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Extracting isometric maps and
topology from data

Matthew Brand
MERL
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Featuring projects with

" John Hershey, ucsb
" Rahul Bhotika, U ROCHESTER -> GE
" Wojciech Matusik, MIT -> MERL

®" Yuechao Zhao, Harvard -> ?
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Motivation: Subspace methods

o b S
T
dimensionality reduction:  project into subspace RP — RY

denoising: project onto subspace R® — RY — RP

editing: move on subspace RP — RY — RY — RP
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MERL subspace sampler

"2D O & 3bvisual tracking O O O
" 3D-from-video O

" face & texture synthesis O O

" face & pedestrian detection O O

" movie recommending O

[oowte | [Comw |

10 ms to addyour 14 ratings to IncSVD.
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Subspace # submanifold

" Subspace methods work for small problems because data
distribution is nearly flat.

" In larger datasets, distribution is more clearly curved...
...samples from submanifold, not subspace.
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Manifold modeling

NonLinear Dimensionality Reduction (  NLDR): Separate

" intrinsic geometry (coordinate system of manifold) from

" extrinsic geometry (its embedding in ambient space).

Discrete analogue: Graph  embeddings under metric
constraints.
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Graph embeddings

Connectivity: Error metric in RN space of immersions = graph
Laplacian matrix...

L aplacian = diag(degree) — Adjacency

...optimized by its eigenvectors.
[Tutte, 1963; Fiedler, 1975; Mohar, 1991]

Metric structure: Other error metrics can be built from metric
constraints of overlapping data neighborhoods.
[Kamada and Kawai, 1989: Tenenbaum et al., 2000]
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Generic NLDR framework

1. Impose local connectivity graph on N datapoints.
2. Estimate metric properties in local graph cligues.

3. Combine metric & connectivity constraints in a global N x N
row-space quadratic form (~kernel).

4. Immersion < extremal eigenvectors.
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Local NLDR methods

Minimize projection of immersed cliques onto local...

LLE: linear regression weights (~nonconformalities)
[Roweis and Saul, 2000]

Laplacian eigenmap: barycentric coordinates (~weighted
sum of squared edge lengths) [Belkin and Niyogi, 2002]

Charting, LTSA: nullspace (~local PCA residuals)
[Brand, 2003; Zhang and Zha, 2003]

HLLE: Hessian estimator (~Gaussian curvature)
[Donoho and Grimes, 2003]
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Global NLDR methods

Quadratic form . IS itself a global optimization problem:

Isomap: maximize fit to graph shortest-path lengths.
[Tenenbaum et al., 2000]

Charting: maximize overlap of adjacent tangent spaces.
[Brand, 2003]

SDE: maximize spread of points subject to local angular
constraints. [Weinberger et al., 2004]
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Many error criteria...

...which maximize fidelity to data manifold?

Continua limit: Almost all do.
Finite data:

" Maximize fidelity to invented graph,
" subject to approximate local metric constraints,

= with very optimistic topological assumptions.
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Graph density = data density

" NLDR solutions distribute
error by graph coverage.

" Internal (high-degree) points
are more constrained.

DS
N
N

e

v/
N
\)

7

h'"y"‘
<~S_~ {
% V2

® More error near boundaries.

V,"! H
=l
eS|
‘\?'y =

Challenge: Marginalize over all possible graphs.

Today: Maximizing isometry w.r.t. data density.
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The locally linear bias

RP Euclidean metric used as proxy for geodesic lengths on M .

" Linear distances & projections always underestimate
geodesic distances on M ...

= . .fish-eye distortion where M has extrinsic curvature

Today: Exact geodesic parameterizations for broad class of
extrinsically curved data manifolds.
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Topology

NLDR parameterizations most useful when M isomorphic to

n-ball.
Natural data sets not very accommodating.

Today: Partitioning M into n-balls for varied n.


http://www.merl.com/people/brand/

Geodesic Nullspace Analysis

Local parameterization: Flattened local coordinate systems.

Global coordination: Construct operator K that separates
linear (intrinsic) from nonlinear (extrinsic) component of the
data.

" Exact isometry from finite samples.

" Generalizations for new points & their mappings.
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GNA coordination

Input: R

1. Graph G assigns N points il T
to M overlapping cligues via '
edge matrixM c RVM >0 .7 T
(binary or weighted). ’

L]
»

[ ]
X =[x ,X ,X,X ,X,X X,X]ERIXS.
m. - a c e h 4

b d s
2. Local low-dimensional para- .
meterization Xy, € RI*K of
each Kk-point clique on M.

