Computational Harmonic Analysis
(Wavelet Tutorial)
Part |

Understanding Many Particle Systems
with Machine Learning

Tutorials

Matthew Hirn
Michigan State University
Department of Computational Mathematics, Science & Engineering
Department of Mathematics




Sparsity



The Role of Sparsity

e Function f € L2(R)
e Dictionary D = {¢~}~

e Analysis of f in d:
Sf(y) = (f, ®)

o If ®f(~) is sparse, it means that the dictio-
nary D is well adapted to the (regularity)
properties of f.

e On the other hand, if D is not well adapted
to f, then it will be distributed over large
number of the {¢~}, and P f(v) will be non-
sparse.



Fourier Analysis
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Joseph Fourier and the
Heat Equation

Oru(x,t)
u(xz,0)

Azu(x,t)
f(z)

For x € [0,27] and t > O:

2 .
u(z,t) =) apne " tetn®

Zaneinx — f(:l:)

an, = Fourier coefficients of f

lm u(x,t
t—0 ( )




Fourier Transtorm

o f c LP(R): S
1 d e
17l = ([~ 1r@Pdt) <oo T
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e Fourier transform for f € L1(R):

o

f)= [ fwe™tar
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e Inverse Fourier transform: If f, f € L1(R),

)= " Fwed
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|deal Low Pass Flilter

e T he Fourier transform is extended to f €
L2(R) by a "density” argument.

e Ideal low pass filter example:

sin(&t)
b(t) = — "€ L2(R) \ L (R)
| | ./’(l)zsing)+%sin((5,~r1) ¢((A)) — 1[_576] (CU)
| ' @ Convolution theorem: f,h € L1(R)UL?(R),

|
-10 5 0 5 10

f*h(w) = f(w)h(w)

/\/\/V\A/\/ e Filtering f with ¢ retains the low frequency

-10 5 0 5 10 _ COntent Of f

Fro(w) = F@)d(w) = Fl)li_g qw)




Time Invariant Linear Operators

e Time delay of a function of f:
fr(t) = f(t—1)
e [ime invariant linear operator L:

g(t) = Lf(t) = gr(t) = Lfr(t)

e [ime invariant linear operators are convo-
lution operators:

Lf(t) = fxh(t), h(t)=Li{1)
e [ hey are thus diagonalized by Fourier:
Leiwt — ;‘L(w>€iwt

e Example: L = A with:

Aeiwt — _wQeiwt



Parseval and Plancherel Formulas

o Let f,h e L2(R)

e Inner product:

(f.0) = [ FORD d

e Parseval formula:

(frh) =

e Plancherel formula (just set f = h):

1
[fll2 = —==IIfll2

Fourier transform preserves the energy of
f up to a constant factor.



Fourier Transform Properties

Table 2.1 Fourier Transform Properties
Property Function Fourier Transform
S @) f (@)

Inverse f@ 27 f (—w) (2.15)
Convolution fixfo(t) f1(w) fr(w) (2.16)
Multiplication @) f2(0) % fix fr(w) (2.17)
Translation f(t—u) e 0 £ () (2.18)
Modulation et £ (1) flw—§) (2.19)
Scaling f(t/s) 5| £ (s ) (2.20)
Time derivatives P () f(w) (2.21)
Frequency derivatives (—it)P £ (¢) P (w) (2.22)
Complex conjugate *(1) *(—w) (2.23)
Hermitian symmetry f@®eR f(—o) =f*(w) (2.24)




Continuity ano
Riemann-Lebesgue

e f c LI(R) = f is continous
e Riemann-Lebesgue:

feLI(R) = lim f(w)=0

wW—> 00




Regularity and Decay

CP(R) = Bounded continuous functions with
p bounded continuous derivatives.

Regularity of f implies decay of f:

9 € LY®) VE<p= F(w) = O(w| ™)

Faster decay implies more regularity:

= f € CP(R)

F@) < p

The decay of |f(w)| depends on the worst
singular behavior of f, e.qg.,

2sin(Tw)

w

F) = 1_pp () = flw) =



Time-Freguency
AnalysIs



Time-rFrequency Localization

e Can we find a function f highly localized
in time and with Fourier transform f con-
centrated on a small frequency interval?

o f(t) = 6(t —wu) is concentrated at ¢t = wu in
time, but f(w) = e 14w,

e Dilation of f:

fo(t) = %f(t/s) (1fsll2 = [11l2)

fs(w) = Vs f(sw)
SO s < 1 reduces spread of f but increases
spread of f.



Time-rFrequency Localization
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Helsenberg's Uncertainty Principle

e Interpret f with ||f|[> = 1 as a wavefunction

1

~ 2n

§

describing the state of a 1D particle.

|f(t)|%: Probability density to find particle
at position t.

5| f(w)|?: Probability density to find par-
ticle with momentum w.

Average location u and variance o7 are:
~+ o0 ~+ o0
u= [ HfOPdt, of = [ (t—wf®)Pdt

Average momentum ¢ and variance o2 are:

00 R 1 o0 Iy
| wlf@)Pde, o= [T w02 dw

—00 27

For any f € L2(R): otow, > 1/2



Time-Frequency Dictionary

e Dictionary D = {¢+}~ of time-frequency
atoms, i.e., waveforms concentrated in time
and frequency with ||¢~|o = 1.

e Corresponding time-frequency transform of
f e L2(R) (2nd equality is Parseval):

D) = {f,6) = 5 (. 6:)

e As in previous slide, let uy be center of
¢~ (t)|2 with variance o7 (7).

e Central frequency of ¢ is &, with variance
52 (7).



