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MOTIVATION

Deep learning brought unprecedented empirical/engineering 
progress into machine learning.  

Some open questions: 

From “Reflections after refereeing papers for NIPS”, Leo Breiman, 1995. 
Still not answered! 



TOWARDS THEORY OF DEEP LEARNING?
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Inter-play of three ingredients

See also: E. Mossel, Deep Learning Boot Camp in Simons Institute, Berkeley (June 2019).  



LONG-LASTING FRIENDSHIP  
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STATISTICAL PHYSICS
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MODELS

H = �J
X

(ij)2E
SiSj

P ({Si}i=1,...,N ) =
e��H

Z

magnetism of materials 

In data science, models are used to fit the data (e.g. linear 
regression: Best straight line that captures the dependence 
of y on x?). In physics we could call those an “ansatz”.  

In physics, models are the main tool for understanding. 



WHAT TO MODEL IN DEEP LEARNING? 
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We aim to reproduce the salient behaviours of the real system. 
Iterative process of improving the model. 



WHEN CAN A NEURAL NETWORK LEARN 
A TEACHER-NEURAL NETWORK? 

Teacher-network 

data
X

y
labels

w1

w3

teacher-weights

w2
*

*
*

Generates data X, n samples of p 
dimensional data, e.g. random input 
vectors.  

Generates weights w*, e.g. iid random.        

Generates labels y. 

data
X

y
labels

w1

w3

student-weights

w2

Student-network

Observes X, y, the architecture of the 
network.      

How does the best achievable 
generalisation error depend on the 
number of samples n?



Take random iid Gaussian         and random iid         from         

Create                                             

High-dimensional regime: 

TEACHER-STUDENT PERCEPTRON

Xμi w*i

yμ = φ(
p

∑
i=1

Xμiw*i )
Pw

p → ∞n → ∞
α ≡ n/p = Ω(1)

data
X

y
labels

w
weights

data
weights

Gardner, Derrida’89 1989

p dimensions                     
n samples 



Binary teacher-weights: 

Phase transition in the 
generalization error’s dependence 
on sample complexity. 

↵GD = 1.245 ↵AT = 1.493
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Solved using the replica method in the high-dimensional limit 

w* ∈ {−1,1}p

α = n /p



↵GD = 1.245 ↵SST = 1.63



RECENT PROGRESS

Solution for any activation function, general class of priors on 
weights.  

Regions of optimality of approximate message passing (=TAP) 
algorithm. 

Rigorous proof that the replica solution for the teacher-student 
model is correct. 

Barbier, Krzakala, Macris, Miolane, LZ, arXiv:1708.03395, COLT’18, PNAS’19 



CLOSED-FORM SOLUTION

Theorem 1: 
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Theorem 1: 
f = sup
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fRS(m, m̂)

fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2
Theorem 2: Optimal generalisation error 

Def. “quenched” free energy:

where m* is the extremizer of fRS.
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CLOSED-FORM SOLUTION



Simple to implement, only 
matrix multiplications, O(N2)



SPHERICAL PERCEPTRON
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φ(z) = sign(z) p → ∞
n → ∞ n/p = Ω(1)

optimal 
AMP algorithm 

logistic regression

Pw = 𝒩(0,1)

# of samples per dimension n/p
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# of samples per dimension

optimal, achievable 
optimal 

AMP algorithm 
logistic regression

wi 2 {�1,+1}

n/p

p → ∞
n → ∞ n/p = Ω(1)yμ = sign(

p

∑
i=1

Xμiwi)

BINARY PERCEPTRON

αIT = 1.245

αAMP = 1.493
hard



SYMMETRIC-DOOR PERCEPTRON
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# of samples per dimension n/p

p → ∞
n → ∞ n/p = Ω(1)yμ = sign( |

p

∑
i=1

Xμiwi | − K) wi 2 {�1,+1}

hard



Is this bringing us towards the theory of deep learning? 
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TOWARDS THEORY OF DEEP LEARNING?
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The rest of 
this talk! 



GOING MULTI-LAYER 

data
X

y
labels

w
v1 v2

weights

p input units

K hidden units

output unit

L=3 layers

n training samples

w learned, v1 & v2 fixed

Limit:  

Committee machine
Model from Schwarze’92.  

