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Problem Set-up

min
x2X

f(x)
<latexit sha1_base64="Vp/GCc/J0eDvozuWBe8Sr2v5qJo=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARqouSVEGXRTcuK9gLNCFMppN26GQSZiZiCX0HN76KGxeKuHXjzrdxkgbR1gMDH/9/DnPO78eMSmVZX0ZpaXllda28XtnY3NreMXf3OjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1x1eZ370jQtKI36pJTNwQDTkNKEZKS5554oSUe6kTIjXyA3jvUJ4zRgz2pjCo/TjHnlm16lZecBHsAqqgqJZnfjqDCCch4QozJGXftmLlpkgoihmZVpxEkhjhMRqSvkaOQiLdNL9pCo+0MoBBJPTjCubq74kUhVJOQl93ZhvKeS8T//P6iQou3JTyOFGE49lHQcKgimAWEBxQQbBiEw0IC6p3hXiEBMJKx1jRIdjzJy9Cp1G3T+uNm7Nq87KIowwOwCGoARucgya4Bi3QBhg8gCfwAl6NR+PZeDPeZ60lo5jZB3/K+PgGXyidzg==</latexit>

f : X ! R
<latexit sha1_base64="Br4F0XuMVCTyBLlEQl0fumwQJh8=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkpSBcVV0Y3LKvYBTSiT6aQdOnkwMxFKKG78FTcuFHHrV7jzb5ykWWjrgYEz59zLvfd4MWdSWda3UVpaXlldK69XNja3tnfM3b22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xjj68zvPFAhWRTeq0lM3QAPQ+YzgpWW+uaBf+kEWI0I5qjrqAjlP89Dd32zatWsHGiR2AWpQoFm3/xyBhFJAhoqwrGUPduKlZtioRjhdFpxEkljTMZ4SHuahjig0k3zE6boWCsD5EdCv1ChXP3dkeJAykng6cpsQTnvZeJ/Xi9R/oWbsjBOFA3JbJCfcKRPzfJAAyYoUXyiCSaC6V0RGWGBidKpVXQI9vzJi6Rdr9mntfrtWbVxVcRRhkM4ghOw4RwacANNaAGBR3iGV3gznowX4934mJWWjKJnH/7A+PwBEWuWkg==</latexit>

X ✓ Rn
<latexit sha1_base64="+hODtNloCbXAJq+Yi1G64CU4WOQ=">AAACB3icbVDLSsNAFJ34rPVVdSnIYBFclaQKuiy6cVnFPqCNZTK9aYdOJnFmIpTQnRt/xY0LRdz6C+78GydpFtp6YOBwzrnMvceLOFPatr+thcWl5ZXVwlpxfWNza7u0s9tUYSwpNGjIQ9n2iALOBDQ00xzakQQSeBxa3ugy9VsPIBULxa0eR+AGZCCYzyjRRuqVDroB0UNKOG53Vewp0HCfSZ6Hb+5MoGxX7Ax4njg5KaMc9V7pq9sPaRyA0JQTpTqOHWk3IVIzymFS7MYKIkJHZAAdQwUJQLlJdscEHxmlj/1Qmic0ztTfEwkJlBoHnkmmK6pZLxX/8zqx9s/dhIko1iDo9CM/5liHOC0F95kEqvnYEEIlM7tiOiSSUG2qK5oSnNmT50mzWnFOKtXr03LtIq+jgPbRITpGDjpDNXSF6qiBKHpEz+gVvVlP1ov1bn1MowtWPrOH/sD6/AHxK5lZ</latexit>

Assumptions:

• Convex set

f(✓x+ (1� ✓)y)  ✓f(x) + (1� ✓)f(y)
<latexit sha1_base64="D/2WMb0Gr+IFRuUmbtkKbgw5H98=">AAACP3icbZC7SwNBEMb3fBtfUUubxSAkiOEuClqKNpYRTBRyIext5pIlew9358Qj5D+z8V+ws7WxUMTWzk1ywefAwsdvvmFnPi+WQqNtP1pT0zOzc/MLi7ml5ZXVtfz6Rl1HieJQ45GM1JXHNEgRQg0FSriKFbDAk3Dp9U6H/csbUFpE4QWmMTQD1gmFLzhDg1r5ul90sQvIqBsw7Ho+vd0tOntjVpqwtORKuKaZ04xMvKVv5i+cllr5gl22R0X/CicTBZJVtZV/cNsRTwIIkUumdcOxY2z2mULBJQxybqIhZrzHOtAwMmQB6GZ/dP+A7hjSpn6kzAuRjuj3iT4LtE4DzziHG+rfvSH8r9dI0D9q9kUYJwghH3/kJ5JiRIdh0rZQwFGmRjCuhNmV8i5TjKOJPGdCcH6f/FfUK2Vnv1w5Pygcn2RxLJAtsk2KxCGH5JickSqpEU7uyBN5Ia/WvfVsvVnvY+uUlc1skh9lfXwCRGGtRA==</latexit>

8x,y 2 X
<latexit sha1_base64="1S9Q7Cqi7lhODGlNBrAb21xy5Ps=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCF1KSKuiy6MZlBXuBJpST6aQdOpmEmYlYSl/Bja/ixoUibt25822cphG09YeBj/+cw5zzBwlnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRWnktAGiXks2wEoypmgDc00p+1EUogCTlvB8Gpab91RqVgsbvUooX4EfcFCRkAbq2uXvTCWwDn2ItCDIMT3Jz808pjImADH7a5dcipOJrwIbg4llKvetT+9XkzSiApNOCjVcZ1E+2OQmhFOJ0UvVTQBMoQ+7RgUEFHlj7OLJvjYOD1sVjNPaJy5vyfGECk1igLTOd1Qzdem5n+1TqrDC3/MRJJqKsjsozDlWMd4Gg/uMUmJ5iMDQCQzu2IyAAlEmxCLJgR3/uRFaFYr7mmlenNWql3mcRTQITpCZeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+6x1ycpnDtAfWR/f8uKdFQ==</latexit>

0  ✓  1
<latexit sha1_base64="Y4Dh4kUphYcpF26emlR1VFmZ54U=">AAAB+3icbZDLSgNBEEV74ivG1xiXbhqD4CrMREGXQTcuI5gHJEPo6dQkTXoedteIIeRX3LhQxK0/4s6/sTOZhSZeaDjcqqKqr59IodFxvq3C2vrG5lZxu7Szu7d/YB+WWzpOFYcmj2WsOj7TIEUETRQooZMoYKEvoe2Pb+b19iMoLeLoHicJeCEbRiIQnKGx+nbZ6Ul4oD0cAbIM3b5dcapOJroKbg4VkqvRt796g5inIUTIJdO66zoJelOmUHAJs1Iv1ZAwPmZD6BqMWAjam2a3z+ipcQY0iJV5EdLM/T0xZaHWk9A3nSHDkV6uzc3/at0UgytvKqIkRYj4YlGQSooxnQdBB0IBRzkxwLgS5lbKR0wxjiaukgnBXf7yKrRqVfe8Wru7qNSv8ziK5JickDPikktSJ7ekQZqEkyfyTF7JmzWzXqx362PRWrDymSPyR9bnD+TPk7I=</latexit>

m > 0
<latexit sha1_base64="RO55ch9xIiUtngGheS97MF29+Ic=">AAAB6nicbVBNSwMxEJ34WetX1aOXYBE8ld0q6EmKXjxWtB/QLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfq0Y4TFkgyUDzilFgnPchrr1cqexVvBrxM/JyUIUe9V/rq9mOaSqYsFcSYju8lNsiItpwKNil2U8MSQkdkwDqOKiKZCbLZqRN86pQ+jmLtSlk8U39PZEQaM5ah65TEDs2iNxX/8zqpja6CjKsktUzR+aIoFdjGePo37nPNqBVjRwjV3N2K6ZBoQq1Lp+hC8BdfXibNasU/r1TvL8q1mzyOAhzDCZyBD5dQgzuoQwMoDOAZXuENCfSC3tHHvHUF5TNH8Afo8wfIhI13</latexit>

f(y) � f(x) + hrf(x),y � xi+ m

2
ky � xk2

<latexit sha1_base64="PpeyShC8yG7oFqwksA378+KKhdA="></latexit>

8x,y 2 X
<latexit sha1_base64="1S9Q7Cqi7lhODGlNBrAb21xy5Ps=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCF1KSKuiy6MZlBXuBJpST6aQdOpmEmYlYSl/Bja/ixoUibt25822cphG09YeBj/+cw5zzBwlnSjvOl7W0vLK6tl7YKG5ube/s2nv7TRWnktAGiXks2wEoypmgDc00p+1EUogCTlvB8Gpab91RqVgsbvUooX4EfcFCRkAbq2uXvTCWwDn2ItCDIMT3Jz808pjImADH7a5dcipOJrwIbg4llKvetT+9XkzSiApNOCjVcZ1E+2OQmhFOJ0UvVTQBMoQ+7RgUEFHlj7OLJvjYOD1sVjNPaJy5vyfGECk1igLTOd1Qzdem5n+1TqrDC3/MRJJqKsjsozDlWMd4Gg/uMUmJ5iMDQCQzu2IyAAlEmxCLJgR3/uRFaFYr7mmlenNWql3mcRTQITpCZeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+6x1ycpnDtAfWR/f8uKdFQ==</latexit>

f(x) � f(x⇤), x⇤ 2 X
<latexit sha1_base64="ok28I3P3MgayzA536xuiWt2r2CE=">AAACLXicbZDLSgMxFIYz9VbrrerSTbAILUiZqYIui7pwWcFeoFPLmTTThmYy0yQjltIXcuOriOCiIm59DdPLohd/CPx85xxyzu9FnClt2yMrsba+sbmV3E7t7O7tH6QPjyoqjCWhZRLyUNY8UJQzQcuaaU5rkaQQeJxWve7tuF59plKxUDzqfkQbAbQF8xkBbVAzfedn3QB0x/PxS85t0x6eA08uKJ07d3sxtPAidZmYAAIc15rpjJ23J8KrxpmZDJqp1Ex/uK2QxAEVmnBQqu7YkW4MQGpGOB2m3FjRCEgX2rRurICAqsZgcu0QnxnSwn4ozRMaT+j8xAACpfqBZzrHG6rl2hj+V6vH2r9uDJiIYk0FmX7kxxzrEI+jwy0mKdG8bwwQycyumHRAAtEm4JQJwVk+edVUCnnnIl94uMwUb2ZxJNEJOkVZ5KArVET3qITKiKBX9I5G6Mt6sz6tb+tn2pqwZjPHaEHW7x/Pzqfo</latexit>

• Convex functions: 

• Strongly convex functions:

