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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution

z~p(2)

and perform a transformation to a desired distribution:

x= G(z,0) ~ p(x).
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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution
z~p(2)

and perform a transformation to a desired distribution:
x = G(2,0) ~ p(x).

@ Complex Distribution:

o G feedforward neural network
e train parameters 6 to sample from correct distribution.
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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution
z~p(2)

and perform a transformation to a desired distribution:
x = G(2,0) ~ p(x).

@ Complex Distribution:

o G feedforward neural network

e train parameters 6 to sample from correct distribution.
@ Well-known neural network architectures:

e Variational Autoencoders (inference net + generator net)
o Generative Adversarial Networks (generator network +
discriminator network)
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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution

z~ p(z)
and perform a linear transformation to a desired distribution:

x = G(z,0) ~ p(x).
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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution

z~ p(z)
and perform a linear transformation to a desired distribution:

x = G(z,0) ~ p(x).

o Example:
o Left: Samples from normal distribution, z ~ .4#(0,1).
z

o Right: Samples mapped through G(z) = {5 + 1 to form a ring.
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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution

z~p(2)

and perform a linear transformation to a desired distribution:

x = G(z,0) ~ p(x).
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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution
z~p(2)

and perform a linear transformation to a desired distribution:
x = G(z,0) ~ p(x).

o Complex Distribution:

o G feedforward neural network
e train parameters 6 to sample from correct distribution.
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Directed Generative Nets

o ldea: Learn to sample intractable p(x) by sampling tractable latent
distribution

z~p(2)

and perform a linear transformation to a desired distribution:
x = G(z,0) ~ p(x).

o Complex Distribution:
o G feedforward neural network
e train parameters 6 to sample from correct distribution.

@ Well-known neural network architectures:
Likelihood model \ Network ‘
None Generative Adversarial Net (GAN)
Approximate Variational Autoencoder (VAE)
Flow-based models

Boltzmann Generation

Exact
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

o Idea: Game in which the Generator network competes against a
Discriminator network, i.e. these two networks are adversaries.
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

o Idea: Game in which the Generator network competes against a
Discriminator network, i.e. these two networks are adversaries.

o Generator network G: directly produces samples

x=G(z;0¢)
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

o Idea: Game in which the Generator network competes against a
Discriminator network, i.e. these two networks are adversaries.

o Generator network G: directly produces samples
x=G(z;0¢)

@ Discriminator network D:

o Attempts to distinguish between samples drawn from the training
data and samples drawn from the generator.
o Emits a probability value that x is a true sample and not a fake:

Puue(x) = D(x; 6p)
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

o Idea: Game in which the Generator network competes against a
Discriminator network, i.e. these two networks are adversaries.

Generator network G: directly produces samples
x=G(z;0¢)

Discriminator network D:

o Attempts to distinguish between samples drawn from the training
data and samples drawn from the generator.
o Emits a probability value that x is a true sample and not a fake:

Puue(x) = D(x; 6p)

Simplest formulation: Zero Sum Game

o Discriminator receives payoff v(0¢,0p)
o Generator receives payoff —v(0¢,0p)
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GAN

GAN (Goodfellow et al., 2014)

@ Discrimiator randomly receives either generated (fake) or training
(real) sample as input.

@ Generator tries to fake a sample and trick Discriminator into
believing it, Discriminator tries to reveal the truth.

Training set l/ Discriminator

_|4 ~
rF]{gir;céom /j’ . @ — {Fake
— =]

Generator

Fake image

https://deeplearning4j.org/generative-adversarial-network 7/54



Generative Adversarial Network

GAN (Goodfellow et al., 2014)

@ During learning, each player attempts to maximize its own
payoff, so that at convergence:

6 ¢ = argmin max v(6¢,0p).
8c 6p
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

@ During learning, each player attempts to maximize its own
payoff, so that at convergence:

6 ¢ = argmin max v(6¢,0p).
8c 6p

o Default choice

v(06,0D) = Exwpy 108 D(X;0p) +Exp o (6c) 108 (1 — D(x;6p))

o Discriminator gets reward for correctly classifying samples as real or

fake.
o Generator gets reward when fooling the classifier into believing its

samples are real.
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

@ During learning, each player attempts to maximize its own
payoff, so that at convergence:

6 ¢ = argmin max v(6¢,0p).
8c 6p

o Default choice

v(06,0D) = Exwpy 108 D(X;0p) +Exp o (6c) 108 (1 — D(x;6p))

o Discriminator gets reward for correctly classifying samples as real or

fake.
o Generator gets reward when fooling the classifier into believing its

samples are real.

o At convergence:
o The Generator's samples are indistinguishable from real data
o Discriminator outputs 0.5 everywhere. The discriminator may then

be discarded.
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

@ Pros:

o Learning process does not require approximations such as variational
inference.
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

@ Pros:
o Learning process does not require approximations such as variational
inference.
o When maxg, v(08¢,0p) is convex in 8p, the procedure is guaranteed
to converge.
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

