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Introduction

Incompressible (low Mach number) fluid flows are commonly modeled by
initial-value problems for a Navier-Stokes system that take the form

VCB'U — O) (13.)
oru + u-NVou+ Vop = vAzu, (1b)
u(x,0) = uo(x). (1c)

Of course, the spatial domain and appropriate boundary conditions must
also be specified. This system was introduced by Navier (1823). It built
upon the system introduced by Euler (1757), which is obtained by setting
v = 0 in (1b0). For many such problems a unique classical solution is
known to exist for a finite time whenever the initial data u, is sufficiently
reqular. For D > 2 the solutions of these systems can develop velocity
gradient concentrations. It is unkown if these concentrations can blow-up.
In this talk we explore models of this potential blow-up.




We consider the dynamics of the gradient tensor A(x,t) = You(x,t) for
solutions u(x, t) of the INS system (1). Taking the gradient of (1b) yields

HA+u- A+ A2 +V2p=vDAzA,  A(z,0) = Vuo(z). (2)

Here Va?p iIs the Hessian matrix of p, not its Laplacian! Equation (1a)
implies that tr(A(x,t)) = 0, whereby taking the trace of yields the
so-called pressure equation,

—Dgp = — tr(Vpr) = tr(A2> : (3)

By combining this with the dynamical equation in (2) we obtain the velocity
gradient dynamics equation

WA+ u- A+ A% — f(A2)]

5 1 (4)



Patrick Vieillefosse (1982, 1984) proposed to model singularity formation
in the three-dimensional incompressible Euler system — and therefore to
model singularity or near singularity formation in the three-dimensional INS
system by making the approximations

VEp— 50pI =0, vAyu=0. (5)

The first states that the Hessian of p is nearly isotropic compared to the
anisotropies that arise from A. The second states that the viscosity will
have little effect on singularity formation.

The result is the so-called Restricted Euler (RE) equation

&gA—I—u-VxA—I—AQ—%tr(AQ)I:O. (6)

Because this equation does not preserve the relationship that the three-
tensor V; A is symmetric in its last two indices, which is required for A to be
given as A = V,u for some u, the approximation that pr IS isotropic will
generally not be valid globally. See Meneveau (2011) for a review article.



The Vieillefosse model can be extended to include an anisotropic pressure
Hessian. For example, we can consider the family of models in the form

A+ u- A+ A% — fuw(AP)]
+ 11 (ATA + AAT — Zur(ATA) 1)
+ 12 (A2 + AT2 2 tr(A2>I>
+n3(ATA - AAT) = 0.

where 711, 1o, and n3 are unitless scalar coefficients that can depend upon
unitless combinations of A. Every member of this family preserves all of
the dilational, rotational, and Galilean symmetries of the velocity gradient
dynamics equation being modeled (4).

Here we select one member of this family by considering the form of Va?p
that follows from the pressure equation for finite energy solutions u of
the Euler or Navier-Stokes system (1).



More specifically, we propose replacing the approximation that V2p is
isotropic with an approximation based upon a decomposition of Vpr into

1. a near-field approximation that depends locally on z,

2. a near-field correction that depends nonlocally on z,

3. a far-field correction that depends nonlocally on x.

The near-field approximation will yield an anisotropic model in the form (/)
with constant coefficients.
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Green Function for the Pressure

The pressure equation (3) can be written as

—DAyzp = Vf NS (8)

Here Vv is symmetric tensor product. For v € C°(RP: RP) a solution is

p=gx* (v u"?), (9)

where x denotes convolution and g is the Green function given by

/

g(x) =«

\

1 1 1
for D > 2,
D I 2 |SD_1| |$|D—2 (10)
——log(|z]) forD=2.
2T

Every other solution of (8) is obtained from the one given in (9) by adding
an harmonic function. Boundary conditions need to be specified to make
this choice unique. For D > 2 solution (9) is the unique solution that

decays as |z| — oo.