Time-Frequency Dictionary

e Time-frequency resolution of ¢~ in the time-
frequency plane (t,w) is measured by a Heisen-
berg box centered at (u,,&~) having time
width ot(v) and frequency width oy (7).

A e Limited by the uncertainty principle:
1
ot(V)ow(y) 2 =
N\ O 2
0. (w), t
St -+ O
o, ()]
/T\ _

Fig. 1.3. A Wavelet Tour of Signal Processing, 3'¢ ed. Heisenberg box representing an atom O~



Translation Invariant
Dictionaries

e Observe:

udn) = [ F-wg @t = [ F@)5 G+ uyd

e [ hus D is translation invariant invariant if
it contains ¢~(t + u).

e Write as:
D = {¢uﬁ}yer,uERa ¢u,v(t) — ¢7(t - u)

e Note:

df(u,v) = (f, ¢u,7> — f*&W(U')? G'Ev(t) — ¢v(—t)




Winaowed Fourier
Transform



Windowed Fourier Transtorm

e Introduced by Gabor in 1946.

e Real and symmetric window ¢g(t) = g(—t),
translated by v and modulated by a fre-

quency &:

Gue(t) = gt — u)

e Translation invariant dictionary D = {gu,g}u,geR

e \Windowed Fourier transform:

—+ o0 .
Sf(w,€) = (fue) = | Fglt—u)e < at

o



Time-Frequency Spread of
Windowed Fourier Transtorm

® g,¢ IS centered in time at u and in fre-

quency at &.
e [ime width o4 and frequency width o, of
0 gu,¢ does not depend on (u,§).
. e [ he spectrogram
A
Igvy((n)l L 5
e —— v o, Psf(u,€) = |Sf(u,©)]
measures the energy of f in the Heisenberg
. . box of g, ¢.
g E(oo)l t |
N L
g0c © 2, ©
; N TN ,
u \'%
Wavelet To ed. Ti ( )



Frequency (kHz)

Sinusoid Example

o f(t) = eo!

f(w) = 278 (w — 300)
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o f(w)=2m(w— &)

Spectrogram Ps f(u, §)

e \Windowed Fourier Transform

Sf(u, &) = g(€ — &o) exp(—iu(§ — o))

has energy spread over frequency interval

(€0 — Uw/za §o + Uw/Q]
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Plecewise SInusoio
-E:E?: lf(t) WMMMMW e Function:

0 1 2 3A 4 5 6
1 A/ l - (cos(20t) 0<t<7%
0 Vv s <
or . | . | - () = cos(40t) 5<t< 73T7r
0 cos(80t) 7w <t< =
cos(160t) 3T <t < 2r
30 \

e f somewhat captures frequencies but gives
no time information.

Frequency (Hz)
N
o

-
o

e Windowed Fourier transform Sf(u,£) gives
time and frequency information.

w
o

e [ he size of the window g balances time vs.
frequency resolution.

Frequency (Hz)
s 3

o

Frequency (Hz)
N w S
o o o
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Linear and Quadratic Chirps

Real part of the linear chirp: f(t) = e**
T T

ol O\ VANAARNERAANAAL,
05 | o Chirp: c(t) = )
RIRRRRRRAANI
’ 1 : ’ ’ ’ ° e Linear if ¢ € P5
Imaginary part of the linear chirp: f(t) = &%
VA NAANEARLLLLLE o Quadratic if ¢ € P
e Instantaneous frequency is defined as ¢/(t).
! : A USU U | U | | U w “ H éh Measures the frequency of ¢(t) at time ¢.
zf(t) ‘ ‘ ‘ ‘ ;e Function:
° f(t) = UV Lottt o (t—tp)e 2!
2 ‘ ‘ ‘ ‘ It where 0(t) is a Gaussian.
0 0.2 0.4 0.6 0.8 1
50§f2“ | | | | e Spectrogram Pgf(u,£) yields large ampli-
400 tude coefficients along the trajectories of
the instantaneous frequencies of the linear
S007 and quadratic chirps, as well as low/high
200F frequency blobs at the occurrence in time
100+ of the modulated Gaussians.
0 u




Completeness and Stability

e Intuitively the Heisenberg time-frequency
boxes of the dictionary D = {g,, ¢} ccr COVEr
the time-frequency plane (t,w).

e Theorem: If f € L2(R), then:
W= [ [ S5 n gt W de

o 1 [Hoo i 2
1fB=o= [ [ IS dg du




Hyperbolic Chirps

e Hyperbolic chirp:

c(t) = cos (Ba—t>

[ ‘ ‘ ‘ ‘ ] e Instantaneous frequency is
87
: - P (1) =
o /\ f (8 —1)?
0 0.0 04 0.6 0.8 1! which varies quickly as t — 8.
E/2n .
500F ‘ ‘ ‘ ‘ 7 e Function:
4001 aq ao
f(t):alcos< ) +a2cos< )
300f b1 —t B —t
2001
e For |31 — B>| small, spectrogram Pgf(u,&)
100+ with large time window can distinguish the
?4—)-/ ‘ . . .
05 02 0.4 06 0.8 ;U similar instantaneous frequencies at small

times.

e However, as t gets larger the instantaneous
frequencies vary too quickly and the fixed
frequency window size cannot keep up, lead-
ing to interference in the spectrogram.



Multiscale Signal Phenomena

e [ he windowed Fourier transform can an-
alyze local time-frequency signal phenom-
ena.

e However, the hyperbolic chirp example il-
lustrates that the windowed Fourier trans-
form fails when a signal contains structures
of very different scales.

e FOor such signals we need time-frequency
dictionaries with different time supports.