@ Pros:
o Learning process does not require approximations such as variational
inference.
o When maxg, v(08¢,0p) is convex in 8p, the procedure is guaranteed
to converge.
e Cons:

o Learning in GANs can be difficult in practice when G and D are
represented by neural networks and maxg, v(0¢,0p) is not convex.
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Generative Adversarial Network

GAN (Goodfellow et al., 2014)

@ Pros:
o Learning process does not require approximations such as variational
inference.
o When maxg, v(08¢,0p) is convex in 8p, the procedure is guaranteed
to converge.

e Cons:

o Learning in GANs can be difficult in practice when G and D are
represented by neural networks and maxg, v(0¢,0p) is not convex.

o Optimization seeks a saddle point. Simultaneous gradient descent on
two players’ costs is not guaranteed to reach an equilibrium.
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Generative Adversarial Network
GAN (Goodfellow et al., 2014)

man man woman

with glasses without glasses without glasses woman with glasses
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Plug & Play Generative Networks:

Nguyen et al, 2016
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Generative Face Completion
Li et al, 2017

L =
A
1) - e
Parsing network (fixed) = o
a : GT parsing

fHHL) = RealfFake?

Local diseriminator




Image-to-Image Translation
Isola et al, 2017
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Image-to-Image Translation
Isola et al, 2017

Ground truth Output Output

Ground truth
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Progressive growing of GANs
Karras et al, 2018
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Progressive growing of GANs
Karras et al, 2018
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Cycle GANs

Zhu et al, ICCV 2017

Start

- e
| - A2B Decision [0,1]

Discriminator A« ¥}

Decision [0,1]

Discriminator B

Cyclic_A

-
Generator ‘ -

B2A (
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Cycle GANs

Zhu et al, ICCV 2017
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Reminder: Autoencoders

p ~
smile: 0.99

Skin tone: 0.85
Gender: -0.73

encoder decoder
Beard: 0.85

Glasses: 0.002

Hair color: 0.68

N /

Latent attributes

Latent variables encode “essential” information about data points x.
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Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Instead of a single value for each attribute, represent each latent
attribute as a range of possible values.

Smile (discrete value) Smile (probability distribution)

|

VS.




Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Instead of a single value for each attribute, represent each latent
attribute as a range of possible values.

o E.g., what single value would you assign for the smile attribute if
you feed in a photo of the Mona Lisa?

Smile (discrete value) Smile (probability distribution)

|

VS.




Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Instead of a single value for each attribute, represent each latent
attribute as a range of possible values.

o E.g., what single value would you assign for the smile attribute if
you feed in a photo of the Mona Lisa?

@ VAE: describe latent attributes in probabilistic terms.

Smile (discrete value) Smile (probability distribution)
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Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Encoder: define probability distribution of latent variables

(smile: 023
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Smile:

F ! H Gender: 0.18
/ N\ Beard: 0.71 el
Skin tone:
1 o 1
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Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014
@ Encoder: define probability distribution of latent variables
e Sample: latent variables z given the encoding of input x
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Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Encoder: define probability distribution of latent variables
e Sample: latent variables z given the encoding of input x
@ Decode: z so as to reconstruct corresponding input x.
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Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Encoder: define probability distribution of latent variables
e Sample: latent variables z given the encoding of input x
@ Decode: z so as to reconstruct corresponding input x.

@ Enforces a continuous, smooth latent space representation.
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Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Encoder: define probability distribution of latent variables
e Sample: latent variables z given the encoding of input x
@ Decode: z so as to reconstruct corresponding input x.
@ Enforces a continuous, smooth latent space representation.
@ Values which are nearby to one another in latent space should
correspond to similar reconstructions.
(Smile: 023
‘,/"’ :\ \\\ Skin tone: 0.02
Smile: F ! H Gender: 0.18
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Kullback-Leibler Divergence

o Kullback-Leibler divergence (KL-divergence or relative entropy)
between two distributions p(x) and g(x) measures the dissimilarity
between the two distributions:

Diaa )= [ atx)og 4 ox
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Kullback-Leibler Divergence

o Kullback-Leibler divergence (KL-divergence or relative entropy)
between two distributions p(x) and g(x) measures the dissimilarity
between the two distributions:

Diaa )= [ atx)og 4 ox

o Interpretation: Expectation w.r.t. q of the logarithmic difference
between the two distributions p and q.
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Kullback-Leibler Divergence

o Kullback-Leibler divergence (KL-divergence or relative entropy)
between two distributions p(x) and g(x) measures the dissimilarity
between the two distributions:

Diaa )= [ atx)og 4 ox

o Interpretation: Expectation w.r.t. q of the logarithmic difference
between the two distributions p and q.
o Properties:
o Nonnegativity: Dki.(q || p) > 0 with equality if and only if p=gq (in
the sense of probability distributions)

o Dxi(q |l p) # Dkr(p || g) — the KL-divergence is not symmetric in its
arguments.
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Variational Approximation

@ Physical system with configuration x and energy function u(x).
,D(X) — Z*lefu(x)

with partition function:

Z = /e_”(x)dx
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Variational Approximation