For every D > 2 the first four gradient tensors of g are

1 x
Veg(r) = ~epoy
wF36e) = s (P~ o)
Vrog(z) = |SD1—1| <|£3EC|SD\/—|—ZC2 - D+ 2)|;|C;/j—4> ’
%49(‘77) — |SD1—1\ (lj%\/_; —(D+ 2)6|i|\l/)5_’7|_\;2

V4

+(D+2)(D+ 4>|;|”,m> ,

where ¢ is the Kronecker two-tensor with entries

1 wheni=j,
O wheni#j.

5ij =

(11a)

(11b)

(11c)

(11d)



Because these gradient tensors are traceless and symmetric, they can be
expressed in terms of spherical harmonic tensors. We define the spherical
harmonic tensor Y™ (w) over w € SP~1 to be the traceless part of the
symmetric tensor w V™. Then the gradient tensors are

1 1 T
V9 = g1 [ D1 Yl(m) ’ (123
2 . D 1 2 i
Ve 9(@) = igp-1 p ¥ <|x|>’ (120
D+ 2 1 T
V9@ = ~igp1) orr Y (m) ’ (120
. . (D+D(D+4 1 -
W = O () oo

Notice that only V..g is locally integrable at the origin.



We will use the spherical harmonic tensors through order 4, which are

Yo(w) =1,
Yiw) = w,
2 — V2 1
Y (w) =w""— 56,
Y3 (w) =w\/3—DL_|_25\/w,
4 — Vva 6 V2 3 V2

Spherical harmonic tensors of different orders are orthogonal in L2(dw),
where dw is the Lebesgue measure on SP—1. More precisely, we have

(Ve Yi. ;) =0  whenms#n,

where the subscripts are the indices of the associated tensor entries and

1
(®) = 5pog Ly P de.




We will use the orthogonality relations for orders 0, 1, 2, and 3 given by

<Y0Yo> =1,
<Y;iyjll> - % Oi1 1 5

2 2 _ 1 2
<Yi1’i2YJ'1j2> — D(D+2) Oi1j1%9jo T 0i1jo0inis — 1 Oi1in914a] »

3 3 _ 1
<Yi1i2i3yjljzj3> — D(D+2)(D+4)

[5751]'15’&'2]'25@'3]'3 T 0i129inj3%351 T Oi153%i041 %z
T 0i1j2%9j1 %353 T 915302520351 T Oi151%inj30i3s0
— DL—|—2 [5i1i25i3j35j1j2 T 57317325i3j15j2j3 T 57317325733j25j3j1

T 9ii30i1539j1 52 T iniz0ij19j243 T Oinizdiyja9s3si

T 0i3i1 99395152 T 9igiy%inj19jojz T 57:3z'15i2j25j3j1]] -



Local Approximations of the Pressure Hessian

The pressure Hessian is given by
Va?p = g % (Vf ; u\/2) = Vig *x V (V; : u\/2>
= /Va;g(w —y)V (V2 u? () dy

= ) e 9@ =V (W (0P @) - T W) dy

3.,,V2
T e m9@ =)V (w2 @) dy,

(13)

where R > 0 is arbitrary and T.2u"2(y) denotes the second-order Taylor
approximation of «V2(y) centered at =, which is given by

T2u 2 (y) =u"?(z) + (y — ) - Gu'?(2)

Fly-oV2: 2@,



Now we integrate the last two integrals in (13)) by parts using the identity

Veg(z —y) V (V2 W (@) =V v (Va(z — )V W ()
+ V- (V2gle — )V W)
+ V- (Ve(z —y) - W(y))
+ Vg —y) 1 W(y),

with W (y) = uwY?(y) — T2u"?(y) and W(y) = uV?(y) respectively.
The contributions of ©V2(y) to the resulting boundary integrals will cancel,
leaving only the contribution of 7.2u"2(y) from the first boundary integral.
To evaluate this remaining boundary integral contribution we use

Y (TPu2(y)) = Vi u"2(2) + (y — 2) - V2 - u¥2(2),
V7 (Tu? () = V2 1w ?(a).