Output: Immersion Yigqy € RN having local isometry to M (
MMSE w.r.t. the empirical density).


http://www.merl.com/people/brand/

The local row-nullspace

Let P, be orthogonal basis for rows of m"
_Xm_

c R(d—l—l) X k.
1T

homogeneous clique coordinates

" Py, spans the space of affine functions of X,
Row-nullspace Qp, = P..
_Xm_

| 1T [Pman] — [A

VA cp@+1)x(d+1) A
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Measuring Immersion error

Let Z € R¥*K be a candidate immersion of clique in RZ

® ||ZPp||r measures component of Z that is an affine function
of Xm (~PCA preserved variance)

" |ZQm||[r measures component of Z that is a nonlinear
function of Xn. (~PCA residual)
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Joint nullspace constraints

THN]

Concatenate nullspaces: I I I I I

" Perfect Xn: Locally affine immersion lies in column
nullspace.

" Gram matrix Is error metric of LTSA and charting.
" Imperfect X

" Error is distributed w.r.t. cligue density, not data density.
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Nullspace projectors

Idempotent matrix QmQ,, = | — PP € R*<K,

th

" et Z € R¥K be a candidate immersion of m"! clique in R

T ? H Wh?ohaﬁf

I |

: ZPmPg iIs component of Z that is an function of Xy,
(~local pcA denoising).

" ZQmQ,, is component of Z that is a nonlinear function of
Xm. (~local extrinsic curvature+noise vectors).
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The linearizing operator K

/

Each cligue projector contributes an error vector for point I;
average to remove graph coverage bias.

K = {} FrQmQuFydiagmm)}diagM1)~* € RN*N
™ projectors averaging

"F,e {0, 1}'\'><k selects the mth cligue from the full data set.

= diag(-) terms perform desired averaging.
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Data denoising

" XK = average local nonlinearity.

'X(I — K) —
linearization.

" Compare summed
linearization (prior art).

* points
averaged nullspace denoising
—— summed nullspace denoising
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Properties of K

1. Invariant to rigid motions & rescalings of the data.

2. KK ' is an error metric; (I —x11') —KK ' is a kernel.
3. Bounded spectral radius: 0 < A(K) < 1.

4. X(I —K)) smooths and denoises data at clique scale.

5. X(I —K)" removes noise and curvature at larger scales. O

" limp_ X (I —K)" € spar{null(K)) '
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Immersion properties

Let Y ¢ = null(K)\1.

1. Perfect Xm, M immersible in R? w/ local isometry: Yigq
obtained from Y 4+ by a global linear shear in RY.

2. Perfect Xm, M not isometrically immersible in RY: Y off
minimally nonaffine to M at each point.

3. Xm+ A(0,0) noise: Y ¢ is MMSE w.r.t. data density.

"On average, each point minimally displaced from a
configuration that is linear in the local configuration on M .
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Imperfect constraints example

80f

60 ¢

estimated arc length
N
o

0
spiral manifold angle
T T T T T T T
2 -
S
o O
[
-9 .......................
g o} - —— true :
T - —— GNA 6=0.0003
® 4} eigenvector error (subspace angle): - — LTSA6=0.0012 :
- —— HLLE 6=0.0454 :
. —— SDE 6=0.0539
-6 | | | | oo SRECOT |
0 10 20 30 40 50 60 70

true arc length
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Harmonic View

T T T T
6 — (0 cos 0, 0 sin 6) + noise o .
_ o — analytic isometry (arc lengthvs. 0) ..~~~ .. |

E— GNA, k=8, RMSE=0.99 % *

GNA, 2nd mode ] \ ;
- &=—— GNA, 3rd mode k ' |
GNA, denoised data ¢ 4 {
GNA, last mode . 5 v ;
- HLLE, k=8, RMSE=3.28 3 ) N A .,; |

Remaining eigenvectors of Laplacian-like KK ! give harmonic
basis for curvature & noise in extrinsic embedding.
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Harmonic View l|

GNA eigenspectrum for convex 2D surface embedded in 10D

7e-05

Nonzero eigenvalues = bending energy at higher
frequencies...stairstep spectrum for convex boundary.
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Generalization

" NLDR good for batch visualization...
...signal-processing requires inferences about new points.

Two routes:

Extensions: Map new point w.r.t. existing immersion.