@ Physical system with configuration x and energy function u(x).
,D(X) — Z*lefu(x)

with partition function:
Z= /e_”(x)dx

o Free energy:
Fp = —10g Zy = (u(x))p— Hp
with entropy H, = [ p(x)log p(x)dx
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Variational Approximation

@ Physical system with configuration x and energy function u(x).
p(x) = Z te
with partition function:
Z= /e_”(x)dx
o Free energy:
Fp = —log Z, = (u(x))p — Hy

with entropy H, = [ p(x)log p(x)dx
@ Approximate p(x) with variational distribution g(x; 8) with
variational free energy
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Variational Approximation

@ Physical system with configuration x and energy function u(x).
,D(X) — Z*lefu(x)
with partition function:
Z= /e_”(x)dx
o Free energy:
Fp = —log Z, = (u(x))p — Hy
with entropy H, = [ p(x)log p(x)dx

@ Approximate p(x) with variational distribution g(x; 8) with
variational free energy

Fq = (u(x))q—Hq
o Variational free energy difference:

Fq(8)—Fp= /q(x;@) [loligq/()x(;g)] dx = KL(q | p)

KL >0 implies Fy > F, — we can minimize variational free energy 25/54
Fq(6).



Variational Mean Field of Ising Model

@ Ising model energy, spin variables x; € {—1,+1}.

1
U(X) = —5 ZJUX’XJ — Zh,-x,-
ij i
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Variational Mean Field of Ising Model

@ Ising model energy, spin variables x; € {—1,+1}.
1
U(X) = _E ZJUX’XJ — Zh,'X,'
ij i

@ Mean field approximation: choose spins to be independent:
Q[X,'

1 e
W0 =z o (; 9’“") gl b

i
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Variational Mean Field of Ising Model

@ Ising model energy, spin variables x; € {—1,+1}.
1
U(X) = _E ZJUX’XJ — Zh,'X,'
ij i

@ Mean field approximation: choose spins to be independent:
1 efixi
10)=— 0ixi | =1 ——.
9(x:6) Z, P ZI" i I:I2cosh 0;
@ Entropy separates into one-body terms:

Hq=—Y qilogqi+(1—gq;)log(1 - q;)
i

with probability of spin i/ to be +1:

qgi= 69’/2 cosh 6;
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Variational Mean Field of Ising Model

@ Mean energy separates into one-body terms:
1
(u(x))q = ) Y Jymim; =Y him;
ij i
with mean value of spin i:

mj = (xi)g =Y Xjqj=tanh6; (1)
X[::t].
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Variational Mean Field of Ising Model

@ Mean energy separates into one-body terms:
1
<U(X)>q = 75 ZJ,-jm,-mj - Z h,-m,-
ij i

with mean value of spin i:

mj = (xi)g =Y Xjqj=tanh6; (1)
X[::t].

e Minimize variational free energy Fq = (u(x))q — Hq by taking
derivatives and setting to zero leads to:

6; =) Jym;(6))+hi (2)

J
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Variational Mean Field of Ising Model

@ Mean energy separates into one-body terms:
1
<U(X)>q = 75 ZJ,-jm,-mj - Z h,-m,-
ij i

with mean value of spin i:

mj = (xi)g =Y Xjqj=tanh6; (1)
X[::t].

e Minimize variational free energy Fq = (u(x))q — Hq by taking
derivatives and setting to zero leads to:

6; =) Jym;(6))+hi (2)

J

@ Optimize 0 by iterating (1-2).
27/54



Variational Autoencoders (VAEs)

Variational Autoencoder (VAE) — Kingma, 2013; Rezende et al., 2014

@ Encoder: define probability distribution of latent variables
e Sample: latent variables z given the encoding of input x

@ Decode: z so as to reconstruct corresponding input x.

(smile: 023

/ :\ \ Skin tone: 0.02
Smile:
1

! H Gender: 0.18
< 5 Beard: 0.71 dECOder
Skin tone:
1 o |

f! Glasses:-0.19
Gender:
1

° : Hair color: 033
encoder G )
Beard ..—HA.. (Smile: 017 )
M o H
Glasses:
' ‘ ' Gender: 0.1 decoder
Hair color: 4—0—0—1\—» seard: 0.66
\ M . N
\ / Glasses: 0.14

We expect an accurate
reconstruction for any
Sampled latent attributes sample frgm‘ the‘ latent
state distributions

Hair color: 0.26
A\ -

Latent distributions
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Variational Inference for latent variable models

@ Variables x are visible but z are hidden — we need to infer the
characteristics of z from x:
p(x|z)p(2)

Pl ) ="
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Variational Inference for latent variable models

@ Variables x are visible but z are hidden — we need to infer the
characteristics of z from x:

p(x | z)p(z)

Pl ) ="

@ But computing p(x) is extremely difficult:

p(x) = [ plx | 2)p(z)dz
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Variational Inference for latent variable models

@ Variables x are visible but z are hidden — we need to infer the
characteristics of z from x:

p(x | z)p(z)
p(x)