Proof of the replica formula, and approximate message passing Aubin, Maillard, 
Barbier, Macris, Krzakala, LZ, NeurIPS’18, arXiv:1806.05451. 

K = O(1)
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n → ∞ α = n/p = Ω(1)



SPECIALISATION TRANSITION

Specialization phase transition 
= hidden units specialise to 
correlate with specific features. 

Consequence: Sharp threshold 
for number of samples below 
which linear regression is the 
best thing to do.  

K=2

0 1 2 3 4

α

0.00

0.05

0.10

0.15

0.20

0.25

G
en
er
al
iz
at
io
n
er
ro
r
ϵ g
(α
)

0.0

0.2

0.4

0.6

0.8

1.0

O
ve
rl
ap

q

AMP q00
AMP q01

SE q00
SE q01

SE ϵg(α)
AMP ϵg(α)

Specialization

yμ = sign[sign(∑
i

Xμ,iwi,1) + sign∑
i

(Xμ,iwi,2)]hidden units



Large algorithmic gap: 

IT threshold:    

Algorithmic threshold  

K � 1
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SGD IN COMMITTEE MACHINE

One pass SGD - i.e. putting the sample complexity aside.  

ODEs (Saad & Solla’94) for the SGD dynamics as  

Over-parametrised student network, i.e. wider than the teacher 
network.  

➡Formulas for the generalisation error as a function of which 
layer is learned, different activations, learning rate, label noise, 
initialisation, number of teacher and student hidden units. 

p → ∞, K = Ω(1)

Goldt, Advani, Saxe, Krzakala, LZ, NeurIPS’19 arXiv:1906.08632



OPEN PROBLEM
inputs

X

y
labelsw2 

weights

p # input units

k # hidden units

m # output units

2 layers

n training samples

w1  & w2  learned

Limit:  
p → ∞
n → ∞ n/p = Ω(1)

w1

k → ∞
m → ∞ k/p = Ω(1)

m/p = Ω(1)
 iid inputs X, iid teacher weights w1* and w2*, generate output y. 

Open question: Optimal generalisation error of the student network?  

No known (even heuristic) formula. 



MULTI-LAYER GLM

Compare: Neural network = learn , from 
n samples of . Analysis: Open problem. 

Def: Multi-layer GLM = known fixed , 
one sample of y, learn x. “Invert” the neural network.  

➡Replica formula for optimal solution. Multi-layer AMP 
algorithm (Manoel, Krzakala, Mezard, LZ, ISIT’17). Proof only for 2 
layers (Gabrié, Luneau, Barbier, Macris, Krzakala, LZ, NeurIPS’18)

W(L), …, W(2), W(1)

(X, y)

W(L), …, W(2), W(1)

y = φ(L)(W(L)…φ(2)(W(2)φ(1)(W(1)x)))



APPLICATIONS OF MULTI-LAYER GLM

Scalable formula for mutual information between layers in 
learned neural network -> test the information bottleneck 
theory. (Gabrié, Luneau, Barbier, Macris, Krzakala, LZ, NeurIPS’18) 

Theory for estimation problems (e.g compressed sensing, 
sparse PCA) with generative neural-network prior. (Aubin, 
Loureiro, Maillard, Krzakala, LZ, NeurIPS’19)



RECOVER SIGNAL V FROM OBSERVATIONS Y 

y = Γ(v)
observation signalnoisy transformation 

v ∈ ℝp

Γ(v) = v + ξ
Γ(v) = Av + ξ,
Γ(v) = vvT + ξ

Simple examples 
Denoising: 
Linear inverse problem:  
Spiked matrix estimation: 

 

A ∈ ℝn×p

noise 𝒩(0,Δ)

Basic paradigm of signal processing: Structure in v serves for 
recovery with better accuracy, larger noise, smaller n, etc. 



GENERATIVE MODELS AS PRIORS

v = φ(4)(W(4)φ(3)(W(3)φ(2)(W(2)φ(1)(W(1)x))))

y = Γ(v)
Recover signal v from observations y, knowing that: 

• Sparsity: v is k-sparse.  