• At least once continuously differentiable

Recall:
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Overview

xk+1 = xk � srf(xk)
<latexit sha1_base64="1IrslpSqvdk4bDXEQwai7mm4h+I=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARKmJJakE3QtGNywr2Ak0ok+mkHTqZhJmJWEJfxI2v4saFIi7ciG/jpA1YW38Y+PnOOcw5vxcxKpVlfRu5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLG16n9dY9EZKG/E6NIuIGqM+pTzFSGnXNqhMgNfB8+NBNhif2GF7CXzI8lQ5HHkPQL83Q465ZtMrWRHDR2Jkpgkz1rvnp9EIcB4QrzJCUHduKlJsgoShmZFxwYkkihIeoTzrachQQ6SaT68bwSJMe9EOhH1dwQmcnEhRIOQo83ZnuKOdrKfyv1omVf+EmlEexIhxPP/JjBlUI06hgjwqCFRtpg7CgeleIB0ggrHSgBR2CPX/yomlWyvZZuXJbLdausjjy4AAcghKwwTmogRtQBw2AwSN4Bq/gzXgyXox342PamjOymX3wR8bXD3qdoOk=</latexit>

yk = xk + �k(xk � xk�1)
<latexit sha1_base64="n/q4k23BJysfCQbKYL1SW5U4zdU=">AAACKnicbVDLSgMxFM3UV62vqks3wSJUpGWmCroRqm5cVrAPaIchk2baMJnMkGTEYej3uPFX3HShFLd+iOlDrK0HAifn3Jvce9yIUalMc2RkVlbX1jeym7mt7Z3dvfz+QUOGscCkjkMWipaLJGGUk7qiipFWJAgKXEaarn839ptPREga8keVRMQOUI9Tj2KktOTkbzoBUn3Xg4njw2v4c3t2/LMO0890kdaLc3Lpl6d+yRqcOvmCWTYngMvEmpECmKHm5IedbojjgHCFGZKybZmRslMkFMWMDHKdWJIIYR/1SFtTjgIi7XSy6gCeaKULvVDowxWcqPMdKQqkTAJXV47nlIveWPzPa8fKu7JTyqNYEY6nH3kxgyqE49xglwqCFUs0QVhQPSvEfSQQVjrdnA7BWlx5mTQqZeu8XHm4KFRvZ3FkwRE4BkVggUtQBfegBuoAgxfwBt7Bh/FqDI2R8TktzRiznkPwB8bXN42Aph0=</latexit>

xk+1 = yk � skrf(yk)
<latexit sha1_base64="FkOBEuvKTcIHRgbmCtqxHsLF54k=">AAACH3icbZDLSsNAFIYn9VbrLerSzWARKmJJqqgboejGZQV7gbaEyXTSDplMwsxELKFv4sZXceNCEXHXt3HSRqitPwz8fOcc5pzfjRiVyrLGRm5peWV1Lb9e2Njc2t4xd/caMowFJnUcslC0XCQJo5zUFVWMtCJBUOAy0nT927TefCRC0pA/qGFEugHqc+pRjJRGjnnRCZAauB58chL/xB7Ba/hLho5/Kh2/w5HLEPRKM/zYMYtW2ZoILho7M0WQqeaY351eiOOAcIUZkrJtW5HqJkgoihkZFTqxJBHCPuqTtrYcBUR2k8l9I3ikSQ96odCPKzihsxMJCqQcBq7uTHeU87UU/ldrx8q76iaUR7EiHE8/8mIGVQjTsGCPCoIVG2qDsKB6V4gHSCCsdKQFHYI9f/KiaVTK9lm5cn9erN5kceTBATgEJWCDS1AFd6AG6gCDZ/AK3sGH8WK8GZ/G17Q1Z2Qz++CPjPEPIXChyQ==</latexit>

Gradient descent

Nesterov’s
Accelerated 

gradient descent

Polyak’s heavy 
ball descent xk+1 = yk � srf(xk)

<latexit sha1_base64="pzkDbZ3Q4+bn3hqnFh0H5TiFm0o=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoiCWpBd0IRTcuK9gHNCVMppN2yGQSZiZiCP0RN/6KGxeKuHAj/o3Th6itBwYO55zL3Hu8mFGpLOvTyC0sLi2v5FcLa+sbm1vm9k5TRonApIEjFom2hyRhlJOGooqRdiwICj1GWl5wOfJbt0RIGvEblcakG6I+pz7FSGnJNatOiNTA8+GdmwVH9hCew28ldYNj6XDkMQT90k8uOHTNolW2xoDzxJ6SIpii7prvTi/CSUi4wgxJ2bGtWHUzJBTFjAwLTiJJjHCA+qSjKUchkd1sfN0QHmilB/1I6McVHKu/JzIUSpmGnk6OdpSz3kj8z+skyj/rZpTHiSIcTz7yEwZVBEdVwR4VBCuWaoKwoHpXiAdIIKx0oQVdgj178jxpVsr2SblyXS3WLqZ15MEe2AclYINTUANXoA4aAIN78AiewYvxYDwZr8bbJJozpjO74A+Mjy98OqDq</latexit>

yk = xk + �(xk � xk�1)
<latexit sha1_base64="jy8t8979r3FmRuUiS/T+Z66HCkg=">AAACKHicbVDLSgMxFM3UV62vUZdugkWoSMtMFXQjFt24rGAf0ClDJs20YTIPkoxYhn6OG3/FjYgi3folZtoRa+uBwMk59yb3HidiVEjDGGu5peWV1bX8emFjc2t7R9/da4ow5pg0cMhC3naQIIwGpCGpZKQdcYJ8h5GW492kfuuBcEHD4F4OI9L1UT+gLsVIKsnWrywfyYHjwqHtwUv4c3u0vROLqWd6CJZmxPIvT7yyOTq29aJRMSaAi8TMSBFkqNv6m9ULceyTQGKGhOiYRiS7CeKSYkZGBSsWJELYQ33SUTRAPhHdZLLoCB4ppQfdkKsTSDhRZzsS5Asx9B1Vmc4p5r1U/M/rxNK96CY0iGJJAjz9yI0ZlCFMU4M9ygmWbKgIwpyqWSEeII6wVNkWVAjm/MqLpFmtmKeV6t1ZsXadxZEHB+AQlIAJzkEN3II6aAAMnsALeAcf2rP2qn1q42lpTst69sEfaF/f4KOlPw==</latexit>

Method Discrete Convergence

[Nesterov (1983)]

[Polyak (1964)]

ẋ = �rf(x)
<latexit sha1_base64="mGAm0g28jJsx2XLS8+MuS1bCd8k=">AAACD3icbVDLSgMxFL1TX7W+qi7dBItSF5aZKuhGKLpxWcE+oFNKJs20oZnMkGTEMvQP3Pgrblwo4tatO//GTFtEWw8EDufce3Pv8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd36iqMJaE1EvJQNj2sKGeC1jTTnDYjSXHgcdrwBlep37ijUrFQ3OphRNsB7gnmM4K1kTr5Q7cb6sQNsO57ProfoQt07ArscYz84o981MkX7JI9BponzpQUYIpqJ/9pBpM4oEITjpVqOXak2wmWmhFORzk3VjTCZIB7tGWowAFV7WR8zwgdGKWL/FCaJzQaq787EhwoNQw8U5luqGa9VPzPa8XaP28nTESxpoJMPvJjjnSI0nBQl0lKNB8agolkZldE+lhiok2EOROCM3vyPKmXS85JqXxzWqhcTuPIwh7sQxEcOIMKXEMVakDgAZ7gBV6tR+vZerPeJ6UZa9qzC39gfXwDH4ibbQ==</latexit>

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>

Continuous

[Su et al. JMLR (2016)]

[Polyak (1964)]

O

✓
1

k

◆

<latexit sha1_base64="SppOornLkUwnaq0DLBIGFqmzQgA=">AAACB3icbVBNS8NAEN34WetX1KMgi0Wol5JUQY9FL96sYD+gCWWz3bRLN5uwOxFK6M2Lf8WLB0W8+he8+W/ctD1o64OBx3szzMwLEsE1OM63tbS8srq2Xtgobm5t7+zae/tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwOvdbD0xpHst7GCXMj0hf8pBTAkbq2kdeRGBAicC3nmAhlL1QEeoOPcX7Azjt2iWn4kyAF4k7IyU0Q71rf3m9mKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m/wxxidG6eEwVqYk4In6eyIjkdajKDCd+dV63svF/7xOCuGln3GZpMAknS4KU4EhxnkouMcVoyBGhhCquLkV0wExQYCJrmhCcOdfXiTNasU9q1Tvzku1q1kcBXSIjlEZuegC1dANqqMGougRPaNX9GY9WS/Wu/UxbV2yZjMH6A+szx87yZjm</latexit>

O

✓
1

k2

◆

<latexit sha1_base64="aPVnOm+KfM5gIM3BiRSUarvZF7k=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1Wom5JUQZdFN+6sYB/QxDKZTtqhkwczN0IJ+QE3/oobF4q4de/Ov3HaZqGtBy4czrmXe+/xYsEVWNa3UVhaXlldK66XNja3tnfM3b2WihJJWZNGIpIdjygmeMiawEGwTiwZCTzB2t7oauK3H5hUPArvYBwzNyCDkPucEtBSzzxyAgJDSgS+cQTzoeL4ktDUztLRfS1zJB8M4aRnlq2qNQVeJHZOyihHo2d+Of2IJgELgQqiVNe2YnBTIoFTwbKSkygWEzoiA9bVNCQBU246/SbDx1rpYz+SukLAU/X3REoCpcaBpzsnt6t5byL+53UT8C/clIdxAiyks0V+IjBEeBIN7nPJKIixJoRKrm/FdEh0HKADLOkQ7PmXF0mrVrVPq7Xbs3L9Mo+jiA7QIaogG52jOrpGDdREFD2iZ/SK3own48V4Nz5mrQUjn9lHf2B8/gAwxpui</latexit>

Goal: Understanding the phase space structure of the continuous systems

O

✓
1

k

◆

<latexit sha1_base64="SppOornLkUwnaq0DLBIGFqmzQgA=">AAACB3icbVBNS8NAEN34WetX1KMgi0Wol5JUQY9FL96sYD+gCWWz3bRLN5uwOxFK6M2Lf8WLB0W8+he8+W/ctD1o64OBx3szzMwLEsE1OM63tbS8srq2Xtgobm5t7+zae/tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwOvdbD0xpHst7GCXMj0hf8pBTAkbq2kdeRGBAicC3nmAhlL1QEeoOPcX7Azjt2iWn4kyAF4k7IyU0Q71rf3m9mKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m/wxxidG6eEwVqYk4In6eyIjkdajKDCd+dV63svF/7xOCuGln3GZpMAknS4KU4EhxnkouMcVoyBGhhCquLkV0wExQYCJrmhCcOdfXiTNasU9q1Tvzku1q1kcBXSIjlEZuegC1dANqqMGougRPaNX9GY9WS/Wu/UxbV2yZjMH6A+szx87yZjm</latexit>
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Comments on Accelerated Methods

Gradient Descent
Accelerated Descent

x
<latexit sha1_base64="JNYUZgcJtOk2XCqxjYn3UACHvaI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9ph5JJM21okhmSjFiGfoUbF4q49XPc+Tdm2llo64HA4Zx7ybkniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNMbjK/80iVZpG8N9OY+gKPJAsZwcZKD32BzTgI0dOgXHGr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n88AzdGaVIQojZZ80aK7+3kix0HoqAjuZBdTLXib+5/USE175KZNxYqgki4/ChCMToex6NGSKEsOnlmCimM2KyBgrTIztqGRL8JZPXiXtWtW7qNbu6pXGdV5HEU7gFM7Bg0towC00oQUEBDzDK7w5ynlx3p2PxWjByXeO4Q+czx+OCJA+</latexit>

ẋ
<latexit sha1_base64="FcBtfQngAaZn+iZmIifqWDmVpho=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrspMFXRZdOOygn1AW0omzbShmQfJHbEO/RI3LhRx66e482/MtLPQ1gOBwzn3JifHi6XQ6DjfVmFtfWNzq7hd2tnd2y/bB4ctHSWK8SaLZKQ6HtVcipA3UaDknVhxGniSt73JTea3H7jSIgrvcRrzfkBHofAFo2ikgV3uDSNMewHFseeTx9nArjhVZw6yStycVCBHY2B/mRtYEvAQmaRad10nxn5KFQom+azUSzSPKZvQEe8aGtKA6346Dz4jp0YZEj9S5oRI5urvjZQGWk8Dz0xmCfWyl4n/ed0E/at+KsI4QR6yxUN+IglGJGuBDIXiDOXUEMqUMFkJG1NFGZquSqYEd/nLq6RVq7rn1drdRaV+nddRhGM4gTNw4RLqcAsNaAKDBJ7hFd6sJ+vFerc+FqMFK985gj+wPn8A80qTRg==</latexit>