@ But computing p(x) is extremely difficult:

plz|x) =

p(x) = [ plx| 2)p(z)dz
@ Approaches:

e Markov-Chain Monte Carlo (no bias, but high variance)
o Variational inference (bias, no variance)
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Variational Inference for latent variable models

@ Variables x are visible but z are hidden — we need to infer the
characteristics of z from x:

p(x | z)p(z)

Pl ) ="

@ But computing p(x) is extremely difficult:

p(x) = [ plx | 2)p(z)dz

@ Approaches:

e Markov-Chain Monte Carlo (no bias, but high variance)
o Variational inference (bias, no variance)

e Variational inference idea: approximate p(z | x) by a tractable
distribution g(z | x; ) by optimizing parameters 6 and then perform
inference with g.
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Goal: Ensure that tractable distribution g(z|x) is similar to
intractable distribution p(z|x).
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Goal: Ensure that tractable distribution g(z|x) is similar to
intractable distribution p(z|x).

@ Means: minimize KL divergence

a(z|x)
bz %)

Dk (gl p) = Dk (a(z [ ¥) | P(Z|X))=/Zq(2|><) log
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Goal: Ensure that tractable distribution g(z|x) is similar to
intractable distribution p(z|x).

@ Means: minimize KL divergence

a(z|x)
bz %)

Dk (gl p) = Dk (a(z [ ¥) | P(Z|X))=/Zq(2|><) log

@ Direct computation is not possible because:

Sy = P(x2)
PIx) == 05

p(x) = [ p(x.2)dz

Is intractable. — We cannot directly compute Dk (q || p). Can we
find another way to minimize Dkp, (g || p) without knowing its value?
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Using Bayes equation and some basic algebra:

q(z | x)
p(x,2)

Dx(a lp) = [ a2 % [log

L

]dz+4ogp(x)
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Using Bayes equation and some basic algebra:

q(z | x)
p(x,2)

Dx(a lp) = [ a2 % [log

L

]dz+4ogp(x)

e Variational free energy (upper bound to —log p(x)):

L= [ate[x {"’g (Z»((Z!zx))] dz

31/54



Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Using Bayes equation and some basic algebra:

q(z | x)
p(x,2)

Dx(a lp) = [ a2 % [log

L

]dz+4ogp(x)

e Variational free energy (upper bound to —log p(x)):
q(z| X)]
L:/ z|x)|lo dz
[z |1og 221
e —L: Variational Evidence Lower BOund (ELBO):

—L =logp(x) — DkL(q || p) < logp(x)
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Using Bayes equation and some basic algebra:

Diaal9) = [ alz %) [1og L2 a2+ gt

L

e Variational free energy (upper bound to —log p(x)):

L= [ate[x {"’g (Z»((Z!zx))] dz

e —L: Variational Evidence Lower BOund (ELBO):

—L =logp(x) — DkL(q || p) < logp(x)

o Maximize model likelihood by minimizing Dky.(q || p) or maximizing
the ELBO:

argmin Dk.(q || p) = argmin L = argmax—L 31/54



Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Using Bayes equation and some basic algebra:

L:/Zq(z [ x) [Iog 9(z ] x)} dz

p(x,2)

qiaz(l)X) dz— / q(z | x)logp(x | z)dz

= [ a(z|x)1og
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Using Bayes equation and some basic algebra:

L:/Zq(z [ x) [Iog 9(z ] x)} dz

p(x,2)

qiaz(l)X) dz— / q(z | x)logp(x | z)dz

~ [ atzIx)tog
z
@ Interpreting these terms:

L= Dki(q(z|x) [| p(2)) = Ezng(zix) log p(x | 2)
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Variational Autoencoders

Variational Free Energy vs. Evidence Lower BOund (ELBO)

@ Using Bayes equation and some basic algebra:
Q(ZX)}
L:/ z|x) |lo dz
[z |log 2212

= /Zq(z | x) log qi)z(l)x) dz—/zq(z | x)log p(x | z)dz

@ Interpreting these terms:

L= Dki(q(z|x) [| p(2)) = Ezng(zix) log p(x | 2)

o We assume that g has a tractable form (e.g. factorizes)

32/54



Variational Autoencoders
Structure

p(x\z)l Pzl x
Neural network Neural network

We'd like to use our mapping x to z. mapping z to x.
observations to

understand the hidden
variable.

i

Latent space
representation.

min {_EZNq(z\x) Ing(x | Z) + DKL(q(Z | X) || p(Z))}

e Encoder g(z | x) (inference network, recognition model):
o Maps to latent space
o Models approximate posterior distribution g.
o Zk1[q(z | X) || Pmode1(2)] tries to make q(z | x) and pmoge1(z) similar.
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Variational Autoencoders
Structure

p(x\z)l Pzl x
Neural network Neural network

We'd like to use our mapping x to z. mapping z to x.
observations to

understand the hidden
variable.

i

Latent space
representation.

min {_EZNq(z\x) Ing(x | Z) + DKL(q(Z | X) || p(Z))}

e Encoder g(z | x) (inference network, recognition model):

o Maps to latent space

o Models approximate posterior distribution g.