• A generative model learned from data: There exists 
 such thatx ∈ ℝk

φ(i), W(i), i = 1,…, L known, after training



SELECTION OF EXISTING WORKS 

arXiv:1606.03956



arXiv:1703.03208

SELECTION OF EXISTING WORKS 



Blog by Soledad Villar, about arXiv:1803.09319 
“SUNLayer: Stable denoising with generative networks” 



FOCUS ON  SPIKED MATRIX ESTIMATION

Γ(v) = v + ξ
Γ(v) = Av + ξ,
Γ(v) = vvT + ξ

Simple examples 
Denoising: 
Compressed sensing:  
Spiked matrix estimation: 

 

A ∈ ℝn×p

noise 𝒩(0,Δ)



SPARSE PCA 

• At small , large gap between information-theoretic 
and best-known-algorithmic performance.

ρ = Ω(1)

Result to recall: 

Y =
1
p

v*(v*)T + ξ v* ∈ ℝp ξij ∼ 𝒩(0,Δ)

P(v*) =
p

∏
i=1

[(1 − ρ)δ(v*i ) + ρΦ(v*i )]

(Rangan, Fletcher’12; Deshpande, Montanari’14; Lesieur, Krzakala, LZ’15-17, 
Krzakala, Xu, LZ’16; Barbier, Dia, Macris, Krzakala, Lesieur, LZ’16)



SPIKED MATRIX MODEL WITH GENERATIVE PRIORS

Y =
1
p

v*(v*)T + ξ v* ∈ ℝp ξij ∼ 𝒩(0,Δ)

v* = φ(4)(W(4)φ(3)(W(3)φ(2)(W(2)φ(1)(W(1)x*)))) x* ∈ ℝk

‣ Theory for  with random iid components and 
independent from layer to layer. 

W(i), i = 1,…, L

Aubin, Loureiro, Maillard, Krzakala, LZ, aNeurIPS’19, arXiv:1905.12385                                



BAYESIAN INFERENCE
P(v |Y ) =

1
Z(Y, Δ)

Pv(v)∏
i<j

e− 1
2Δ (Yij − vivj / p)2

Mutual information: I(Y; v*) = − 𝔼Y[log Z(Y, Δ)] +
ρvp
4Δ

ρv ≡
1
p

𝔼(vTv)

Main Theorem: lim
p→∞

I(Y; v⋆)
p

= inf
ρv≥qv≥0

iRS(Δ, qv)

iRS(Δ, qv) ≡
(ρv − qv)2

4Δ
+

1
p

lim
p→∞

I v; v +
Δ
qv

ξ

Proof: By Guerra interpolation from original to the denoising 
problem (Aubin, Loureiro, Maillard, Krzakala, LZ, arXiv:1905.12385). 

where

MMSEv = ρv − arginf iRS(qv)



PRIOR-MODEL DENOISING

v = φ(4)(W(4)φ(3)(W(3)φ(2)(W(2)φ(1)(W(1)x*)))) +
Δ
qv

ξ

ISIT’17



PRIOR-MODEL DENOISING

ISIT’17

• Proof for single layer prior: Barbier, Krzakala, Macris, Miolane, Krzakala, 
LZ, COLT’18, PNAS’19 

• Proof for two-layer prior: Gabrié, Manoel, Luneau, Macris, Krzakala, LZ, 
NeurIPS’18.



EXAMPLE OF A RESULT
Y =

1
p

v*(v*)T + ξ v* ∈ ℝp ξij ∼ 𝒩(0,Δ)

v* = sign(Wx*)
x* ∈ ℝk

W ∈ ℝp×k

x*i ∼ 𝒩(0,1)
Wij ∼ 𝒩(0,1/p)

Δ M
M

SE

M
M

SE

α = p/k Δ

Δ c
= 1 +

4α
π2



APPROXIMATE MESSAGE PASSING



STATE EVOLUTION 

Y =
1
p

v*(v*)T + ξ

ξij ∼ 𝒩(0,Δ)v* = sign(Wx*)

W ∈ ℝp×k

M
M

SE

α = p/k
Δ

• As long as  has a unique minimiser, AMP matches the 
optimal performance as 

iRS(qv)
p → ∞

iRS(Δ, qv) ≡
(ρv − qv)2

4Δ
+

1
p

lim
p→∞

I v; v +
Δ
qv

ξ



MESSAGE ABOUT GENERATIVE PRIORS   

• Sparse prior: At small , large gap between information-
theoretic and best-known-algorithmic performance.  