ẋ = �rf(x)
<latexit sha1_base64="mGAm0g28jJsx2XLS8+MuS1bCd8k=">AAACD3icbVDLSgMxFL1TX7W+qi7dBItSF5aZKuhGKLpxWcE+oFNKJs20oZnMkGTEMvQP3Pgrblwo4tatO//GTFtEWw8EDufce3Pv8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd36iqMJaE1EvJQNj2sKGeC1jTTnDYjSXHgcdrwBlep37ijUrFQ3OphRNsB7gnmM4K1kTr5Q7cb6sQNsO57ProfoQt07ArscYz84o981MkX7JI9BponzpQUYIpqJ/9pBpM4oEITjpVqOXak2wmWmhFORzk3VjTCZIB7tGWowAFV7WR8zwgdGKWL/FCaJzQaq787EhwoNQw8U5luqGa9VPzPa8XaP28nTESxpoJMPvJjjnSI0nBQl0lKNB8agolkZldE+lhiok2EOROCM3vyPKmXS85JqXxzWqhcTuPIwh7sQxEcOIMKXEMVakDgAZ7gBV6tR+vZerPeJ6UZa9qzC39gfXwDH4ibbQ==</latexit>

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

Must be viewed in the phase space

[Source: Moritz Hardt, Berkeley]

• Accelerated methods are not monotonic

• Higher dimensional phase space

x
<latexit sha1_base64="S1A46W0x5Ntonbmp4NwMnpVVg1U=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ie0Q8mkmTY0yQxJRixDv8KNC0Xc+jnu/Bsz01lo64HA4Zx7ybkniDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMbzK/+0iVZpG8N7OY+gKPJQsZwcZKDwOBzSQI0dOwWnPrbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbTPPAcnVllhMJI2ScNytXfGykWWs9EYCezgHrZy8T/vH5iwms/ZTJODJVk8VGYcGQilF2PRkxRYvjMEkwUs1kRmWCFibEdVWwJ3vLJq6TTqHsX9cbdZa3ZKOoowwmcwjl4cAVNuIUWtIGAgGd4hTdHOS/Ou/OxGC05xc4x/IHz+QOJOJAu</latexit>

level sets

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>
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Variational Formulation

L(x, ẋ, t) = e↵t+�t

✓
1

2
ke�↵t ẋk2 � e�tf(x)

◆

<latexit sha1_base64="Hh3JXi/q55natjQ53IST3LkL1Rk="></latexit>

[Wibisono et al. PNAS (2016)]Lagrangian Function:

ẍ+ (e↵t � ↵̇t) ẋ+ e2↵t+�trf(x) = 0
<latexit sha1_base64="Ny5O0RCBglEECd/nkFwY16NIj4Q="></latexit>

Euler-Lagrange Eq:

Special Cases:

↵t = log((⇢� 1)/t)
<latexit sha1_base64="NJc5ATVI5/diB5wdSfCxuIJ+sqY=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoOQFMbdKGgjBG0sI5gHZJcwO5kkQ2Z3lpm7QlhS2PgrNhaK2PoRdv6Nk0ehiQcuHM65l3vvCWLBNTjOt5VZWV1b38hu5ra2d3b37P2DhpaJoqxOpZCqFRDNBI9YHTgI1ooVI2EgWDMY3kz85gNTmsvoHkYx80PSj3iPUwJG6th5j4h4QDqAr7AnZL9Y9NRAnrilUyh17IJTdqbAy8SdkwKao9axv7yupEnIIqCCaN12nRj8lCjgVLBxzks0iwkdkj5rGxqRkGk/nT4xxsdG6eKeVKYiwFP190RKQq1HYWA6QwIDvehNxP+8dgK9Sz/lUZwAi+hsUS8RGCSeJIK7XDEKYmQIoYqbWzEdEEUomNxyJgR38eVl0qiU3bNy5e68UL2ex5FFeXSEishFF6iKblEN1RFFj+gZvaI368l6sd6tj1lrxprPHKI/sD5/AOxXllU=</latexit>

�t = �2 log((⇢� 1)/t)
<latexit sha1_base64="s5d+zJbr8xzD1IovHq1s8z1q7iI=">AAACBXicbVA9SwNBEN3zM8avU0stFoOQFIl3UdBGCNpYRjAfkDvC3maTLNm7PXbnhBDS2PhXbCwUsfU/2Plv3CRXaOKDgcd7M8zMC2LBNTjOt7W0vLK6tp7ZyG5ube/s2nv7dS0TRVmNSiFVMyCaCR6xGnAQrBkrRsJAsEYwuJn4jQemNJfRPQxj5oekF/EupwSM1LaPvIABaQO+wsWyJ2Qvn/dUXxbdwikU2nbOKTlT4EXipiSHUlTb9pfXkTQJWQRUEK1brhODPyIKOBVsnPUSzWJCB6THWoZGJGTaH02/GOMTo3RwVypTEeCp+ntiREKth2FgOkMCfT3vTcT/vFYC3Ut/xKM4ARbR2aJuIjBIPIkEd7hiFMTQEEIVN7di2ieKUDDBZU0I7vzLi6ReLrlnpfLdea5yncaRQYfoGOWRiy5QBd2iKqohih7RM3pFb9aT9WK9Wx+z1iUrnTlAf2B9/gAC5JZU</latexit>

↵t = log


µ

1 + (µe�↵0 � 1) eµt

�

<latexit sha1_base64="JdcrmAGrz7loap9G0oPbmuYApGE="></latexit>

�t = log ⌘ � 2↵t
<latexit sha1_base64="Njd3uRg6TXdolcqMCDr/vWl/PDc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpJUQTdC0Y3LCvYBTQiT6aQdOpmEmRuhlK7c+CtuXCji1m9w5984bbPQ1gMXzpxzL3PvCVPBNTjOt1VYWl5ZXSuulzY2t7Z37N29pk4yRVmDJiJR7ZBoJrhkDeAgWDtVjMShYK1wcDPxWw9MaZ7IeximzI9JT/KIUwJGCuxDL2RAAsBX2BNJzzMPfFr1iEj7Rg3sslNxpsCLxM1JGeWoB/aX101oFjMJVBCtO66Tgj8iCjgVbFzyMs1SQgekxzqGShIz7Y+mZ4zxsVG6OEqUKQl4qv6eGJFY62Ecms6YQF/PexPxP6+TQXTpj7hMM2CSzj6KMoEhwZNMcJcrRkEMDSFUcbMrpn2iCAWTXMmE4M6fvEia1Yp7VqnenZdr13kcRXSAjtAJctEFqqFbVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w+1/JgB</latexit>

Polyak’s method

Nesterov’s method

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>
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Motivation for Multiscale Analysis

Polyak’s method ẍ+ µẋ+ ⌘rf(x) = 0
<latexit sha1_base64="OtG6kNTJUG6TYcyW+IYpGY0jt8E=">AAACKXicbVBNS8NAEN34bf2qevSyWARFKIkKehGKXjxWsK3QhDLZbnRxswm7E7GE/h0v/hUvCop69Y+4aYto9cHC472Z2ZkXplIYdN13Z2Jyanpmdm6+tLC4tLxSXl1rmiTTjDdYIhN9GYLhUijeQIGSX6aaQxxK3gpvTgu/dcu1EYm6wF7KgxiulIgEA7RSp1zzu90Ecz8GvA4jetffpX6cUX9M9DmCryCUQKPtb32HHrudcsWtugPQv8QbkQoZod4pP9vhLIu5QibBmLbnphjkoFEwyfslPzM8BXYDV7xtqYKYmyAfXNqnW1bp0ijR9imkA/VnRw6xMb04tJXFkmbcK8T/vHaG0VGQC5VmyBUbfhRlkmJCi9hoV2jOUPYsAaaF3ZWya9DA0IZbsiF44yf/Jc29qrdf3Ts/qNRORnHMkQ2ySbaJRw5JjZyROmkQRu7JI3khr86D8+S8OR/D0gln1LNOfsH5/AKT6aYj</latexit>

• Analogous to a damped mechanical system

• Do trajectories settle to an invariant manifold?

• If so, what is the shape of that manifold?

• What is the dynamics on the manifold? 

• Fits in the framework of geometric singular perturbation theory
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Slow Manifold

M0 M✏

✏ = 0 ✏ > 0

M0
<latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit>

x
<latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit>

v
<latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit>

x⇤
<latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit>

x⇤
<latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit>

Polyak’s method

✏ = µ�1
<latexit sha1_base64="nNWJ2YZsS6wreyjSRzp0rdaSVrY=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpJUQTdC0Y3LCvYBTSyT6aQdOo8wMxFKqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5Qwqo3nfTuFldW19Y3iZmlre2d3z90/aGmZKkyaWDKpOhHShFFBmoYaRjqJIohHjLSj0c3Ubz8SpakU92ackJCjgaAxxchYqeeWA5JoyqSAVzDg6UN26k96bsWrejPAZeLnpAJyNHruV9CXOOVEGMyQ1l3fS0yYIWUoZmRSClJNEoRHaEC6lgrEiQ6z2fETeGyVPoylsiUMnKm/JzLEtR7zyHZyZIZ60ZuK/3nd1MSXYUZFkhoi8HxRnDJoJJwmAftUEWzY2BKEFbW3QjxECmFj8yrZEPzFl5dJq1b1z6q1u/NK/TqPowgOwRE4AT64AHVwCxqgCTAYg2fwCt6cJ+fFeXc+5q0FJ58pgz9wPn8Axa+UMg==</latexit>

v(t) = v0e
�⌧

<latexit sha1_base64="jUtGAV0b5xVA/KyNILg7dEk16vI=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GIhWE3CtoIQRvLCOYB2TXMTmaTIbMPZu4GwpLaxl+xsVDE1i+w82+cTYJo9MDAmXPu5d57vFhwBZb1aeQWFpeWV/KrhbX1jc0tc3unoaJEUlankYhkyyOKCR6yOnAQrBVLRgJPsKY3uMr85pBJxaPwFkYxcwPSC7nPKQEtdcx9JyDQ93w8LMHRxfenY7G79NgBkow7ZtEqWxPgv8SekSKaodYxP5xuRJOAhUAFUaptWzG4KZHAqWDjgpMoFhM6ID3W1jQkAVNuOjlljA+10sV+JPULAU/Unx0pCZQaBZ6uzHZV814m/ue1E/DP3ZSHcQIspNNBfiIwRDjLBXe5ZBTESBNCJde7YtonklDQ6RV0CPb8yX9Jo1K2T8qVm9Ni9XIWRx7toQNUQjY6Q1V0jWqojii6R4/oGb0YD8aT8Wq8TUtzxqxnF/2C8f4FEt+Z4A==</latexit>

ẋ = v
<latexit sha1_base64="NxST2rLZbQhSpCe76hXE51YHjcQ=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARXJWZKuhGKLpxWcE+oC0lk2ba0ExmSDLFMhQ3/oobF4q49Svc+Tdm2hG09UDgcM69N/ceL+JMacf5snJLyyura/n1wsbm1vaOvbtXV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3vE79xohKxUJxp8cR7QS4L5jPCNZG6toH7V6ok3aA9cDz0f3k8oeOunbRKTlToEXiZqQIGapd+9PMInFAhSYcK9VynUh3Eiw1I5xOCu1Y0QiTIe7TlqECB1R1kukJE3RslB7yQ2me0Giq/u5IcKDUOPBMZbqgmvdS8T+vFWv/opMwEcWaCjL7yI850iFK80A9JinRfGwIJpKZXREZYImJNqkVTAju/MmLpF4uuael8u1ZsXKVxZGHQziCE3DhHCpwA1WoAYEHeIIXeLUerWfrzXqfleasrGcf/sD6+AYznJdL</latexit>

v̇ = �µv � ⌘rf(x)
<latexit sha1_base64="dcnugAdBHIdbg+vscPZ0W9UeiPw=">AAACIHicbVBNSwMxEM36WetX1aOXYBHqwbJbBb0IRS8eK1gVuqXMplkbms0uyaxYlv4UL/4VLx4U0Zv+GtMPRasPAi/vzTAzL0ikMOi6787U9Mzs3HxuIb+4tLyyWlhbvzBxqhmvs1jG+ioAw6VQvI4CJb9KNIcokPwy6J4M/Msbro2I1Tn2Et6M4FqJUDBAK7UKB347xsyPADtBSG/6R7t+lH5/6S71OYKvIJBAw9KXcbvTKhTdsjsE/Uu8MSmSMWqtwpudxNKIK2QSjGl4boLNDDQKJnk/76eGJ8C6cM0bliqIuGlmwwP7dNsqbRrG2j6FdKj+7MggMqYXBbZysKGZ9Abif14jxfCwmQmVpMgVGw0KU0kxpoO0aFtozlD2LAGmhd2Vsg5oYGgzzdsQvMmT/5KLStnbK1fO9ovV43EcObJJtkiJeOSAVMkpqZE6YeSOPJAn8uzcO4/Oi/M6Kp1yxj0b5Becj09vLqJ6</latexit>