o Zk1[q(z | X) || Pmode1(2)] tries to make q(z | x) and pmoge1(z) similar.
e Decoder p(x | z).

o Decodes z — X with the aim to reconstruct the input x.

o E,q(z|x) 108 Pmodel (X | ) reconstruction log-likelihood

33/54



Gaussian VAE
Structure

Define
latent state
distributions

Mean Sample from

a J\)o distributions l// :
\x | N
\\

> 0 ¢
W @i

I\ " _ / \\ : o Vi - A\"' ,l
Variance /)\\ A{‘:& /‘!"J‘(’}\

AV 2 a3 "" as g"‘é\‘
/ 9 '@‘«\
N/
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Gaussian VAE

Explicit Solution for Regularization Loss (KL-divergence)

@ Ansatz: isotropic Gaussian generative model:

q(z|x) = A (z; M(X),diag(cz(X)))
1

2
Xi — Hi
\/ﬂH, 1Glexp[_2i_zi( Oi )‘|

and standard normal latent variables:

p(z) = A (0.1)
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Gaussian VAE

Explicit Solution for Regularization Loss (KL-divergence)

@ Ansatz: isotropic Gaussian generative model:

q(z|x) = A (z; M(X),diag(cz(X)))

1 X — i\
\/ﬂH, 1Glexp[ 2:_2;( Oi )‘|

and standard normal latent variables:

p(z) = A (0.1)

@ We can compute Dgi.(q(z | x) || p(z)) explicitly:

Diaafz %) | p(z)) = [ az | x)og 27z

1 d
=3, Z (1+log o7 (x) — u7 (x) — 67 (x))

i=1
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Gaussian VAE

Explicit Solution for Regularization Loss (KL-divergence)

@ Ansatz: isotropic Gaussian generative model:

q(z|x) = A (z; M(X),diag(cz(X)))
1

2
Xi — Hi
\/ﬂH, 1Glexp[_2i_zi( Oi )‘|

and standard normal latent variables:

p(z) = A (0.1)

@ We can compute Dgi.(q(z | x) || p(z)) explicitly:

Diaafz %) | p(z)) = [ az | x)og 27z

1 d
=5 Z‘ (1+log 67 (x) — 17 (x) — 07 (x))

35/54
@ This loss can be easily computed.



Computing the Reconstruction Loss
Reparametrization Trick

@ Let us write the loss explicitly with parameters:

L= _EZNq(le) log p(x | Z; Bdec) + DxL(q(z | X, Benc) || P(2))

36,54



Computing the Reconstruction Loss
Reparametrization Trick

@ Let us write the loss explicitly with parameters:

L= _EZNq(le) log p(x | Z; Bdec) + DxL(q(z | X, Benc) || P(2))

@ Computing reconstruction loss involves a sampling of hidden
variables z.
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Computing the Reconstruction Loss
Reparametrization Trick

@ Let us write the loss explicitly with parameters:
L= _EZNq(le) log p(x | Z; Bdec) + DxL(q(z | X, Benc) || P(2))

@ Computing reconstruction loss involves a sampling of hidden
variables z.

@ In stochastic gradient descent, it is natural to replace expectation by
a single sample for each x:

log p(x | Z; Odec) ~ Ezq(z|x) 08 P(X | Z; Odec)
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Computing the Reconstruction Loss
Reparametrization Trick

@ Let us write the loss explicitly with parameters:
L= _EZNq(le) log p(x | Z; Bdec) + DxL(q(z | X, Benc) || P(2))
@ Computing reconstruction loss involves a sampling of hidden

variables z.

@ In stochastic gradient descent, it is natural to replace expectation by
a single sample for each x:

log p(x | Z; Odec) ~ Ezq(z|x) 08 P(X | Z; Odec)

@ However, the process of sampling a pdf itself is not differentiable. In
order to compute derivatives, we use the reparametrization trick:

@ Randomly sample € from a unit Gaussian
e~ A(0,1)
@ Shift € by mean and scale it by variance of the latent distribution:

z=u(x)+o(x)0¢e 36/54



Computing the Reconstruction Loss
Reparametrization Trick

decoder model decoder model

‘Delermims!i(nude I
~q(z|x) z=ptoQe
Random node

/ ! / [\
60 oS00
[ [
encoder model encoder model
Now we can optimize the parameters of the distribution while still

maintaining the ability to randomly sample from that distribution.

decoder model

backprop z=p+aQ¢

72 TN
0 ]0 ° ~N(0,1)

encoder model

37/54

Note: To avoid negative values for &, we can learn logo and take exp.



