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Problem Set-up

min f(x)

f:X—=>R

flx) > f(x*), x*eX

Assumptions:

* Convex set X CR"
 (Convex functions:

flox+(1-0)y) <O0fx)+(1—0)f(y) "OYEX

* At least once continuously differentiable

Recall:

* Strongly convex functions:

Ffiy) > f(x) + (VF(x),y —x) + %Hy _x|? VxyeX
m >0
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Overview

Method Discrete Convergence Continuous
1 :
Gradient descent| Xp1 =X — sV f(xy) O <E) x = -V f(x)
Polyak’s heavy Vi =Xk + A(Xp — Xp—1) 1 . :
ball descent Xpi1 = Y — SV F(xk) O k K= —px =V f(x)
Nesterov’s Vi = Xk + Ap(Xp — Xp_1) 1 . 0.
Accelerated O (_> X=-"%x-Vf(x)
Xpt1 =Yk — SV (V) k2 t

gradient descent

Goal: Understanding the phase space structure of the continuous systems
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Comments on Accelerated Methods

Gradient Descent vs Accelerated Gradient Descent

 Accelerated methods are not monotonic — b
102 — AccGD|]
X = _,LLX - UVf(X) 100 |
k= —Lx v
107 . m/\ﬂ/\[\/\ AW NN

1000 2000 3000 4000 5000

iterations

* Higher dimensional phase space

\

Gradient Descent \
Accelerated Descent level sets

Must be viewed in the phase space

% = —V/(x)
X = —px —nV f(x)
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Variational Formulation

Lagrangian Function: [Wibisono et al. PNAS (2016)]

1
L(x,%,t) = e (5”6_“‘“54!2 — eﬁtf(x))

Euler-Lagrange Eq:
% 4 (e — éy) X 4+ 2 TPV f(x) =0

Special Cases:

K Polyak’s method
1+(,LL€_OCO — 1) e'ut ~— X — _,LLX_T]Vf(X)
By = logn — 204

ar = log

Nesterov’s method
ay = log((p —1)/1) % — _B)'(—Vf(x)
By = —2log((p —1)/t)
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Motivation for Multiscale Analysis

Polyak’s method X+ ux+nVf(x)=0

11/1/19

Analogous to a damped mechanical system
Do trajectories settle to an invariant manifold?
If so, what is the shape of that manifold?
What is the dynamics on the manifold?

Fits in the framework of geometric singular perturbation theory
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Slow Manifold

Polyak’s method % =V t=er {x’ = ev
x = —px —nV f(x) {\" = —uv —nV f(x) \4

€=
e=20 e>0
v
T_» x* x*
X MO ,/\/l
r\
,
v(t) = voe " v=> ¢ lgapi(x)+ O )
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Slow Manifold

Polyak’s method X+ ux +nVf(x) =

Theorem 1. Let f € C™t1(X) with r > 0. Define pn = et — &y and n = > 5, If 1 and
n are constant, then there exists po > 0 such that for all > po the following are true.

(i) The trajectories of the Euler—Lagrange equation (2.2) converge exponentially fast to an
n-dimensional invariant manifold embedded in the 2n-dimensional phase space (x,X).
Furthermore, this invariant manifold is a graph over the x coordinates (See figure 2.1
for an illustration).

(i) The flow of (2.2) on the invariant manifold M. is given by

(2.3) x= Y gy (x) + O,
k=0

where € = p~' and the maps g, : X — R™ are defined recursively by
g1(x) = —nVf(x),
ng;(X> = 07

2k—1
(2'4) g2k:+1 Z Vgg gzk g ) k> 1.
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First-order Approximation

Order € approximation:

x = —enV f(x)
(Gradient Descent)
e>0

v ~ —enV f(x)

* The minimizer 1s its asymptotically stable fixed point

E(x) = en(f(x) — f(x7))
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Third-order Approximation

Order €® approximation:

X = —enV f(x) — €’V f(x)V f(x)

€e>0

b -

X

v —enVf(x) — €’V f(x)V f(x)

* The minimizer is its asymptotically stable fixed point

1

E(x) =en(f(x) = [(x") + 5 IV ()]
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Third-order Approximation

Order €3 approximation:

X = —enV f(x) — €’V f(x)V f(x)