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

v =
rX

k=0

✏2k+1g2k+1(x) +O(✏2r+3)
<latexit sha1_base64="N7SaMiBB01+Kf7XuDWoNr1JNpyc="></latexit>

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]

x0 = ✏v
<latexit sha1_base64="9MuxlCfU+pSZs1hFOcEu9ry5v14=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFdlaQVHwuh4MZlBfuAJpTJdNIOnUzCzKRYQldu/BU3LhRx6ze482+cpFHUeuDC4Zx7ufceL2JUKsv6MObmFxaXlgsrxdW19Y1Nc2u7KcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veJn6rRERkob8Ro0j4gaoz6lPMVJa6pp7ToDUwPPh7eGFQyJJWcjhlzbqmiWrbGWAs8TOSQnkqHfNd6cX4jggXGGGpOzYVqTcBAlFMSOTohNLEiE8RH3S0ZSjgEg3yd6YwAOt9KAfCl1cwUz9OZGgQMpx4OnO9ED510vF/7xOrPwzN6E8ihXheLrIjxlUIUwzgT0qCFZsrAnCgupbIR4ggbDSyRWzEM5TnHy/PEualbJdLVevj0u1Sh5HAeyCfXAEbHAKauAK1EEDYHAHHsATeDbujUfjxXidts4Z+cwO+AXj7ROAmJiY</latexit>

n

<latexit sha1_base64="SoRcegolNHxw7YIJiDLoS9r1xFY=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkVwVZIqPnZFNy4r2Ac0oUymk3bsZCbMTIQS+g9uXCji1v9x5984SYOo9cCFwzn3cu89Qcyo0o7zaZWWlldW18rrlY3Nre2d6u5eR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeYXGd+94FIRQW/09OY+BEacRpSjLSROt4VHXnpoFpz6k4Oe5G4BalBgdag+uENBU4iwjVmSKm+68TaT5HUFDMyq3iJIjHCEzQifUM5iojy0/zamX1klKEdCmmKaztXf06kKFJqGgWmM0J6rP56mfif1090eOGnlMeJJhzPF4UJs7Wws9ftIZUEazY1BGFJza02HiOJsDYBVfIQLjOcfb+8SDqNuntSP7k9rTUbRRxlOIBDOAYXzqEJN9CCNmC4h0d4hhdLWE/Wq/U2by1Zxcw+/IL1/gVy4o8i</latexit>

n

<latexit sha1_base64="SoRcegolNHxw7YIJiDLoS9r1xFY=">AAAB7XicbVDLSsNAFL2pr1pfVZdugkVwVZIqPnZFNy4r2Ac0oUymk3bsZCbMTIQS+g9uXCji1v9x5984SYOo9cCFwzn3cu89Qcyo0o7zaZWWlldW18rrlY3Nre2d6u5eR4lEYtLGggnZC5AijHLS1lQz0oslQVHASDeYXGd+94FIRQW/09OY+BEacRpSjLSROt4VHXnpoFpz6k4Oe5G4BalBgdag+uENBU4iwjVmSKm+68TaT5HUFDMyq3iJIjHCEzQifUM5iojy0/zamX1klKEdCmmKaztXf06kKFJqGgWmM0J6rP56mfif1090eOGnlMeJJhzPF4UJs7Wws9ftIZUEazY1BGFJza02HiOJsDYBVfIQLjOcfb+8SDqNuntSP7k9rTUbRRxlOIBDOAYXzqEJN9CCNmC4h0d4hhdLWE/Wq/U2by1Zxcw+/IL1/gVy4o8i</latexit>

t = ✏⌧
<latexit sha1_base64="FwW4rSjy2OFsGIgvoDyPT4nC0Fs=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5K04mMhFNy4rGAf0IQymU7aoZNJmLkRauiXuHGhiFs/xZ1/Y5IGUeuBC4dz7uXee7xIcA2W9WmUVlbX1jfKm5Wt7Z3dqrm339VhrCjr0FCEqu8RzQSXrAMcBOtHipHAE6znTa8zv3fPlOahvINZxNyAjCX3OSWQSkOzClcOizQXocQOkHho1qy6lQMvE7sgNVSgPTQ/nFFI44BJoIJoPbCtCNyEKOBUsHnFiTWLCJ2SMRukVJKAaTfJD5/j41QZYT9UaUnAufpzIiGB1rPASzsDAhP918vE/7xBDP6Fm3AZxcAkXSzyY4EhxFkKeMQVoyBmKSFU8fRWTCdEEQppVpU8hMsMZ98vL5Nuo243683b01qrUcRRRofoCJ0gG52jFrpBbdRBFMXoET2jF+PBeDJejbdFa8koZg7QLxjvX7TpkzU=</latexit>

=)
<latexit sha1_base64="R5uVUsEpqaHTrkLwNuNMkZGA23M=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZJWfOwKbly4qGAf0IYymU7SoZOZMDNRauiXuHGhiFs/xZ1/4yQNotYDFw7n3Mu99/gxo0o7zqe1tLyyurZe2ihvbm3vVOzdvY4SicSkjQUTsucjRRjlpK2pZqQXS4Iin5GuP7nM/O4dkYoKfqunMfEiFHIaUIy0kYZ2ZXAteChpONZISnE/tKtOzckBF4lbkCoo0BraH4ORwElEuMYMKdV3nVh7KZKaYkZm5UGiSIzwBIWkbyhHEVFemh8+g0dGGcFASFNcw1z9OZGiSKlp5JvOCOmx+utl4n9eP9HBuZdSHieacDxfFCQMagGzFOCISoI1mxqCsKTmVojHSCKsTVblPISLDKffLy+STr3mNmqNm5Nqs17EUQIH4BAcAxecgSa4Ai3QBhgk4BE8gxfrwXqyXq23eeuSVczsg1+w3r8AVBCTnQ==</latexit> v0 = �v � ✏⌘rf(x)

<latexit sha1_base64="QmyXVm3BF15oxn1q5zXCFb7ippw=">AAACIHicbVDLSsNAFJ3UV62vqks3g0XUhSWpYnUhFNy4VLAPaEq5md7YoZNJmJmIpfRT3Pgrblwoojv9GpNai68DA4dzzmXuPV4kuDa2/WZlpqZnZuey87mFxaXllfzqWk2HsWJYZaEIVcMDjYJLrBpuBDYihRB4Aute7zT169eoNA/lpelH2ArgSnKfMzCJ1M6X3QBM1/Pp9fbJ3oTTPRcjzUUoqYsGXAmeAOrvfAVudtv5gl20R6B/iTMmBTLGeTv/6nZCFgcoDROgddOxI9MagDKcCRzm3FhjBKwHV9hMqIQAdWswOnBItxKlQ/1QJU8aOlK/Twwg0LofeEky3VD/9lLxP68ZG/+oNeAyig1K9vmRHwtqQpq2RTtcITOinxBgiie7UtYFBcwkneZGJRynOJyc/JfUSkVnv7h/cVColMZ1ZMkG2SQ7xCFlUiFn5JxUCSO35J48kifrznqwnq2Xz2jGGs+skx+w3j8A20GiQQ==</latexit>
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Slow Manifold

Polyak’s method ẍ+ µẋ+ ⌘rf(x) = 0
<latexit sha1_base64="OtG6kNTJUG6TYcyW+IYpGY0jt8E=">AAACKXicbVBNS8NAEN34bf2qevSyWARFKIkKehGKXjxWsK3QhDLZbnRxswm7E7GE/h0v/hUvCop69Y+4aYto9cHC472Z2ZkXplIYdN13Z2Jyanpmdm6+tLC4tLxSXl1rmiTTjDdYIhN9GYLhUijeQIGSX6aaQxxK3gpvTgu/dcu1EYm6wF7KgxiulIgEA7RSp1zzu90Ecz8GvA4jetffpX6cUX9M9DmCryCUQKPtb32HHrudcsWtugPQv8QbkQoZod4pP9vhLIu5QibBmLbnphjkoFEwyfslPzM8BXYDV7xtqYKYmyAfXNqnW1bp0ijR9imkA/VnRw6xMb04tJXFkmbcK8T/vHaG0VGQC5VmyBUbfhRlkmJCi9hoV2jOUPYsAaaF3ZWya9DA0IZbsiF44yf/Jc29qrdf3Ts/qNRORnHMkQ2ySbaJRw5JjZyROmkQRu7JI3khr86D8+S8OR/D0gln1LNOfsH5/AKT6aYj</latexit>

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]
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First-order Approximation

ẋ = �✏⌘rf(x)
<latexit sha1_base64="Txy5MbnTP7GjTpe54z5fe3Ef/bg=">AAACG3icbVDLSgNBEJz1bXxFPXoZDIIeDBsVHwdB9OJRwaiQDaF30quDs7PLTK8YlvyHF3/FiwdFPAke/BtnYxBfBQ1FVTfdXWGqpCXff/cGBoeGR0bHxksTk1PTM+XZuVObZEZgXSQqMechWFRSY50kKTxPDUIcKjwLrw4K/+wajZWJPqFOis0YLrSMpAByUqu8FrQTyoMY6DKM+E13dzXA1EqVaB4gAQ80hAp4tPzVstIqV/yq3wP/S2p9UmF9HLXKr26JyGLUJBRY26j5KTVzMCSFwm4pyCymIK7gAhuOaojRNvPeb12+5JQ2jxLjShPvqd8ncoit7cSh6ywutL+9QvzPa2QUbTdzqdOMUIvPRVGmOCW8CIq3pUFBquMICCPdrVxcggFBLs5SL4SdAptfL/8lp2vV2np1/Xijsrffj2OMLbBFtsxqbIvtsUN2xOpMsFt2zx7Zk3fnPXjP3stn64DXn5lnP+C9fQA786EE</latexit>

• The minimizer is its asymptotically stable fixed point

(Gradient Descent)

M✏

✏ > 0

M0
<latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit>

x
<latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit>

v
<latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit>

x⇤
<latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit>

v ' �✏⌘rf(x)
<latexit sha1_base64="ECGpMhdctRSwRtoi2c/E+mrj75c=">AAACGnicbVBNS8NAFNz4bf2qevSyWIR6sCRV0KPgxaOCVaEJ5WX70i7dbOLupliCv8OLf8WLB0W8iRf/jZtaQVsHFoaZeex7E6aCa+O6n87U9Mzs3PzCYmlpeWV1rby+camTTDFssEQk6joEjYJLbBhuBF6nCiEOBV6FvZPCv+qj0jyRF2aQYhBDR/KIMzBWapU9PwbTDSPa9zWP8WbPx1RzkUjqowHqSwgF0Kj6E7vdbZUrbs0dgk4Sb0QqZISzVvndbycsi1EaJkDrpuemJshBGc4E3pX8TGMKrAcdbFoqIUYd5MPT7uiOVdo0SpR90tCh+nsih1jrQRzaZLGhHvcK8T+vmZnoKMi5TDODkn1/FGWCmoQWPdE2V8iMGFgCTHG7K2VdUMCMbbNkS/DGT54kl/Wat1+rnx9UjuujOhbIFtkmVeKRQ3JMTskZaRBG7skjeSYvzoPz5Lw6b9/RKWc0s0n+wPn4AlWGoFg=</latexit>

E(x) = ✏⌘ (f(x)� f(x⇤))
<latexit sha1_base64="8ZbwUuFvc8sy1kLciFUIr6S/Cts="></latexit>