• Generative prior: No gap between information-theoretic and 
best-known-algorithmic performance.  

ρ

Are generative priors better than sparsity?



CONCLUSION

Physics has many useful tools applicable in 
high-dimensional inference and learning. 
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SPECTRAL ALGORITHMS

Y =
1
p

v*(v*)T + ξ v* ∈ ℝp ξij ∼ 𝒩(0,Δ)

v* = sign(Wx*)
x* ∈ ℝk

W ∈ ℝp×k

x*i ∼ 𝒩(0,1)
Wij ∼ 𝒩(0,1/p)

Δ M
M

SE

α = p/k

• AMP works for  

• PCA works for 

Δ < 1 +
4α
π2

Δ < 1

Better spectral algorithms? 
Δ c

= 1 +
4α

π2



OPTIMAL AMONG SPECTRAL ALGORITHMS 

Strategy: Linearize approximate message passing or belief 
propagation (from Krzakala, Mossel, Moore, Neeman, Sly, LZ, Zhang, PNAS’13) 

Resulting conjecture: Optimal spectral algorithm LAMP uses

Kp = 𝔼(vvT)

Γ = Kp [Y − p Ip]

, α = 2 v = Wx

• AMP 
• PCA 
• LAMP



FOR RANDOM MATRIX THEORY LOVERS 

Theorem: The leading eigenvector of  correlates with signal 
iff   

Open problem for any other , with 

Γ
Δ < 1 + α

φ v* = φ(Wx*)

Y =
1
p

v*(v*)T + ξ

v* = Wx*

Γ = WWT [Y − p Ip]

v* ∈ ℝp ξij ∼ 𝒩(0,Δ)
x* ∈ ℝk

W ∈ ℝp×k

x*i ∼ 𝒩(0,1)
Wij ∼ 𝒩(0,1/p)

α = p/k



PCA (up) versus LAMP (bottom) on spiked matrix estimation

: empirical covarianceKpΓ = Kp [Y − p Ip]LAMP: 

Y =
1
p

v*(v*)T + ξ

Δ = 0.01, 0.1, 1, 2, 10

LAMP IMPROVES PCA WITHOUT TRAINING ON DATA  

ξij ∼ 𝒩(0,Δ)



TAKE-HOME MESSAGE II 

• Sparse prior: For  no known algorithms with 
threshold better than PCA.  

• Generative prior: spectral LAMP algorithm is better than 
PCA. Has the same threshold as AMP, conjectured optimal.  

ρ = Θ(1)

Kp = 𝔼(vvT)

Γ = Kp [Y − p Ip]



TOWARDS THEORY OF DEEP LEARNING?

architecture

algorithm

da
ta

 st
ru

ct
ur

e

gradient-descent-based

m
ultiple wide layersstr

uc
tu

re
d 

da
ta

iid
 in

pu
ts,

 te
ac

he
r o

ut
pu

ts
no hidden units

message passing

needed
described so far
color-code:

Chiara 
tomorrow



OPEN QUESTION

How do the gradient-descent-based algorithms compare 
to the performance of approximate message passing? 

Deep learning is fuelled by gradient descent.  
Understanding is needed! 

Other progress recently: Linear networks Lazy training/NTK networks.  
Mean field limit. Implicit regularization in matrix factorizations. 



GRADIENT-BASED ALGORITHMS

·xi(t) = − μ(t)xi(t) −
∂ℋ
∂xi

+ ηi(t)

⟨ηi(t)ηj(t′�)⟩ = 2Tδijδ(t − t′�)
noise

gradient

spherical constraint 
(weight decay) 

T=1 Langevin algorithm: At large time (exponentially) samples 
the posterior measure.  

T=0 Gradient flow. 

Where do they go in large constant time? 



MODEL INGREDIENTS

High-dimensional. Non-convex loss.  