(15)

(16)



We obtain

Vp= [ Vegle—y)V 2 dS(y) (W u(a))

Rr(z) [z -y .
r— )V
F fo 9 9 <( = —yil (%) ) 15
3 (x — y)\/3. 2 V2

T /SR(a:)vx =) ( |z — 1y (W (:::))) =W
+ /|y_x|<R%4g<x — )1 (u"2(y) — T2u"2(y)) dy

+ Virg(z —y) tuV2(y) dy,

ly—z|>R

(17)
where ® denotes tensor product, Sr(x) denotes the sphere of radius
R centered at x, and dS(y) denotes the Lebesgue measure on Sg(x).
When y € Sp(x) is expressed as y = x 4+ Rw for some w € SP~1 then
dS(y) = RP~1dw, where dw is the Lebesgue measure on SP—1.



The associated integrands are then expressed as

T —y 1 1

- 1
VZI}g(x_y) \% |CU—y| - _|SD_1|RD_1Y (w) Vw,
2
> (z—y)> D 1 - V2
3
3 (:E—y) . D+2 1 3 v3

The orthogonality properties of the spherical harmonic tensors imply

r—Yy 1 1
Veg(xz —y) V dS(y) = —(yitvyl),
/SR(:I;) 9(z —y) p— (v) = —( )
(z —y)? 2 2
Vig(z —y) ® dS(y) = D{(Y? @ Y?),

- a)3
/S %39(33—1;)@( ) dS(y)=—(D+2)<Y3®Y3>.

r() |z — y



Therefore
vap — —<Y1 \/ Y1> (VZCQ : u\/2) + D<Y2 ® Y2> : (VZCQ ) u\/Q)
(D + 2)<Y3 ® Y3> ¥ (vf ® uVQ)
+FP. [ Vig(e — ) :u(y) dy,

where the solo - in the third term is associated with the left-most Y3 and
the right-most w. Here the F.P. indicates a Hadamard finite part integral.
Because V*¢(z) has a |z|P T2 singularity, this integral takes the form

PP, [Gig(w — ) :u(y) dy

I O LY

+ ‘y_xbRVfg(w —y):uV?(y) dy.



By using the orthogonality relations for spherical harmonic tensors with the
same order, we find that

(YIvyh) (W2 :u?) = £6v2:u"?,

Y2eY?): (W -u"®) = pppay % V (% u®) - 5% 1u"].
Y2 er?) (%W ou?) = pomymra|% vl - 50 Aclul?

+ porayoray | % V (% u'?) - 56VE )]
Therefore

Vep =50 (W u'?) - piyay | Ul - 50 Aalul?]
A (5% )

+ F-P-/Vafg(aj —y):uV?(y) dy.



In summary, the pressure Hessian decomposes as

Viep(z) = Az) + C(x), (19a)

where A(x) is the local approximation given by

Al@) = 56 (% 10'?) = pppay (% lul® = 50 Aclul? (19b)
2D?44D—-8 V2 1 2. V2
+ D12 (D+4) [V’Ev (qu ) — DoV tu )} )
and C(x) is the nonlocal correction given by
C(x) = FP. [ Vig(w - y):u"2(y) dy. (190)
In particular, for D = 3 the local approximation is
A(z) = =35 (V7 1u"?) = & [P Jul® — 56 Agful?] 20)

"‘105[ (V’E'UVQ)_%‘SV:UQ:“VQ)}'



New Model of Velocity Gradient Dynamics

We can build a model for velocity gradient dynamics based upon the local
approximation to the pressure Hessian (19b). If the velocity field u(x, t)
is nearly linear in a neighborhood of a parcel trajectory X (¢) then for x
sufficiently near X (¢) we have

u(z, t) = u(X(1),1) + (& — X (1)) - (X (1), £) + ojz — X (1)) .
Set A(t) = YVou(X(t),t). Then for z sufficiently near X (t) we have
Veu(z,t) = A(t) + of|z — X(1)]).
szu(a:, t) = o(|az — X(t)|0> .