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]

approximation:Order ✏
<latexit sha1_base64="PXZSuibN4PEjALrW7v3Z03IHHvM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewm4uMW8OIxgnlAsoTZyWwyZHZmnZkVQshPePGgiFd/x5t/4+xmETUWNBRV3XR3BTFn2rjup1NYWV1b3yhulra2d3b3yvsHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp36nQeqNJPizkxj6kd4JFjICDZW6vZprBmXYlCuuFU3A1omXk4qkKM5KH/0h5IkERWGcKx1z3Nj48+wMoxwOi/1E01jTCZ4RHuWChxR7c+ye+foxCpDFEplSxiUqT8nZjjSehoFtjPCZqz/eqn4n9dLTHjpz5iIE0MFWSwKE46MROnzaMgUJYZPLcFEMXsrImOsMDE2olIWwlWK8++Xl0m7VvXq1frtWaVRy+MowhEcwyl4cAENuIEmtIAAh0d4hhfn3nlyXp23RWvByWcO4Rec9y9gyZBH</latexit>
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Third-order Approximation

• The minimizer is its asymptotically stable fixed point

approximation:✏3
<latexit sha1_base64="1+SXzXUnoyAsq8NtRZkPgwxd4bU=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQV9Fjw4rGC/cA2ls120i7d7IbdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJpxp43nfztr6xubWdmGnuLu3f3BYOjpuaZkqik0quVSdkGjkTGDTMMOxkygkccixHY5vZn77CZVmUtybSYJBTIaCRYwSY6WHHiaacSkea/1S2at4c7irxM9JGXI0+qWv3kDSNEZhKCdad30vMUFGlGGU47TYSzUmhI7JELuWChKjDrL5xVP33CoDN5LKljDuXP09kZFY60kc2s6YmJFe9mbif143NdF1kDGRpAYFXSyKUu4a6c7edwdMITV8YgmhitlbXToiilBjQyraEPzll1dJq1rxa5Xq3WW5Xs3jKMApnMEF+HAFdbiFBjSBgoBneIU3RzsvzrvzsWhdc/KZE/gD5/MHdhKQuQ==</latexit>

Order

ẋ = �✏⌘rf(x)� ✏3⌘2r2f(x)rf(x)
<latexit sha1_base64="ETRFFRCpaMLINsLJUiSjN/DzU24="></latexit>

v ' �✏⌘rf(x)� ✏3⌘2r2f(x)rf(x)
<latexit sha1_base64="s06fhWI214ZHfwWGvr8wjfg+XWA="></latexit>

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]

E(x) = ✏⌘ (f(x)� f(x⇤)) +
1

2
✏3⌘2krf(x)k2

<latexit sha1_base64="ZAVzORTZQHMIS9gBJvEQwUrsQtY="></latexit>

M✏

✏ > 0

M0
<latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit><latexit sha1_base64="+pPEXBqYi8rpiLrYklz/Tv9IAYM=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRqW90V3LgRKhgrNKFMppN26GQSZiZCCf0NNy5U3Po17vwbJ20FnwcGDufcyz1zwpQzpR3n3SotLC4tr5RXK2vrG5tb1e2dG5VkklCPJDyRtyFWlDNBPc00p7eppDgOOe2Eo/PC79xRqVgirvU4pUGMB4JFjGBtJN+PsR4SzNFlz+lVa45drzeajWP0m7i2M0UN5mj3qm9+PyFZTIUmHCvVdZ1UBzmWmhFOJxU/UzTFZIQHtGuowDFVQT7NPEEHRumjKJHmCY2m6teNHMdKjePQTBYZ1U+vEP/yupmOToOciTTTVJDZoSjjSCeoKAD1maRE87EhmEhmsiIyxBITbWqqmBI+f4r+J96RfWa7Vye1VmPeRhn2YB8OwYUmtOAC2uABgRTu4RGerMx6sJ6tl9loyZrv7MI3WK8fLciRTA==</latexit>

x
<latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit><latexit sha1_base64="p8r6lG0M7vKa8SBxaVXPiL3DPNo=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLkhXL0l/hxYOKV/+ON/+N2XYP2joQGGbeI/MmTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T+413GqCPVJzGPVCbGmnEnqG2Y47SSKYhFy2g7H17nffqRKs1jemUlCA4GHkkWMYGOlh57AZhRG6Klfrbl1dwa0TLyC1KBAq1/96g1ikgoqDeFY667nJibIsDKMcDqt9FJNE0zGeEi7lkosqA6yWeApOrHKAEWxsk8aNFN/b2RYaD0RoZ3MA+pFLxf/87qpiS6DjMkkNVSS+UdRypGJUX49GjBFieETSzBRzGZFZIQVJsZ2VLEleIsnLxP/rH5V927Pa81G0UYZjuAYTsGDC2jCDbTABwICnuEV3hzlvDjvzsd8tOQUO4fwB87nD/R/kAI=</latexit>

v
<latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit><latexit sha1_base64="6/WY0x3LnRufyK5p/yLYfaPvKUU=">AAAB73icbVBNSwMxFHxbv2r9qnr0EiyCp7IrUvVW8OKxgmsr7VKyabYNTbJLki2Upb/CiwcVr/4db/4bs+0etHUgMMy8R+ZNmHCmjet+O6W19Y3NrfJ2ZWd3b/+genj0qONUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Ob3O/PaFKs1g+mGlCA4GHkkWMYGOlp57AZhRGaNKv1ty6OwdaJV5BalCg1a9+9QYxSQWVhnCsdddzExNkWBlGOJ1VeqmmCSZjPKRdSyUWVAfZPPAMnVllgKJY2ScNmqu/NzIstJ6K0E7mAfWyl4v/ed3URNdBxmSSGirJ4qMo5cjEKL8eDZiixPCpJZgoZrMiMsIKE2M7qtgSvOWTV4l/Ub+pe/eXtWajaKMMJ3AK5+DBFTThDlrgAwEBz/AKb45yXpx352MxWnKKnWP4A+fzB/F5kAA=</latexit>

x⇤
<latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit><latexit sha1_base64="3dkj7PvFoyr0O1vKwTdXgHqITsc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFvHiM4JpANgmzk9lkyOyDmV41LPkPLx5UvPox3vwbZ5MgmlgwUFR10zXlJ1JotO0vq7C0vLK6VlwvbWxube+Ud/fudJwqxl0Wy1g1faq5FBF3UaDkzURxGvqSN/zhVe437rnSIo5ucZTwdkj7kQgEo2ikjhdSHPgBeex4VGO3XLGr9gTkhzjzpAIz1LvlT68XszTkETJJtW45doLtjCoUTPJxyUs1Tygb0j5vGRrRkOt2Nkk9JkdG6ZEgVuZFSCbq742MhlqPQt9M5in1vJeL/3mtFIOLdiaiJEUesemhIJUEY5JXQHpCcYZyZAhlSpishA2oogxNUSVTwsKXF4l7Ur2sOjenldrZrI0iHMAhHIMD51CDa6iDCwwUPMELvFoP1rP1Zr1PRwvWbGcf/sD6+AbMwJI3</latexit>
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Third-order Approximation

• Preconditioned gradient descent

approximation:✏3
<latexit sha1_base64="1+SXzXUnoyAsq8NtRZkPgwxd4bU=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQV9Fjw4rGC/cA2ls120i7d7IbdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJpxp43nfztr6xubWdmGnuLu3f3BYOjpuaZkqik0quVSdkGjkTGDTMMOxkygkccixHY5vZn77CZVmUtybSYJBTIaCRYwSY6WHHiaacSkea/1S2at4c7irxM9JGXI0+qWv3kDSNEZhKCdad30vMUFGlGGU47TYSzUmhI7JELuWChKjDrL5xVP33CoDN5LKljDuXP09kZFY60kc2s6YmJFe9mbif143NdF1kDGRpAYFXSyKUu4a6c7edwdMITV8YgmhitlbXToiilBjQyraEPzll1dJq1rxa5Xq3WW5Xs3jKMApnMEF+HAFdbiFBjSBgoBneIU3RzsvzrvzsWhdc/KZE/gD5/MHdhKQuQ==</latexit>

Order

ẋ = �✏⌘rf(x)� ✏3⌘2r2f(x)rf(x)
<latexit sha1_base64="ETRFFRCpaMLINsLJUiSjN/DzU24="></latexit>

ẋ = �[P (x)]�1rf(x)
<latexit sha1_base64="vUKq7Lm95nIfD6mieGlsnB1JusM=">AAACInicbVDLSsNAFJ3UV62vqEs3g0Woi5akCupCKLhxWcE+II1lMp20QyeTMDMRS+i3uPFX3LhQ1JXgxzhpg9TWAxcO59zLvfd4EaNSWdaXkVtaXlldy68XNja3tnfM3b2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzhVeq37omQNOS3ahQRN0B9Tn2KkdJS17zo9EKVdAKkBp4PH8bwEpadeulXOHbvkrI97nDkMQT9GaNrFq2KNQFcJHZGiiBDvWt+6F04DghXmCEpHduKlJsgoShmZFzoxJJECA9RnziachQQ6SaTF8fwSCs96IdCF1dwos5OJCiQchR4ujO9UM57qfif58TKP3cTyqNYEY6ni/yYQRXCNC/Yo4JgxUaaICyovhXiARIIK51qQYdgz7+8SJrVin1Sqd6cFmvVLI48OACHoARscAZq4BrUQQNg8AiewSt4M56MF+Pd+Jy25oxsZh/8gfH9A9tgoo4=</latexit>

[P (x)]�1 = ✏⌘
⇥
I + ✏2⌘r2f(x)

⇤
<latexit sha1_base64="f9MWHwBz7nl+4eJn4hj8ieeiLls="></latexit>

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]
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Higher Order Approximation

Higher-order approximations:

ẋ =
rX

k=0

✏2k+1g2k+1(x) +O(✏2r+3)
<latexit sha1_base64="3mvdhfX+CwvQn8bgnXtknLXadO4="></latexit>

• Still the minimizer is its asymptotically stable fixed point

E(x) = ✏⌘ (f(x)� f(x⇤)) +
rX

k=1

✏2k+1

2

2k�1X

`=1

hg`(x),g2k�`(x)i
<latexit sha1_base64="x2G8Czk03uFIBCjOHLyBXkFKUzg="></latexit>

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]

• Smoothness f 2 Cr+1(X )
<latexit sha1_base64="gm8mAcrwHVdxltYDWYfxMP/IiAU=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL4tFqAglqYIeC714rGA/oKlls920SzebsLsRSqgX/4oXD4p49V9489+4aXvQ1gcDj/dmmJnnx5wp7TjfVm5ldW19I79Z2Nre2d2z9w+aKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vJHtcxvPVCpWCTu9Dim3RAPBAsYwdpIPfso8JhAtftUnruTkhdiPSSYo/ZZzy46ZWcKtEzcOSnCHPWe/eX1I5KEVGjCsVId14l1N8VSM8LppOAlisaYjPCAdgwVOKSqm04/mKBTo/RREElTQqOp+nsixaFS49A3ndmJatHLxP+8TqKD627KRJxoKshsUZBwpCOUxYH6TFKi+dgQTCQztyIyxBITbUIrmBDcxZeXSbNSdi/KldvLYrUyjyMPx3ACJXDhCqpwA3VoAIFHeIZXeLOerBfr3fqYteas+cwh/IH1+QOnyZWu</latexit>