Computing the Reconstruction Loss
Evaluations Reconstruction Loss by Sample

@ For each sample pair x, z, evaluate:

log p(x | z; 0)
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Computing the Reconstruction Loss
Evaluations Reconstruction Loss by Sample

@ For each sample pair x, z, evaluate:
log p(x | z; 0)

o Example: Binary MNIST
e Use binary images x; € {0,1},
o Use logistic (sigmoid) output layer in decoder to model
%i(x,0) = (p(x;) =1).
o Compute log-likelihood (see last lecture, logistic regression)

N
L(6)= ;x,- log %i(x,0) + (1 — x;) log [1 — Xi(x, 0)]
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Computing the Reconstruction Loss
Evaluations Reconstruction Loss by Sample

@ For each sample pair x, z, evaluate:
log p(x | z; 0)

o Example: Binary MNIST
e Use binary images x; € {0,1},
o Use logistic (sigmoid) output layer in decoder to model
%i(x,0) = (p(x;) =1).
o Compute log-likelihood (see last lecture, logistic regression)

N
L(6) = ;x,- log Xi(x,0) + (1 — x;) log[1 — %;(x, 8)]

. . o112
@ In practice often other reconstruction losses are used, e.g. ||xj — X;||5.
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Computing the Reconstruction Loss
Evaluations Reconstruction Loss by Sample

@ For each sample pair x, z, evaluate:
log p(x | z; 0)

o Example: Binary MNIST
e Use binary images x; € {0,1},
o Use logistic (sigmoid) output layer in decoder to model
%i(x,0) = (p(x;) =1).
o Compute log-likelihood (see last lecture, logistic regression)

N
L(6)= Z xjlog X;(x,0) + (1 —x;) log[1 — Xi(x,0)]
i=1
o In practice often other reconstruction losses are used, e.g. ||x; f?(,-Hg.

@ There is a disconnect between the mathematical theory and common
implementations that are often based on trying to do something
similar as suggested by the intuitive interpretation of mathematics! 38/54
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Variational Autoencoders
MNIST VAE / Variational Autoencoder

min {7Ez~q(z\x) |ng(X | Z) + DKL(q(z | X) H p(Z))}

Only reconstruction loss Only KL divergence Combination

41/54



Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
distributions

VAE advantages:
@ Structure is elegant, theoretically pleasing, and simple to implement.
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Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
distributions

VAE advantages:
@ Structure is elegant, theoretically pleasing, and simple to implement.
@ Excellent results, among the state of the art approaches to
generative modeling.
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Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
distributions

VAE advantages:
@ Structure is elegant, theoretically pleasing, and simple to implement.
@ Excellent results, among the state of the art approaches to
generative modeling.
@ Very robust — key advantage over Boltzmann machines, which
require extremely careful model design to maintain tractability. 42/54



Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
distributions

’ Variance |

VAE advantages:
@ Structure is elegant, theoretically pleasing, and simple to implement.
@ Excellent results, among the state of the art approaches to
generative modeling.
@ Very robust — key advantage over Boltzmann machines, which
require extremely careful model design to maintain tractability.
@ Work very well with a diverse family of differentiable operators.

42/54



Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
1\ distributions

| Variance /

VAE disadvantages:
@ Image VAE samples tend to be blurry.
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Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
distributions

VAE disadvantages:
@ Image VAE samples tend to be blurry.

@ Maximizing a lower bound on the likelihood of such a distribution is
similar to training a traditional autoencoder with mean squared error
43/54



Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
\ distributions

Y\ ¥

VAE disadvantages:
@ Image VAE samples tend to be blurry.
@ Maximizing a lower bound on the likelihood of such a distribution is
similar to training a traditional autoencoder with mean squared error

@ Tends to ignore small/local features of the input. 43/54



Gaussian VAE

Discussion

Define
latent state
distributions

Mean Sample from
1\ distributions

Y\ ¥

VAE disadvantages:
@ Image VAE samples tend to be blurry.

@ Maximizing a lower bound on the likelihood of such a distribution is
similar to training a traditional autoencoder with mean squared error

@ Tends to ignore small/local features of the input. 43/54
@ Current VAEs tend to use only a small subset of the dimensions of z.



Classification Variational Autoencoder

Structure

_\ —

x>

Classifier Y Decoder P

Encoder / } ’

<>
<?

LI y

@ Supervised training:

min _Ezwq(z\x) |ogp(x | Z) + DKL(q(Z | X) || p(Z)) + Hy_9||2

Reconstruction loss Regularization loss Classification loss 44/54

@ Unsupervised training without classification loss.



Classification Variational Autoenco

Input-output encoding (not optimized...)

l sample
Encoder /
Classifier Decoder P

Reconstruction:

N . .
0 B0 250 0 B0 s0 50 B0 20 50 50 50 B0 B0 B0 50 250 B B0 B0 B
0
0 %0 250 %0 %0 %0 280 %0 280 250 80 280 280 %0 %0 280 20 X6 %O KO B
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Classification Variational Autoencoder

Interpolation (not optimized...)

l sample
Encoder /

Classifier Decoder P

Input Data Generated Data
-Addaaaaaaan
‘Aaaaaannan
‘Aaaaaaaaaa
‘daaaaaanaaa
-dddaaaaaan
ddaaaaaaaaa
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Classification Variational Autoencoder

Semi-supervised learning (not optimized...)

