 2)

dQ 3@

t) < C'lo s <o

g(t) < 9 RS

dE ~ E L~
By % — —QVQ, E = @, Ll(CE(t)) Z C(t — t*)
T d T d
Logarithmic integral Li(x) E/ ¢ , (x < 1), E][ ¢ , (x>1)

0 logu 0 logu

29



N
1 1 1 1 1

o

P

0.5 1
X

I I I I 1
I\Z

r=FE®t), y=-c(tsi — 1)
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Alors H.Lebesgue, consulte, declara: “Ne consacrez pas trop de temp
a une question aussi rebelle. Faites autre chose!”

J.Leray,
“Aspects de la mécanique théoreique des fluides,”
La vie des Sciences, Compte Rendus,série générale 11 287(1994).
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generalised dissipativity

%—? + (u-V)u = —-Vp —vo(—=2N)%*u, (a>0)

V-u=20

a > (<)1: hyper-(hypo-)viscosity

d
If o > global regularity Lions (1969)

If & > 2, global regularity in 3D

32



1.8

Ladyéhenskéya




An explanation for the Lions condition

1
Qa = §/|/\O‘u|2dw

dQ—a < cz/g <%>m

dt — V2
—d—2 d—+ 2
m = 0% <2ema>dT
6o —d— 2
dQa c 2 d—+ 2
< on ¢« = —
dt _I/aQa o 4
d—+ 2

Another (lower) branch: 6a—d—-2 =0 or o = e



The modified equations scale-invariant under

T — Ax,t — N2, (a > 0)

u(z,t) = uy(z,t) = X2 tu(dxz, \°%)

d+2 -4
wy||3rs = A2sH2(Ra=1)=d) )12 critical if s = + 5 -
Ex. s = 0: Energy (LQ-norm) at a = d_!_TQ
s = a:. Energy dissipation (H%-norm) at a = CH_TQ
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1.8 ¢
1.6 ¢
1.4 ¢
1.2 ¢

0.8 1

0.6
0.4 ‘
0.2 t

4D NS

‘ Nelkln et al.

K-P,Z
_Tao
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Dimensional analysis on enstrophy bounds

d e
a_ J—
—Qa < cug —Q; :
dt Vg
=[]

Note that [Qa] = [12] = (LTQC“)Q at o = (d+2)/6

A possible way to recover a spatial scale

d
dQa < Cyg%
dt E

37



5. Summary
*If N-S solution breaks down with a logarithmic blow-up in critical

norm, the energy must vanish (extinction), as < /ts« — t.
*constraints on extinction

3D EWQW « o Q@ - 5@
RN R O

0g |1 — cE@)| 4+ cE(t) > (t — ts)

4p: EOPW < ¢ % < CV3%

Li(cE(t)) 2 c(t — ty)
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*Modified viscosity 4D NS ~ 3D with (—A)5/6

HS/G(RS) C L9/2(R3)

*Time scales of smoothness recovery appear as prefactors

524 B(HQ)
3D : 5 log Q < f? ——f, f(t) = A

| E d E(t)P(t)
4D : o3 log Q < 95/4 2g, g(t) = A
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1.8 | d+2 1L°
1.6 ¢ dQ (;Q
1.4 dt" v _
1.2 | Q(t)>tf" a= 6 {He
1 e B e @ P e
E(t-)=0
0.8 | dQ Q( )
B a4
82 . at SCV°E
T t)>cv2
0.2 | QU)>cvlog, ,
O | 4(]
0 1 3 4 5
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