11/1/19 Mohammad Farazmand (NCSU) 13

Strong convexity for Polyak’s method

Polyak’s iteration vs. continuous system

xk+1 = yk � srf(xk)
<latexit sha1_base64="pzkDbZ3Q4+bn3hqnFh0H5TiFm0o=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoiCWpBd0IRTcuK9gHNCVMppN2yGQSZiZiCP0RN/6KGxeKuHAj/o3Th6itBwYO55zL3Hu8mFGpLOvTyC0sLi2v5FcLa+sbm1vm9k5TRonApIEjFom2hyRhlJOGooqRdiwICj1GWl5wOfJbt0RIGvEblcakG6I+pz7FSGnJNatOiNTA8+GdmwVH9hCew28ldYNj6XDkMQT90k8uOHTNolW2xoDzxJ6SIpii7prvTi/CSUi4wgxJ2bGtWHUzJBTFjAwLTiJJjHCA+qSjKUchkd1sfN0QHmilB/1I6McVHKu/JzIUSpmGnk6OdpSz3kj8z+skyj/rZpTHiSIcTz7yEwZVBEdVwR4VBCuWaoKwoHpXiAdIIKx0oQVdgj178jxpVsr2SblyXS3WLqZ15MEe2AclYINTUANXoA4aAIN78AiewYvxYDwZr8bbJJozpjO74A+Mjy98OqDq</latexit>

yk = xk + �(xk � xk�1)
<latexit sha1_base64="jy8t8979r3FmRuUiS/T+Z66HCkg=">AAACKHicbVDLSgMxFM3UV62vUZdugkWoSMtMFXQjFt24rGAf0ClDJs20YTIPkoxYhn6OG3/FjYgi3folZtoRa+uBwMk59yb3HidiVEjDGGu5peWV1bX8emFjc2t7R9/da4ow5pg0cMhC3naQIIwGpCGpZKQdcYJ8h5GW492kfuuBcEHD4F4OI9L1UT+gLsVIKsnWrywfyYHjwqHtwUv4c3u0vROLqWd6CJZmxPIvT7yyOTq29aJRMSaAi8TMSBFkqNv6m9ULceyTQGKGhOiYRiS7CeKSYkZGBSsWJELYQ33SUTRAPhHdZLLoCB4ppQfdkKsTSDhRZzsS5Asx9B1Vmc4p5r1U/M/rxNK96CY0iGJJAjz9yI0ZlCFMU4M9ygmWbKgIwpyqWSEeII6wVNkWVAjm/MqLpFmtmKeV6t1ZsXadxZEHB+AQlIAJzkEN3II6aAAMnsALeAcf2rP2qn1q42lpTst69sEfaF/f4KOlPw==</latexit>

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

• Polyak’s iteration

• Polyak’s continuous system

Requires strong convexity for convergence 

Only requires convexity

Lesson: Discretization is “tricky”

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]
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Examples

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>
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Examples

µ = 8
<latexit sha1_base64="LecbsFYo8hBz+I2mZMBvMW9iSe0=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mqYC9CwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhkXt80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkFfZLeNgVv1at4CaJ34BalCgdbA/eoPE5IJKg3hWOue76UmzLEyjHA6q/QzTVNMJnhEe5ZKLKgO88WxM3RhlSGKE2VLGrRQf0/kWGg9FZHtFNiM9ao3F//zepmJG2HOZJoZKslyUZxxZBI0/xwNmaLE8KklmChmb0VkjBUmxuZTsSH4qy+vk3a95l/V6g/X1Wa9iKMMZ3AOl+DDDTThHloQAAEGz/AKb450Xpx352PZWnKKmVP4A+fzB1fKjlM=</latexit>

µ = 4
<latexit sha1_base64="TkbNqY+GYY1aSpTfcquUrT9jG1M=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lqQS9CwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvP+3ZKG5tb2zvl3cre/sHhkXt80tZJpggNSMIT1Y2wppxJGhhmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSkFfZLeNgVv1at4CaJ34BalCgdbA/eoPE5IJKg3hWOue76UmzLEyjHA6q/QzTVNMJnhEe5ZKLKgO88WxM3RhlSGKE2VLGrRQf0/kWGg9FZHtFNiM9ao3F//zepmJb8KcyTQzVJLlojjjyCRo/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwV19eJ+16zb+q1R8a1Wa9iKMMZ3AOl+DDNTThHloQAAEGz/AKb450Xpx352PZWnKKmVP4A+fzB1G6jk8=</latexit>

µ = 2
<latexit sha1_base64="frHY6O8EAgbMUEYyZRrdissao2U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0liQS9CwYvHCqYttKFstpt26e4m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKG5tb2zvl3cre/sHhUfX4pK2TTBEakIQnqhthTTmTNDDMcNpNFcUi4rQTTe7mfueJKs0S+WimKQ0FHkkWM4KNlYK+yG79QbXm1t0F0DrxClKDAq1B9as/TEgmqDSEY617npuaMMfKMMLprNLPNE0xmeAR7VkqsaA6zBfHztCFVYYoTpQtadBC/T2RY6H1VES2U2Az1qveXPzP62UmvglzJtPMUEmWi+KMI5Og+edoyBQlhk8twUQxeysiY6wwMTafig3BW315nbT9undV9x8ataZfxFGGMziHS/DgGppwDy0IgACDZ3iFN0c6L86787FsLTnFzCn8gfP5A06yjk0=</latexit>

⌘ = 1
<latexit sha1_base64="cQa09eJEPMVxqaAdPGQz2mO9xvE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSib7aZdu9mE3YlQQv+DFw+KePX/ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnCScD+iQyVCwShaqdXjSG+8frniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpFWrehfV2v1lpV7L4yjCCZzCOXhwBXW4gwY0gcEjPMMrvDmx8+K8Ox+L1oKTzxzDHzifP/lXjq4=</latexit>

ẍ+ µẋ+ ⌘rf(x) = 0
<latexit sha1_base64="OtG6kNTJUG6TYcyW+IYpGY0jt8E=">AAACKXicbVBNS8NAEN34bf2qevSyWARFKIkKehGKXjxWsK3QhDLZbnRxswm7E7GE/h0v/hUvCop69Y+4aYto9cHC472Z2ZkXplIYdN13Z2Jyanpmdm6+tLC4tLxSXl1rmiTTjDdYIhN9GYLhUijeQIGSX6aaQxxK3gpvTgu/dcu1EYm6wF7KgxiulIgEA7RSp1zzu90Ecz8GvA4jetffpX6cUX9M9DmCryCUQKPtb32HHrudcsWtugPQv8QbkQoZod4pP9vhLIu5QibBmLbnphjkoFEwyfslPzM8BXYDV7xtqYKYmyAfXNqnW1bp0ijR9imkA/VnRw6xMb04tJXFkmbcK8T/vHaG0VGQC5VmyBUbfhRlkmJCi9hoV2jOUPYsAaaF3ZWya9DA0IZbsiF44yf/Jc29qrdf3Ts/qNRORnHMkQ2ySbaJRw5JjZyROmkQRu7JI3khr86D8+S8OR/D0gln1LNOfsH5/AKT6aYj</latexit>

Polyak’s Eq.

Slow Manifold
Trajectory on 
the Manifold

Convergence Towards 
the Slow Manifold

Projections from 4-D Phase Space
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Convergence to Slow Manifold

Approximate slow manifold:

✏ =
1

8
<latexit sha1_base64="Q+UtbfcC/AAfUlpFnlBWENS/E9o=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkkV7EUoePFYwX5AE8pmO2mXbnbD7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6WcaeN5387G5tb2zm5pr7x/cHh07J6ctrXMFIUWlVyqbkQ0cCagZZjh0E0VkCTi0InG93O/MwGlmRRPZppCmJChYDGjxFip77oBpJpxKe6CWBHq1/tuxat6C+B14hekggo0++5XMJA0S0AYyonWPd9LTZgTZRjlMCsHmYaU0DEZQs9SQRLQYb64fIYvrTLAsVS2hMEL9fdEThKtp0lkOxNiRnrVm4v/eb3MxPUwZyLNDAi6XBRnHBuJ5zHgAVNADZ9aQqhi9lZMR8QmYGxYZRuCv/ryOmnXqv51tfZ4U2nUijhK6BxdoCvko1vUQA+oiVqIogl6Rq/ozcmdF+fd+Vi2bjjFzBn6A+fzBwUgkzM=</latexit>

M✏,p : v✏,p(x) ,
pX

k=1

✏kgk(x)
<latexit sha1_base64="bybstdmg8Y7ypgpTKullL5pWQ1I="></latexit>

Example 1
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Choice of Initial Conditions

M✏,p : v✏,p(x) ,
pX

k=1

✏kgk(x)
<latexit sha1_base64="bybstdmg8Y7ypgpTKullL5pWQ1I="></latexit>

ẍ = �µẋ� ⌘rf(x)
<latexit sha1_base64="uOuXM06VJw5c7PuJkC26rPMvDIE=">AAACKHicbVBNSwMxEM36WetX1aOXYBHqoWW3CnoRi148KlgtdEuZTbMazGaXZFYsS3+OF/+KFxFFevWXmNYitvVB4PHezGTmBYkUBl2378zMzs0vLOaW8ssrq2vrhY3NaxOnmvE6i2WsGwEYLoXidRQoeSPRHKJA8pvg/mzg3zxwbUSsrrCb8FYEt0qEggFaqV048TudGDM/ArwLQvrYo8e07Ecp9cflss8RfAWBBBqWfvW9dqHoVtwh6DTxRqRIRrhoF97sZJZGXCGTYEzTcxNsZaBRMMl7eT81PAF2D7e8aamCiJtWNjy0R3et0qFhrO1TSIfq344MImO6UWArBxuaSW8g/uc1UwyPWplQSYpcsZ+PwlRSjOkgNdoRmjOUXUuAaWF3pewONDC02eZtCN7kydPkulrx9ivVy4Ni7XQUR45skx1SIh45JDVyTi5InTDyRF7IO/lwnp1X59Pp/5TOOKOeLTIG5+sbBcSl7Q==</latexit>

xk+1 = yk � srf(xk)
<latexit sha1_base64="pzkDbZ3Q4+bn3hqnFh0H5TiFm0o=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoiCWpBd0IRTcuK9gHNCVMppN2yGQSZiZiCP0RN/6KGxeKuHAj/o3Th6itBwYO55zL3Hu8mFGpLOvTyC0sLi2v5FcLa+sbm1vm9k5TRonApIEjFom2hyRhlJOGooqRdiwICj1GWl5wOfJbt0RIGvEblcakG6I+pz7FSGnJNatOiNTA8+GdmwVH9hCew28ldYNj6XDkMQT90k8uOHTNolW2xoDzxJ6SIpii7prvTi/CSUi4wgxJ2bGtWHUzJBTFjAwLTiJJjHCA+qSjKUchkd1sfN0QHmilB/1I6McVHKu/JzIUSpmGnk6OdpSz3kj8z+skyj/rZpTHiSIcTz7yEwZVBEdVwR4VBCuWaoKwoHpXiAdIIKx0oQVdgj178jxpVsr2SblyXS3WLqZ15MEe2AclYINTUANXoA4aAIN78AiewYvxYDwZr8bbJJozpjO74A+Mjy98OqDq</latexit>

yk = xk + �(xk � xk�1)
<latexit sha1_base64="jy8t8979r3FmRuUiS/T+Z66HCkg=">AAACKHicbVDLSgMxFM3UV62vUZdugkWoSMtMFXQjFt24rGAf0ClDJs20YTIPkoxYhn6OG3/FjYgi3folZtoRa+uBwMk59yb3HidiVEjDGGu5peWV1bX8emFjc2t7R9/da4ow5pg0cMhC3naQIIwGpCGpZKQdcYJ8h5GW492kfuuBcEHD4F4OI9L1UT+gLsVIKsnWrywfyYHjwqHtwUv4c3u0vROLqWd6CJZmxPIvT7yyOTq29aJRMSaAi8TMSBFkqNv6m9ULceyTQGKGhOiYRiS7CeKSYkZGBSsWJELYQ33SUTRAPhHdZLLoCB4ppQfdkKsTSDhRZzsS5Asx9B1Vmc4p5r1U/M/rxNK96CY0iGJJAjz9yI0ZlCFMU4M9ygmWbKgIwpyqWSEeII6wVNkWVAjm/MqLpFmtmKeV6t1ZsXadxZEHB+AQlIAJzkEN3II6aAAMnsALeAcf2rP2qn1q42lpTst69sEfaF/f4KOlPw==</latexit>