sample
Encoder /
Classifier |E| Decoder P

. . . supervised unsupervised __
Semi-supervised learning (N + Nigain = 60,000)

pysupervised 100 400 1000 4000 10000 | 40000 60000

train

Test error | 0.2569 | 0.3577 | 0.7047 | 0.9291 | 0.9697 | 0.9878 | 0.9920

49/54



SETES

Automatic Chemical Design using Variational Autoencoders (Gémez-Bombarelli et al, 20

SMILES input ©

|
ENCODER | eelereioieie 4 s
Property
Neural Network Ny [

CONTINUOUS v :
MOLECULAR &
REPRESENTATION fz)
(LatentSpace)

(F; PROPERTY

PREDICTION

DECODER

Neural Network
Most Probable Decoding

argmax p(*i2)

SMILES output

Interpolation. Starting from a discrete molecular representation, such as a SMILES
string, the encoder network converts each molecule into a vector in the latent space,
which is effectively a continuous molecular representation. Given a point in the latent
space, the decoder network produces a corresponding SMILES string.
Architecture:

@ Encode characters strings into vectors using recurrent neural networks (RNNs).

@ Encoder: 1D convolutional layers, fully-connected layer

@ Decoder: Three layers of gated recurrent unit (GRU) networks.

@ The last layer of the RNN decoder defines a probability distribution over all

possible characters at each position in the SMILES string (stochastic writeout)

50,54



SETES

Automatic Chemical Design using Variational Autoencoders (Gémez-Bombarelli et al, 20

Interpolation. Projection of the molecular training sets onto learned two-dimensional
latent spaces. The one-dimensional histograms show the distribution of the training
data along each dimension, overlaid with the Gaussian prior imposed in the variational
autoencoder. The points are colored along a chemical property that is relevant to
their function, and will be the target of optimization experiments. Left: A natural
library of drug-like molecules, colored by their predicted water-octanol partition
coefficient. Right: A combinatorially-generated library of organic LED molecules,
colored by their predicted delayed fluorescent emission rate (kTADF in us™1).

51/54



SETES

Automatic Chemical Design using Variational Autoencoders (Gémez-Bombarelli et al, 2016)

Interpolation. Molecules decoded from randomly-sampled points in the latent space 52/54
of a variational autoencoder, near to a given molecule (aspirin [2-(acetyloxy)benzoic
acid], highlighted in blue).



SETES

Automatic Chemical Design using Variational Autoencoders (Gémez-Bombarelli et al, 2016)
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Interpolation. Two-dimensional interpolation between four random drugs. Left:

Starting molecules, whose encodings defined the four corners of a place in the latent

space. Right: Decodings of linearly-interpolated points between the latent 3/54
representations of the four molecules to the right. 5 /5



SETES

Automatic Chemical Design using Variational Autoencoders (Gémez-Bombarelli et al, 2016)

Property
f(z}

Latent Space
z

39es

Most Probable Decoding ’,’_ )
argmax p{*|z) ’

Interpolation. Gradient-based optimization in continuous latent space. After training

a surrogate model f(z) to predict the properties of molecules based on their latent
representation z, we can optimize f(z) with respect to z to find new latent

representation expected to have high values of desired properties. These new latent
representations can then be decoded into SMILES strings, at which point their

properties can be tested emprically. 54/54



Boltzmann Generators:
sampling many-body equilibrium states with deep learning
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Thermodynamics Sampling problem

Boltzmann Generators
sampling equilibrium states of many-body systems with deep learning

Noé, Olsson, Kéhler, Wu, Science 365: eaww1147 (2019)

Simon Olsson Jonas Kohler Hao Wu



Boltzmann Generators

Resting Active

strand
helix

@ Input: Reduced Potential Energy u(x) in coordinates x € R”,
e.g. u(x)=U(x)/kgT (canonical ensemble).
@ Aim: Generate independent Samples from Equilibrium Distribution.

H(x) o e )

@ Problem:

e Direct MC (proposal for all n degrees of freedom + rejection or
reweighting) not available.

e Standard approach: MD/MCMC with local moves — sampling
problem.

Freie Universitat E/L. S ¥ Berlin
2\ Vs,



Boltzmann Generators
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Boltzmann Generators

1. Sample Gaussian distribution ‘/F)Z(K

Related work:
Tabak & Vanden-Eijnden:

! ] 1 - ‘ 4 Density estimation with flows
f f1 Dinh, Bengio, Rezende:
l, l T T F Invertible networks
Feo @ . L Rezende & Mohamed:
d T 1 N lizing El
f = ormalizing Flows
¢ T 1 %

2. Generate distribution

O
O

3. Re-weight

__ 4‘ . e

Boltzmann distribution etX)

Noé, Olsson, Kéhler, Wu, Science 365: eaww1147 (2019). arXiv:1812.01729 Freie Universitit B Berlin

z
N
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Boltzmann Generators

@ Invertible transformation:

z=F,,(x;0)
x = F,(z;0).
@ Jacobians: CIF . (2,0) IF (2, 0)
J.x(2;0) = 9 oz
 dF,(x; 0 dF.;(x;0)
)< [0 ooy

@ Transformation of random variables:

pz(Txz(x)) |detJx,(x)|
pz(z) = px(Txx(2)) |detJx(2)]