This approximation can only hold along very special trajectories. Perhaps
it is too strong.



If we neglect the far-field correction and use the approximation Vyu(z,t) ~
A(t) in all other terms of our local approximation to the pressure Hessian
then we obtain

Vep(X(0),1) m T w(A%) — 5y |ATA - HIu(ATA)
D24-2D—4 ) T2 2 2
+D(D$)(D+4)[A + AT? — 21u(A )}.

When this approximation is placed into the velocity gradient equation (4)
then we obtain the model

WA+ u- A+ A% — FTr(A?)
+ B|ATA — {Tu(AT A) (21a)
+ fy[AQ + AT2 %Itr(AQ)] =0,
where

— 4 _ D?42D-4
8= -5 = DDi (04w (21b)




Model (21) is the member of the family of models (/) with
1 __ 2 __ . _ _ D*42D—4
m=13=30= ~poFay 1TV D(D+2)(D+4)
The Vieillefosse model, which corresponds to (7)) with ny = no = n3 = 0,
can be integrated for every D — see Levermore (2014). In contrast, model

21) is known to be integrable only for D = 2, where it has linear dynamics.

For D = 2 model (21) corresponds to (7) with

— — 1 — 1
N ="nN3 = —6> 2 =15

This leaves the vorticity field constant and gives an oscillatory dynamics
to the strain rate field. This contrasts sharply with the Vieillefosse model,
which gives no dynamics for D = 2.

For D = 3 model (21) corresponds to (7)) with

— —_ 2 _ 11
N = "N3 = —57> 2 = 905 -

We see that this model gives a 10% correction to the Vieillefosse model.




e We expect our model to be valid only near localized velocity gradient
concentrations where the flow is locally linear.

e We do not expect the model to be valid when D = 2 because then
concentrations do not happen. Indeed, in that case the dominant
structures are vortex pairs, which are not captured by the model.

e For D > 2 we suspect (but have not proved) that the velocity gradient
governed by this model will blow-up for most initial data, just as for
the Vieillefosse model. It is less clear that these blow-ups give good
local quantitative descriptions of velocity gradient concentrations for
solutions of the Euler or Navier-Stokes systems.



Nonlocal Near-Field and Far-Field Corrections

Because the correction C(x) is given by a Hadamard finite part integral,
each choice of R > 0O gives a natrual decomposition of C(x) into a near-
field part and a far-field part. Specifically,

C(z) = CF (z) + Ch(2), (22a)
where the near-field correction is given by
K@ =[  Sroe—y):(u2) - TPu"2(y))dy, (22b)
ly—z|<R
and the far-field correction is given by
@) = | Gl —y):u'3(y)dy. (22c)
ly—x|>R

We would like to bound the size of these corrections.



The far-field correction given by (22c) is easier to bound, so we treat it first.
It is

Ch@) =] %o —u):u?w)dy.

It satisfies the uniform bound

Ch(2)| < D+2 CP 11l 24z (23a)
where the constant C'l is given by

off _ (D+2)(D+4) H 4H
b SP—1 L2 (dw)

(23b)

Bound (23b) is natural because Hu||L2(d ) is bounded by its initial value
for every classical solution u of either the Euler or Navier-Stokes system.
It is a strictly decreasing function of R that vanishes as R — oc.




The near field correction given by (220) is
K@) = [  Wlgw—y):(u2@) - T2"2(W)dy,  (24a)
Bg(z)

where Br(x) denotes the ball of radius R centered at x. This correction
can also be expressed as

K@ = Vrgle—p):(uW) - T2u2W))dy,  (24b)
Bg(x)

where T3u"2(y) denotes the third-order Taylor approximation of u"2(y)

centered at =, which is given by

Tou'?(y) = u”?(z) + (y — z) - Vu"?(z)
+ 3y — )2 VPu' () (25)
+5ly— ) Pu? ().