Polyak’s method

x(0) = x0, ẋ(0) = v0
<latexit sha1_base64="fdVdHj7tfAwplEe8Bok3D5T0lLg=">AAACJnicbVDLSgMxFM3UV62vUZdugkWoIGWmCroRCm5cVrAP6AxDJpNpQzMPk0yxDP0aN/6KGxcVEXd+ipl20Np6IHByzr3JvceNGRXSMD61wsrq2vpGcbO0tb2zu6fvH7RElHBMmjhiEe+4SBBGQ9KUVDLSiTlBgctI2x3cZH57SLigUXgvRzGxA9QLqU8xkkpy9GsrQLLv+vCxYpz+XhzjzHpIkActL5LpjzyeLxo6hqOXjaoxBVwmZk7KIEfD0SfqQZwEJJSYISG6phFLO0VcUszIuGQlgsQID1CPdBUNUUCEnU7XHMMTpXjQj7g6oYRTdb4jRYEQo8BVldmIYtHLxP+8biL9KzulYZxIEuLZR37CoIxglhn0KCdYspEiCHOqZoW4jzjCUiVbUiGYiysvk1atap5Xa3cX5Xotj6MIjsAxqAATXII6uAUN0AQYPIEXMAFv2rP2qr1rH7PSgpb3HII/0L6+AdxgpB8=</latexit>

x0, x1
<latexit sha1_base64="gSXYT6jqx8cUv8JtsNv9fNCBDnI=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4kJJUQZcFNy4r2Ac0IUwmk3bo5OHMRCylKzf+ihsXirj1G9z5N07agNp64MLhnHu59x4/5Uwqy/oyFhaXlldWS2vl9Y3NrW1zZ7clk0wQ2iQJT0THx5JyFtOmYorTTioojnxO2/7gMvfbd1RIlsQ3aphSN8K9mIWMYKUlzzxwIqz6fojuPevEuc1wgH4U2zMrVtWaAM0TuyAVKNDwzE8nSEgW0VgRjqXs2laq3BEWihFOx2UnkzTFZIB7tKtpjCMq3dHkjTE60kqAwkToihWaqL8nRjiSchj5ujM/Uc56ufif181UeOGOWJxmisZkuijMOFIJyjNBAROUKD7UBBPB9K2I9LHAROnkyjoEe/bledKqVe3Tau36rFKvFXGUYB8O4RhsOIc6XEEDmkDgAZ7gBV6NR+PZeDPep60LRjGzB39gfHwDy7KX/w==</latexit>

Equation

Initial
conditions

Skip the convergence towards the slow manifold

v0 = v✏,p(x0)
<latexit sha1_base64="reDGE/doeMIcGJpWFCNUphJ7MWs=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARKkhNqqAboeDGZQV7gTaGyXTSDp1MwsykWEIfw42v4saFIm67822ctFG09YeBj/+cw5zzexGjUlnWp5FbWl5ZXcuvFzY2t7Z3zN29hgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXVabw6JkDTkd2oUESdAPU59ipHSlmuedgKk+p4Ph6519cP3SYdEkrKQn0Tj0rf94FrHrlm0ytZUcBHsDIogU801J51uiOOAcIUZkrJtW5FyEiQUxYyMC51YkgjhAeqRtkaOAiKdZHrYGB5ppwv9UOjHFZy6vycSFEg5Cjzdme4o52up+V+tHSv/0kkoj2JFOJ595McMqhCmKcEuFQQrNtKAsKB6V4j7SCCsdJYFHYI9f/IiNCpl+6xcuT0vVitZHHlwAA5BCdjgAlTBDaiBOsDgETyDV/BmPBkvxrvxMWvNGdnMPvgjY/IF3Jqflw==</latexit>

p = 1 )
<latexit sha1_base64="H3gTs5zZvAaiMj5F6myyM74JIBg=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIePEYxTwgWcPsZDYZMju7zPQaQsh/ePGgiFf/xZt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHdROnmvEai2WsmwE1XArFayhQ8maiOY0CyRvB4GbqN564NiJWDzhKuB/RnhKhYBSt9Jhce+170esj1ToedgpFt+TOQJaJl5EiZKh2Cl/tbszSiCtkkhrT8twE/THVKJjkk3w7NTyhbEB7vGWpohE3/nh29YScWqVLwljbUkhm6u+JMY2MGUWB7Ywo9s2iNxX/81ophlf+WKgkRa7YfFGYSoIxmUZAukJzhnJkCWVa2FsJ61NNGdqg8jYEb/HlZVIvl7zzUvnuolgpZ3Hk4BhO4Aw8uIQK3EIVasBAwzO8wpszdF6cd+dj3rriZDNH8AfO5w9XxJJd</latexit>

Requires only one gradient evaluation

v0 = �✏⌘rf(x0)
<latexit sha1_base64="or5WToO4gc/Hi7oGoJIy4hDxBLk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoC0tSxcdCENy4VLAqNCXcTG/aoZNJmJmIpfQ73Pgrblwo4k7c+DcmtYpaDwwczjmXufcEieDaOM67VZiYnJqeKc6W5uYXFpfs5ZULHaeKYZ3FIlZXAWgUXGLdcCPwKlEIUSDwMuge5/7lNSrNY3luegk2I2hLHnIGJpN82/UiMJ0gpNe+Qw/ploeJ5iKW1EMDnoRAAA0rX6Eb39n07bJTdYag48QdkTIZ4dS3X71WzNIIpWECtG64TmKafVCGM4GDkpdqTIB1oY2NjEqIUDf7w9MGdCNTWjSMVfakoUP150QfIq17UZAl8x31Xy8X//MaqQn3m30uk9SgZJ8fhamgJqZ5T7TFFTIjehkBpni2K2UdUMBM1mZpWMJBjt3vk8fJRa3qble3z3bKR7VRHUWyRtZJhbhkjxyRE3JK6oSRW3JPHsmTdWc9WM/Wy2e0YI1mVskvWG8fxkqfiw==</latexit>
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Choice of Initial Conditions

M✏,p : v✏,p(x) ,
pX

k=1

✏kgk(x)
<latexit sha1_base64="bybstdmg8Y7ypgpTKullL5pWQ1I="></latexit>

Faster convergence if
v0 = v✏,p(x0)

<latexit sha1_base64="reDGE/doeMIcGJpWFCNUphJ7MWs=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARKkhNqqAboeDGZQV7gTaGyXTSDp1MwsykWEIfw42v4saFIm67822ctFG09YeBj/+cw5zzexGjUlnWp5FbWl5ZXcuvFzY2t7Z3zN29hgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXVabw6JkDTkd2oUESdAPU59ipHSlmuedgKk+p4Ph6519cP3SYdEkrKQn0Tj0rf94FrHrlm0ytZUcBHsDIogU801J51uiOOAcIUZkrJtW5FyEiQUxYyMC51YkgjhAeqRtkaOAiKdZHrYGB5ppwv9UOjHFZy6vycSFEg5Cjzdme4o52up+V+tHSv/0kkoj2JFOJ595McMqhCmKcEuFQQrNtKAsKB6V4j7SCCsdJYFHYI9f/IiNCpl+6xcuT0vVitZHHlwAA5BCdjgAlTBDaiBOsDgETyDV/BmPBkvxrvxMWvNGdnMPvgjY/IF3Jqflw==</latexit>

v0 = 0
<latexit sha1_base64="BNtlwsrFe3n5LTUm2XbyhVkzSfc=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyUZxbYLoeDGZQXbCu0wZNJMG5p5kGQKZSj4K25cKOLW73Dn35jpA1T0QOBwzr3ck+MngiuN0KdVWFldW98obpa2tnd29+z9g7aKU0lZi8Yilvc+UUzwiLU014LdJ5KR0Bes44+uc78zZlLxOLrTk4S5IRlEPOCUaCN59lEvJHroB3DsoaslR55dRhWEEMYY5gRXL5Eh9XrNwTWIc8ugDBZoevZHrx/TNGSRpoIo1cUo0W5GpOZUsGmplyqWEDoiA9Y1NCIhU242iz+Fp0bpwyCW5kUaztTvGxkJlZqEvpnMA6rfXi7+5XVTHdTcjEdJqllE54eCVEAdw7wL2OeSUS0mhhAquckK6ZBIQrVprGRKWP4U/k/aTgWfV5zbi3LDWdRRBMfgBJwBDKqgAW5AE7QABRl4BM/gxXqwnqxX620+WrAWO4fgB6z3LzWZlPU=</latexit>

Same initial position x0
<latexit sha1_base64="aOROueSDBAweIjtUvAmf8JzejO4=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy4cVnBPiANZTKdtEMnmTBzI5bSz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluSA2XIuEtFCh5N9WcxqHknXB8m/udR66NUMkDTlIexHSYiEgwilbyezHFURiRp77br1TdmjsHWSVeQapQoNmvfPUGimUxT5BJaozvuSkGU6pRMMln5V5meErZmA65b2lCY26C6TzyjJxbZUAipe1LkMzV3xtTGhsziUM7mUc0y14u/uf5GUY3wVQkaYY8YYuPokwSVCS/nwyE5gzlxBLKtLBZCRtRTRnalsq2BG/55FXSrte8y1r9/qraqBd1lOAUzuACPLiGBtxBE1rAQMEzvMKbg86L8+58LEbXnGLnBP7A+fwBsxiQ0Q==</latexit>

v0 = �✏⌘rf(x0)
<latexit sha1_base64="LXflvfgkmSndzTGSIzGjaaF9Qjo="></latexit>
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Slow Manifold for Nesterov

Nestrov’s method

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]

ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>

ẋ = v
<latexit sha1_base64="zK1nUoRsEQfljyiU8COVR5ycPq0=">AAACBXicbVDLSgMxFL3js9bXqEtdBIvgqsxUQTdCwY3LCvYB7VAyaaYNzWSGJFMsQzdu/BU3LhRx6z+482/MtCNo64HAyTn3JvceP+ZMacf5spaWV1bX1gsbxc2t7Z1de2+/oaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/eJ35zRGVikXiTo9j6oW4L1jACNZG6tpHnV6k006I9cAP0P0EXaGfywh17ZJTdqZAi8TNSQly1Lr2p3mOJCEVmnCsVNt1Yu2lWGpGOJ0UO4miMSZD3KdtQwUOqfLS6RYTdGKUHgoiaY7QaKr+7khxqNQ49E1lNqGa9zLxP6+d6ODSS5mIE00FmX0UJBzpCGWRoB6TlGg+NgQTycysiAywxESb4IomBHd+5UXSqJTds3Ll9rxUreRxFOAQjuEUXLiAKtxADepA4AGe4AVerUfr2Xqz3melS1becwB/YH18A0ibl7k=</latexit>

v̇ = �⇢

t
v �rf(x)

<latexit sha1_base64="5srIqgJX6sM5ipYkv8zNCsbBw4I=">AAACKXicbVDLSgNBEJyNrxhfUY9eBoMQD4bdKOhFCHjxGME8IBvC7GQ2GTI7u8z0BsOyv+PFX/GioKhXf8TJQ9HEgoaiqpvuLi8SXINtv1uZpeWV1bXsem5jc2t7J7+7V9dhrCir0VCEqukRzQSXrAYcBGtGipHAE6zhDa7GfmPIlOahvIVRxNoB6Unuc0rASJ18BbvdEBI3IND3fDxM8SU+cX1FaOKqfpgmkP54xpDEEwT7xW/t7riTL9glewK8SJwZKaAZqp38s9lI44BJoIJo3XLsCNoJUcCpYGnOjTWLCB2QHmsZKknAdDuZfJriI6N0sR8qUxLwRP09kZBA61Hgmc7xhXreG4v/ea0Y/It2wmUUA5N0usiPBYYQj2PDXa4YBTEyhFDFza2Y9omJCUy4OROCM//yIqmXS85pqXxzVqiUZ3Fk0QE6REXkoHNUQdeoimqIonv0iF7Qq/VgPVlv1se0NWPNZvbRH1ifX6o9pjE=</latexit>