* Preconditioned gradient descent
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Higher Order Approximation

Higher-order approximations:

X = Z e Mgopy1(x) + O(e¥ 1)
k=0

 Smoothness fecti(x)

 Still the minimizer is its asymptotically stable fixed point

T €2k._|_1 2]6—1

<g€ (X)v g2k —¢ (X)>
k=1 /=1
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Strong convexity for Polyak’s method

Polyak’s iteration vs. continuous system

* Polyak’s iteration
Y Vi = Xk + AMXg — Xp_1)
Xp+1 =Yk — SV f(Xk)

Requires strong convexity for convergence

* Polyak’s continuous system
X = —ux —nVf(x)

Only requires convexity

Lesson: Discretization is “tricky”
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-+ o - N w »

—— 71 =
< Z = = =
12 12 12

(a) Example 1 (b) Example 2 (c) Example 3

X = —g}'c - V() Autonomous | Non-autonomous
Example # f(x) H N p
! g (ei+5ag) | 8 | 1
2 L(ad+5028) | 2 | 1 L5
3 log(e® + €%72) | 4 1 3
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Examples

Polyak’s Eq.

X+pux+nVf(x)=0 n=1

8 4 Convergence Towards

the Slow Manifold
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Projections from 4-D Phase Space
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Convergence to Slow Manifold

Approximate slow manifold:

0.1 4 RO
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Choice of Initial Conditions

Polyak’s method

. . Vi = Xk + AMXg — Xp_1)
Equation X = —px =V f(x)
Xk4+1 = Yk — SV f(Xx)

Initial

o x(0) = xg, x(0) = vy Xg, X1
conditions

Skip the convergence towards the slow manifold

vo = voP(xq)

p = 1 = Requires only one gradient evaluation

vo = —enV f(xo)
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Choice of Initial Conditions

Faster convergence if

vo = vP(xp)

Same initial position X

0 500 1000 1500 2000
1terations

— —677vf(X0>
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Slow Manifold for Nesterov

P

Nestrov’s method X = —7 x — V f(x) x(0),v(0),t(0)
(X =V

* Non-autonomous system

Y { V:—gv—Vf(X)

* Must be viewed in the extended phase space .
\t =1

Rescaled time

0 =er
€ = p_l
e=0 e>0
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Slow Manifold for Nesterov

Nestrov’s method X = —gx — Vf(x)

Theorem 4. Let f € C"(X) with r > 1. There exists pg > 0 such that for all p > po the

following holds.

(i) The trajectories of the Nesterov equation (1.3) converge exponentially fast to an (n+1)-
dimensional invariant manifold embedded in the (2n + 1)-dimensional extended phase
space (x,%,t) € X X R"™ X [tog,to + T] for 0 < to,T < co. Furthermore, this invariant
manifold is a graph over the (x,t) coordinates (See figure 3.1 for an illustration).

(i) The flow of (1.3) on the slow manifold M. is given by

2r

(3.9) k=Y gu(x )+ O,
k=1

where € = p~!' and the maps gy, : X x [to,to+T] — R™ are defined recursively by (3.8).
g1(x,1) = —tVf(x), ga(x,t) =tVf(x),

0
gr(x,t) = — [ Bhol ZVngk i- 1] , k>3
(xt)
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Slow Manifold for Nesterov
P

%= 2% - V()

Nestrov’s method "
First-order approximation:
d
X" —etV f(x)
Rescaled time t=et?/2
In rescaled time:
dx
- =—-V[f(x
= Vi)
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Nestrov’s method

First-order
approximation

T
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p=3

% =L

Examples

"%~ Vf(x)

p=3/2

p=3
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* Accelerated Gradient Descent (AGD) has a
multiscale structure

e AGD converges to an invariant slow manifold

* Two stages:
1. Convergence towards the slow manifold
2. Reduced-order evolution on the slow manifold

* Recursive formula for the slow manifold
* First-order approximation: GD
* Second-order approximation: Preconditioned GD

Speed up AGD by judicious choice of the initial data
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Thank You

M. Farazmand, Multiscale analysis of accelerated gradient methods, arXiv:1807.11354v2 (2019)

www.mfarazmand.com

Email: farazmand@ncsu.edu
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