The Cauchy form for the Taylor remainder applied to ©"? gives

u2(y) = T2 () + (y - )V o RPWY2(y),  (26a)
where © denotes a total contraction of symmetric tensors,
m
1
T (y) = 3 -0 o Viu (@), (26b)
k=0 "

and
1
Rg‘u\/Q(y) = i'/O me+1u\/2(a: + s(y —x))(1 —s)"ds. (26¢)
m.
For every q € (D, o] we have the bound
m, V2 il o \m m—|—1 V2
R oy < ot fo & T = ds [
(27)

We will apply (26) and (2/) with m = 2 and with m = 3 in order to bound
CM () as given by (24d) and as given by (24b) respectively.




To bound C}f () we use (26) to express (24a) and (24b) as
Cﬂf — v4 . : . V(m+1) RM V2 d ’
W@ = [, Wea—p: (-9 D oRr2w) dy

with m = 2 and m = 3 respectively. Then because ¢ € (D, oo] and
% + q—l* = 1 implies that ¢* € [1, 527), and because

1
|$|D—|-1—m

Vig(z) ® 2V (m+1) — O< > asz — 0,

we see Vg(z) ® zV(mtD) is in LY (BR(0)) for m = 2 and m = 3.
Therefore by the Holder inequality we have the bound

cH (@) < |tg(z) @ 2V(mHD) (28)

m, V2
The last factor was bounded by (27)). We evaluate the first factor next.




Because

(D+2)(D+4) Y*(w) @ wV(M+1)

4 V(m+1) _
Ve g(z) @z’ — |SD_1| rD+1-—m ’

with r = |z| and w = x/|x|, we obtain the evaluation

V(m—+1) _ m—1-2
HLq*(BR(O))_ Cg It o (292)

where m = 2 or m = 3 and

_(D+2)(D+4)
B SP-1

1 SD_]' ql*
/ ~ds :
0 3(D+1—m)q

The last integral will be evaluated on the next slide.

[V @a

Cy ||Y4(w) ® C‘JV(m_H)HLq*(dw)

(29b)




When bound (27) and evaluation (29) are placed into bound (28), we obtain
the bound on the near-field correction given by

m—1— m—+1 V2
‘C (UC)‘ <R qCD,qm ||Vx v HLQ(BR(ZIZ>)’ (302)
where m = 2 or m = 3 and
_ (D+2)(D+4)
Bam = LEDEED s 00,
(30b)

N
<(m— ——)q) E/OS (1 —-s)"ds.

Bound (30a) is a strictly increasing function of R that vanishes as R — 0.
It is less natural than the bound (23) we obtained for the far-field correction
because the L4 norm of Vm"'l V2 is not controlled for classical solutions
u of either the Euler or Navier-Stokes system.




The bounds on the near-field and far-field corrections given by (30) and
23) imply that the total correction given by (22a) is bounded by

m—1— +1, V2 1
Cl@)| = R qCD,qm\Vwm w2 ooy F o2 OD luli2(ar)

where m = 2 or m = 3. Here we have replaced the LI(Bg(x))-norm of
%m+1uV2 by its L9(dx)-norm. This replacement does not change much

when the major contribution to this norm is concentrated within B (x).

Finally, by optimizing this bound over R we obtain the bound

C)| < (rO ) (O

where m = 2 or m = 3 and

1
|| ||L2(d )7 (318)

D

1 24D 1 m—-1-7 31b

. D' D (31b)
m—l-l—l-q* T m—l-l—l-q*



Concluding Remarks

e At this time there is no evidence that the local approximation to the
pressure Hessian is a good one.

e The foregoing bounds on the correction are very crude. Better bounds
can be sought if numerics suggest that the approximation is good.

e At this time there is no evidence that the velocity gradient dynamics
model is a good one.

Thank You!
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