Notion of a “good” configuration (~ generalisation error) 
beyond lowest-loss configuration. Teacher-student perceptron?
Hard to analyze (Agoritsas, Biroli, Urbani, Zamponi’18)  

Solvability: Error of gradient flow and Langevin algorithm 
follows a closed-form tractable equation. Spiked tensor model? 

Have (hopefully) behaviour that has a large universality class. 



MIXED SPIKED MATRIX-TENSOR MODEL

Signal x* on a sphere, observe a matrix Y and tensor T as: 

Yij =
1

N
x*i x*j + ξij

Ti1…ip =
(p − 1)!

N(p−1)/2
x*i1 …x*ip + ξi1…ip

ξij ∼ 𝒩(0,Δ2)

ξi1,…,ip ∼ 𝒩(0,Δp)

Corresponding Hamiltonian (loss function, log-likelihood)

ℋ(x) = −
1

Δ2 N ∑
i<j

Yijxixj −
(p − 1)!

ΔpN(p−1)/2 ∑
i1<…<ip

Ti1…ipxi1…xip

Planted version of the mixed 2+p spherical spin glass model. 

N

∑
i=1

x2
i = Nspherical constraint:

Sarao, Biroli, Cammarota, Krzakala, Urbani, LZ’18



ESTIMATORS

Bayes-optimal inference = computation of marginals/local 
magnetization of the Boltzmann measure at T=1.   

➡ Langevin algorithm.  

Maximum likelihood inference = computing the ground state. 

➡ Gradient flow. 



Solution of low-rank matrix and tensor estimation for any 
noise distribution, any (separable) prior and rank. (Lesieur, 
Krzakala, LZ’15-17)  

Approximate message passing (~TAP) algorithm provably 
matching the predicted performance. (Rangan, Fletcher’12, 
Matsushita, Tanaka’13, Deshpande, Montanari’14, Richard, Montanari’14 
Lesieur, Krzakala, LZ’15-17)  

Rigorous proof that the replica solution for Bayes-optimal 
inference is correct. (Krzakala, Xu, LZ’16 and Barbier, Dia, Macris, 
Krzakala, Lesieur, LZ’16; Miolane’17; Lesieur, Miolane, Lelarge, Krzakala, LZ’17) 

OPTIMALITY AND AMP



Optimal MSE given by the global maximum of the free entropy. 

Mean-squared error (MSE) of AMP given by the local maximum 
of the free entropy, reached starting from small m/large MSE. 

fr
ee

 e
nt

ro
py

mAMP

MMSE = 1 − argmax Φ(m)
MSEAMP = 1 − mAMP

argmaxΦ(m)
m

Φ(m) =
1
2

log(1 − m) +
m
2

+
m2

4Δ2
+

mp

2pΔp
RS Free entropy: 

m ∈ ℝ+

Sarao, Biroli, Cammarota, Krzakala, Urbani, LZ’18

overlap with the planted configuration

OPTIMALITY AND AMP



PHASE DIAGRAM

Bayes-optimal performance and AMP p=3

Sarao, Biroli, Cammarota, Krzakala, Urbani, LZ’18

meq = mAMP > 0

meq = mAMP = 0

meq > mAMP = 0

Ferromagnet, found by AMP

d1RSB and paramagnet

Ferromagnet, not found by AMP



GRADIENT-BASED ALGORITHMS

·xi(t) = − μ(t)xi(t) −
∂ℋ
∂xi

+ ηi(t)

⟨ηi(t)ηj(t′�)⟩ = 2Tδijδ(t − t′�)
noise

gradient

spherical constraint 
(weight decay) 

T=1 Langevin algorithm: At large time (exponentially) samples 
the posterior measure.  

T=0 Gradient flow. 



DYNAMICAL MEAN FIELD THEORY

Mean field theory of glassy dynamics:

The same model without spike: mixed spherical p-spin glass

Proof of this without spike: BenArous, Dembo, Guionnet’06. 