ṫ = 1
<latexit sha1_base64="MWL3VvkIKTLGoSDLTRffo1O3yOw=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqszUgm6EghuXFewD2qFk0kwbmskMyR2hDP0NNy4UcevPuPNvTNtZaOuBwOGce7g3J0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek7u533ni2ohYPeI04X5ER0qEglG0Up/0hzFmOCO3xBuUK27VXYCsEy8nFcjRHJS/bJqlEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3fra4eUYurDIkYaztU0gW6u9ERiNjplFgJyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm8wLIUGjOUE4toUwLeythY6opQ1tTyZbgrX55nbRrVe+qWnuoVxq1vI4inME5XIIH19CAe2hCCxgk8Ayv8Oakzovz7nwsRwtOnjmFP3A+fwC1opDD</latexit>

x(✓),v(✓), t(✓)
<latexit sha1_base64="KyOO0n0fuEblEZ/dpuwAIAHsbUQ=">AAACGHicbZDLSsNAFIYnXmu9RV26GSxCBalJFXRZcOOygr1AG8pkOmmHTi7MnBRL6GO48VXcuFDEbXe+jZM2RW39YeDnO+cw5/xuJLgCy/oyVlbX1jc2c1v57Z3dvX3z4LCuwlhSVqOhCGXTJYoJHrAacBCsGUlGfFewhju4TeuNIZOKh8EDjCLm+KQXcI9TAhp1zIu2T6Dvevix2IY+A3J2judo+INgbjtmwSpZU+FlY2emgDJVO+ak3Q1p7LMAqCBKtWwrAichEjgVbJxvx4pFhA5Ij7W0DYjPlJNMDxvjU0262AulfgHgKf09kRBfqZHv6s50Z7VYS+F/tVYM3o2T8CCKgQV09pEXCwwhTlPCXS4ZBTHShlDJ9a6Y9okkFHSWeR2CvXjysqmXS/ZlqXx/VaiUszhy6BidoCKy0TWqoDtURTVE0RN6QW/o3Xg2Xo0P43PWumJkM0foj4zJNz0mnpQ=</latexit>n

<latexit sha1_base64="+EIWJ0ksGCoRJtKwzRR/QvexwVM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy2m3btZjfsboQS+h+8eFDEq//Hm//GbZqDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObud+94kqzaR4MNOEBjEeCRYxgo2VOv4NG/nZoFpz624OtEq8gtSgQGtQ/fKHkqQxFYZwrHXfcxMTZFgZRjidVfxU0wSTCR7RvqUCx1QHWX7tDJ1ZZYgiqWwJg3L190SGY62ncWg7Y2zGetmbi/95/dRE10HGRJIaKshiUZRyZCSav46GTFFi+NQSTBSztyIyxgoTYwOq2BC85ZdXSadR9y7qjfvLWrNRxFGGEziFc/DgCppwBy1oA4FHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP1toju8=</latexit>

✏ = ⇢�1
<latexit sha1_base64="mktXeL5lgNxipj3ZdL+d+M90bus=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAbBi2EmCnoRAl48RjALZGLo6fQkTXq6h+4eIQ7BX/HiQRGv/oc3/8bOctDEBwWP96qoqhcmnGnjed9Obml5ZXUtv17Y2Nza3nF39+paporQGpFcqmaINeVM0JphhtNmoiiOQ04b4eB67DceqNJMijszTGg7xj3BIkawsVLHPQhoohmXAl2hQPXlfXbqjzpu0St5E6BF4s9IEWaodtyvoCtJGlNhCMdat3wvMe0MK8MIp6NCkGqaYDLAPdqyVOCY6nY2uX6Ejq3SRZFUtoRBE/X3RIZjrYdxaDtjbPp63huL/3mt1ESX7YyJJDVUkOmiKOXISDSOAnWZosTwoSWYKGZvRaSPFSbGBlawIfjzLy+Sernkn5XKt+fFSnkWRx4O4QhOwIcLqMANVKEGBB7hGV7hzXlyXpx352PamnNmM/vwB87nD4lClJM=</latexit>

• Must be viewed in the extended phase space

• Non-autonomous system

Rescaled time

✓ = ✏⌧
<latexit sha1_base64="pvs9q91ifJHf5sIQAWGTzum0Ty4=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJW0FT8OQsGLxwr2A5pQNttpu3SzCbsToYSCf8WLB0W8+ju8+W9M2iBqfTDweG+GmXleKIVB2/60ckvLK6tr+fXCxubW9k5xd69lgkhzaPJABrrjMQNSKGiiQAmdUAPzPQltb3yd+u170EYE6g4nIbg+GyoxEJxhIvWKBw6OABm9og6ERshAOciiXrFkl+0Z6CKpZKREMjR6xQ+nH/DIB4VcMmO6FTtEN2YaBZcwLTiRgZDxMRtCN6GK+WDceHb+lB4nSp8OAp2UQjpTf07EzDdm4ntJp89wZP56qfif141wcOHGQoURguLzRYNIUgxomgXtCw0c5SQhjGuR3Er5iGnGMUmsMAvhMsXZ98uLpFUtV2rl2u1pqV7N4siTQ3JETkiFnJM6uSEN0iScxOSRPJMX68F6sl6tt3lrzspm9skvWO9f7UeVjw==</latexit>
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Slow Manifold for Nesterov

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]

Nestrov’s method ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>
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Slow Manifold for Nesterov

[M. Farazmand, Multiscale analysis of accelerated gradient methods (2019)]

Nestrov’s method ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>

First-order approximation:

t̂ = ✏ t2/2
<latexit sha1_base64="lLrfvjK9muYKiJPKzWsou6afXZ0=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPEhNoqAXoeDFYwX7AU0sm+2mXbrZhN2JUErx4l/x4kERr/4Kb/4bt20OWn0w8Hhvhpl5YSq4Bsf5sgoLi0vLK8XV0tr6xuaWvb3T0EmmKKvTRCSqFRLNBJesDhwEa6WKkTgUrBkOriZ+854pzRN5C8OUBTHpSR5xSsBIHXvP7xPAgC+xz1LNRSL9Ywx33onXsctOxZkC/yVuTsooR61jf/rdhGYxk0AF0brtOikEI6KAU8HGJT/TLCV0QHqsbagkMdPBaPrCGB8apYujRJmSgKfqz4kRibUexqHpjAn09bw3Ef/z2hlEF8GIyzQDJulsUZQJDAme5IG7XDEKYmgIoYqbWzHtE0UomNRKJgR3/uW/pOFV3NOKd3NWrnp5HEW0jw7QEXLROaqia1RDdUTRA3pCL+jVerSerTfrfdZasPKZXfQL1sc3tuKVpg==</latexit>

Rescaled time

d

dt
x = �✏trf(x)

<latexit sha1_base64="dxI5KRvio7StG33LXCYPFLLVuC4="></latexit>

dx

dt̂
= �rf(x)

<latexit sha1_base64="jMy+1rUd4DKuNR+c1X4Oe2HoWYE=">AAACLXicbVDLSgMxFM3Ud31VXboJFkEXlpkq6EYo6MJlBdsKnVLupBkbzGSG5I5Yhv6QG39FBBeKuPU3TNtB6uNA4HDOueTeEyRSGHTdV6cwMzs3v7C4VFxeWV1bL21sNk2casYbLJaxvg7AcCkUb6BAya8TzSEKJG8Ft2cjv3XHtRGxusJBwjsR3CgRCgZopW7p3A81sMyPAPs6oj06ZkFI74fTYh+Q4pDSU3rgKwgk0HDvO7nfLZXdijsG/Uu8nJRJjnq39Oz3YpZGXCGTYEzbcxPsZKBRMMmHRT81PAF2Cze8bamCiJtONr52SHet0qNhrO1TSMfq9EQGkTGDKLDJ0YbmtzcS//PaKYYnnUyoJEWu2OSjMJUUYzqqjvaE5gzlwBJgWthdKeuDrQ9twUVbgvf75L+kWa14h5Xq5VG5Vs3rWCTbZIfsEY8ckxq5IHXSIIw8kCfySt6cR+fFeXc+JtGCk89skR9wPr8A8BKnNQ==</latexit>

In rescaled time:
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Examples

Nestrov’s method ẍ = �⇢

t
ẋ�rf(x)

<latexit sha1_base64="ZOL6sxgUGNYl8djMBdgFgPwAOIA=">AAACL3icbVDLSsNAFJ34tr6qLt0MFqEuWpIq6EYQBXFZwT6gCWUymbSDk0mYuRFLyB+58Ve6EVHErX/h9IFo9cDA4dxz79x7/ERwDbb9Ys3NLywuLa+sFtbWNza3its7TR2nirIGjUWs2j7RTHDJGsBBsHaiGIl8wVr+3eWo3rpnSvNY3sIgYV5EepKHnBIwUrd45QZBDJkbEej7IX7I8RmuuKEiNHNVP84zyLH721FxJfEFwWH5WzvsFkt21R4D/yXOlJTQFPVucWim0jRiEqggWnccOwEvIwo4FSwvuKlmCaF3pMc6hkoSMe1l43tzfGCUAIexMk8CHqs/OzISaT2IfOMcbahnayPxv1onhfDUy7hMUmCSTj4KU4EhxqPwcMAVoyAGhhCquNkV0z4xYYGJuGBCcGZP/kuatapzVK3dHJfOL6ZxrKA9tI/KyEEn6BxdozpqIIoe0RC9ojfryXq23q2PiXXOmvbsol+wPr8An02pYA==</latexit>

⇢ = 3
<latexit sha1_base64="zB9CkKKXFkoJRDFbHh3FDsFrcxU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld1W0ItQ8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vG62tb2xubRd2irt7+weHpaPjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4vp357SemDVfywU4SFsRkKHnEKbFOavX0SN3U+qWyV/HmwKvEz0kZcjT6pa/eQNE0ZtJSQYzp+l5ig4xoy6lg02IvNSwhdEyGrOuoJDEzQTa/dorPnTLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URtdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKroQ/OWXV0mrWvFrler9ZblezeMowCmcwQX4cAV1uIMGNIHCIzzDK7whhV7QO/pYtK6hfOYE/gB9/gATVo6/</latexit>

⇢ = 3
<latexit sha1_base64="zB9CkKKXFkoJRDFbHh3FDsFrcxU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld1W0ItQ8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vG62tb2xubRd2irt7+weHpaPjllGppqxJlVC6ExLDBJesabkVrJNoRuJQsHY4vp357SemDVfywU4SFsRkKHnEKbFOavX0SN3U+qWyV/HmwKvEz0kZcjT6pa/eQNE0ZtJSQYzp+l5ig4xoy6lg02IvNSwhdEyGrOuoJDEzQTa/dorPnTLAkdKupMVz9fdERmJjJnHoOmNiR2bZm4n/ed3URtdBxmWSWibpYlGUCmwVnr2OB1wzasXEEUI1d7diOiKaUOsCKroQ/OWXV0mrWvFrler9ZblezeMowCmcwQX4cAV1uIMGNIHCIzzDK7whhV7QO/pYtK6hfOYE/gB9/gATVo6/</latexit>

⇢ = 3/2
<latexit sha1_base64="XevlzfxqU/4mU0Mzb9l6dJaKKpY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU93dCnoRCl48VrAf0C4lm2bb0GyyJlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSp2eGsmb2oXfL1fcqjsHWiVeTiqQo9Evf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvm9U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Ymug4yJpLUUEEWi6KUIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRyYbgLb+8Slp+1atV/fvLSt3P4yjCCZzCOXhwBXW4gwY0gQCHZ3iFN+fReXHenY9Fa8HJZ47hD5zPH/SRjzQ=</latexit>

First-order
approximation

Full system
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Summary

• Accelerated Gradient Descent (AGD) has a 
multiscale structure

• AGD converges to an invariant slow manifold

• Two stages: 
1. Convergence towards the slow manifold
2. Reduced-order evolution on the slow manifold

•

• Recursive formula for the slow manifold
• First-order approximation: GD
• Second-order approximation: Preconditioned GD

• Speed up AGD by judicious choice of the initial data
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