O
X
—~~
X
~—
|




Boltzmann Generators

a)T/S b) NICE Layer

:% % : £

:yl

(OSEIs

—>yZ

c) NICE! Layer

@ =o(Zwx+b)

1

Y1

@ NICE: Dinh, Krueger, Y. Bengio, ICLR 2015

:
S
Ny

Y,

d) RealNVP Layer

]l O
et L R
a0 Cao
f fib
I | T 1

f) Invertible Network

pX(XM

P2) TN

@ RealNVP: Dinh, Sohl-Dickstein, S. Bengio, ICLR 2017

@ More advanced flow operations (e.g., normalizing flows)

Noé, Olsson, Kéhler, Wu, Science 365: eaww1147 (2019). arXiv:1812.01729 Freie Universitit Berlin



Boltzmann Generators

@ Distributions: r
Prior uz(z) —= px(x) generated

Boltzmann tx(x) Doe, pz(z) generated

@ Aim: sample configurations x from Boltzmann distribution
px(x) = Zte ")
@ Prior distribution: Sample input in z from isotropic Gaussian:
qz(z) = A (0,621) = Z; e 2l2I°/0%,

Prior energy:

1
uz(z) =—logqz(z) = 562 HZH2 + const

Noé, Olsson, Kéhler, Wu, Science 365: eaww1147 (2019). arXiv:1812.01729 Freie Universitit Berlin




Boltzmann Generators

@ Loss function:

J= wwrdvr + wkidki + wrcJre.
N——— N—— N———

max likelihood  Kullback—Leibler  reaction coordinate

o KL divergence between generated px(x) and Boltzmann distribution:

KLo [z || pz] = / uz(2) [log uz(2) — log pz(z; 0)] dz,
= —Hz +10g Zx + E;p,(z) [U(F2(2:0)) —log|J2x(Z; 0)|]

7

-~

const free energy

@ KL loss:
It = Earpiy () [u( Fex(2: 8)) — log 3 (2: 0)]. (5)

Noé, Olsson, Kéhler, Wu, Science 365: eaww1147 (2019). arXiv:1812.01729 Freie Universitit Berlin
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Boltzmann Generators

@ Loss function:

J= wyrdvr + wkidkt + wrcJrce.
~—— N— —

max likelihood  Kullback—Leibler reaction coordinate

e KL divergence between generated distribution gqz(z) and Gaussian:
KLo(ux || px) = —Hx — [ 1x(x)log px(x; 6)dx

1
= —Hx-l—lOgZz-l—ExNu(x) [ 2 ||sz(xi‘9)||2 —|0g|sz(x?9)|]

COl’lSt

Problem: sampling x ~ u(x) is difficult and our goal!
e Maximum Likelihood loss for initial data distribution p(x):

ImL = —Expx) [log px(x; )]

1
= Ex~p(x) [ 5 | Fxz (X; 9)H2 — log [Jxz(x; 9)|]

NOé, OlSSOh, K('jhlel‘, WU, SCience 365 eaWW1 1 47 (201 9) arXiV:1 81 201 729 Freie Umvemtat Berhn



Boltzmann Generators

@ Loss function:

J= wvidvr + wkidkt + wrcJrc.
N—— N—— N d

-~

max likelihood  Kullback—Leibler reaction coordinate

@ Reaction coordinate loss:

Jre = [ p(R(x))logp(R(x)) dR(x)
— ]EXpr(X) log p (R(X)) '

@ Implementation:

e Reaction coordinate function R is user input
e Min and max bounds are given
o p(R(x)) is computed as a batchwise kernel density estimate.

Noé, Olsson, Kéhler, Wu, Science 365: eaww1147 (2019). arXiv:1812.01729 Freie Universitit Berlin



Boltzmann Generators: Double well and Mueller potential

Configuration space X Latent space Z Free Energy Latent interpolation
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Boltzmann Generators: Bistable dimer in dense colloid solvent

Energy / kT
= N
o o

o
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Energy / kT
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Boltzmann Generators: Bistable dimer in dense colloid solvent
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Boltzmann Generators: Bistable dimer in dense colloid solvent
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Boltzmann Generators: Exploration

1. Sample batch {x1,...,xp} from X.
2. Update Boltzmann Generator parameters @ by training on batch.

3. For each x in batch, propose a Metropolis Monte Carlo step in latent space with step-size s:

z' = T..(x) + sN(0,1).

4. Accept or reject proposal with probability min{1, exp(—AFE)} using the energy difference:

AE = u(T.2(2') — u(x) —log R..(2"; 0) + log R, (x; 6)

For the accepted samples, replace x by x’ = T,.(2').
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Boltzmann Generator
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Boltzmann Generators: towards proteins
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Boltzmann Generators: proteins

a A
Z

3C-6 whitened

Backbone crds

Whiten Tl Unwhiten  Normalize Tl Unnormalize
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Boltzmann Generators: proteins
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Boltzmann Generators: proteins
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Boltzmann Generators: free energy differences
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Boltzmann Generators: free energy differences
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