LANGEVIN STATE EVOLUTION

Langevin algorithm (T=1)

Gradient flow (T=0)

N → ∞

Sarao, Biroli, Cammarota, Krzakala, Urbani, LZ’18&19



LANGEVIN STATE EVOLUTION 
(NUMERICAL SOLUTION)
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AMP

Langevin

github.com/sphinxteam/spiked_matrix-tensor

Δ2 = 0.7



LANGEVIN PHASE DIAGRAM

p=3



p=3

Langevin 
hard

Gradient flow

GRADIENT-FLOW PHASE DIAGRAM



POPULAR “EXPLANATION” 

Trivialisation

Increasing the SNR

en
er

gy



COUNTING MINIMA: KAC-RICE

where: 

Annealed entropy of local minima (at m=0 also quenched):

Similar to Ben Arous, 
Mei, Song, Montanari, 

Nica’17; Ros, Ben Arous, 
Biroli, Cammarota’18 for 

spiked tensor model 

Sarao, Biroli, Cammarota, Krzakala, Urbani, LZ’19



SPURIOUS MINIMA DO NOT 
NECESSARILY CAUSE GF TO FAIL

p=3
Gradient flow

Landscape trivialisation



WHAT IS GOING ON?

Threshold energy 
in the non-planted 

model (m=0)



TRANSITION RECIPE
Dynamics first goes to the threshold states (replicon condition): 

AMP state evolution at fixed q, determines stability of T=0:  

Leads to the Langevin/gradient-flow transition (conjecture): 

mt+1 =
1 − q

T ( mt

Δ2
+

(mt)p−2

Δp )

T2

(1 − qth)2
= (p − 1)

(qth)p−2

Δp
+

1
Δ2

1
Δ2

2
= (p − 1)

(1 − TΔ2)p−2

Δp
+

1
Δ2



ΔGF
2 =

−Δp + Δ2
p + 4(p − 1)Δp

2(p − 1)

GRADIENT-FLOW PHASE DIAGRAM



LANGEVIN PHASE DIAGRAM

ΔLang
2 =

Δ3

2

p=3



LANDSCAPE ANALYSIS

Increasing the SNR

co
st
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ne

rg
y

Trivialisation

Former minima develop a negative slope 
 in the direction of the spike!

Sarao, Biroli, Cammarota, Krzakala, LZ’19



CONCLUSION ON GRADIENT-ALGORITHMS

Gradient flow worse than Langevin algorithm, both worse than AMP. 
How can GF & LA be improved to reach the AMP threshold?          
Proof that our conjecture for the threshold is correct.  

Gradient flow (sometimes) works even when spurious local minima 
are present. Quantified with the Kac-Rice approach.  

First time we have a closed-form conjecture for the threshold of 
gradient-based algorithms including constants.                                               
Applicable beyond the present model?



TOWARDS THEORY OF DEEP LEARNING?
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MNIST VS TEACHER/STUDENT

Teacher/student:  
Plateau in learning dynamics, due to specialisation (Saad, S0lla’95). 

MNIST (even vs odd classification): No plateau … 

Goldt, Krzakala, Mézard, LZ; arXiv:1909.11500



MNIST VS TEACHER/STUDENT

MNIST (odd vs even):   
Two independent students do 
not learn the same function! 

Teacher/student: 
Two independent students            
learn the same function! 



HIDDEN MANIFOLD MODEL

Vanilla teacher/studentInput data:  

True labels:  
Depend on the latent coordinates C. 

X = f (CF)
 C, F iid matrices.

X is iid matrix

ỹμ =
M

∑
m=1

ṽm g (⟨w̃m, Cμ⟩) yμ =
M

∑
m=1

vm g (⟨wm, Xμ⟩)

X ∈ ℝn×p C ∈ ℝn×d

F ∈ ℝd×p

n samples, p input & d latent dimension.  

Input on low-dimensional manifold.



MNIST VS HIDDEN MANIFOLD

MNIST (odd vs even):   
Two independent students do 
not learn the same function! 

Hidden manifold (d=10)     
Two independent students  do 
not learn the same function! 



Teacher acting on X: Plateau in learning dynamics 
MNIST & hidden manifold: No plateau … 

MNIST VS HIDDEN MANIFOLD



CONCLUSION ON HIDDEN MANIFOLD

The hidden manifold model reproduces/captures behaviour 
of learning-dynamics on MNIST.  

Both (i) low-dimensional structure of input, and (ii) labels 
depending on the latent representation are needed.  

To appear: Solve analytically.  

TODO: Generalize to be able to demonstrate the advantage 
of depth. 