Updates: Change immersion w.r.t. new point.
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Out-of-sample extensions

Given thinsvb UTXV =S (USV' = X)),
PCA projection of X into column-subspace U:

U'X=S8SV' = — StV IXX'

= row-space encoding trick. Used in Eigenfaces [Turk and
Pentland, 1991], kernel pca [Scholkopf et al., 1998].

Extend kernel to new point X, and compute vector

k(x) eRV: k= @(x) @(x;).

Then yo(X) =SV 'k.

a.k.a. Nystrém extension [Bengio et al., 2003].
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Out-of-sample GNA

Assign new X to nearby existing cliques, then build new smaller
K’ from X and original clique points X;, X, - - -.

Define  k(x) = —K'k."/|[K.||%,
with k. = row of K’ corresponding to X.

Then y(X)=1[0,yi,Yj, - ]K(X).

K sets y so Laplacian of immersion w.r.t. local coordinates= O:
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Out-of-sample denoising

Under local linearity assumption, K also suitable for denoising
and reverse maps, e.g., X = [0, X;, Xj, - - -|[K(X):

o o ° ° ° [ 0
, e o8 ,
P e
° ° ) S o ° 2y ° °
' e
' o -
. L J
y ]
) AT
. \ ]
N
° ° ° ° o’ L) °
. o
- n »
N /]
¢
° o ° e ° ° °
S~ ',‘\
4
- Q
-0
- N --Q
° e ° ° ° ° J °
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Updating
Lanczos methods for computing thin EvD well suited to rank-1
updates, e.g., of KK " +vv'

Proposition: To add a new point to cligues containing a total
of K points, no more than 2k updates needed.

Caution: Should keep around extra eigenvectors if geometry
changes substantially.


http://www.merl.com/people/brand/

| ocal Parameterizations

" 1st-order (linear) models cause distortion.

" 2nd-order algebraic surfaces can fit curved cliques exactly.

oo | %]

= 3 subclass of quadric manifolds with local isometry to R
that can be recovered from samples.
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Product manifolds

Example: tube = circle X line

A "-'_f-_;.jt.s.‘ samples from [0,3]x[0,4]cR
"N ey embedded in R
T as open tub

" Inherits coordinate system .l TR
from factors. Yt R,

" Arc-lengths are geodesic. i
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Product of planar quadrics

" Orthogonal product of d planar curves is isometric to RY.

" Use guadric curves.

— line

— hyperbola
—— parabola
—— ellipse

" Most developable surfaces are locally PPQ.

" Data factorization reveals planes.


http://www.merl.com/people/brand/

PPQ factorization from data

Q: Yy ax‘+2bhx =c
cdims(x")

Thm: Data reveals pairing of dimensions into planar quadrics:

a-x{’z —+ biXi” = an/jlz —+ ij/j/ = Gij.
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Isometric parameterization

] . . @
. S ¢ . ‘.‘ r
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+original & erecovered parameterizations

PPQ arc-length parameterizations + nullspace coordination.

" Recovers geodesic pre-image exactly.
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Example: Trefoil knot

Proposition: Any knot S' C R* can be thickened to a ribbon
manifold having a locally isometric embedding in R.
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Trefoll knot embedd

S
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Perforated swiss roll, 1% noise

30 deviation from isometry (root mean squared error)
T T T T T T T T
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<-- head rotation --> -
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Synthetic face images
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USF 3D Cyberscanned faces

Charting (=gaussian-weighted |
mixture of linear projections e e .

. . . . . o® o ® e
minimizing GNA-like error). R vt i

<)
connection = affine merger of charts

P P® & @ O DS S @@ ©0 @ ©® ®© ® ©

Interpolation and
extrapolation
along a line on
face manifold.
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Degrees of freedom

= @ 'O ’ triangularity O

-0.0949 -0.0323 004250 01592 0.23015

99009 -

-0.2765 -0.1463  -0.0181 0.1080 0.2132

BE0T9 o

-0.1657 -0.0871  -0.0129 01088 0.1462

PO09Y

-0.2105 -0.1515 -0.1061  D.0068 01810

Xsso.og

-0.2122 -0.1176 -0.0837  0.0012 0.1007

roundness
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Bidirectional Reflectance Functions

/ .
= Each sample an R'® vector of material reflectance values.

- e .z _0. 600
wileve W 0 _w

(™ B _o¢
e e 0.0
—— S48V 0REEL

) g

= H-l...f-

® 15D nonlinear model has reconstruction error < 40D PCA.
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PCA versuS NLDR
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Synthetic BRDF progressions
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Diffuseness
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Rust
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Silver + fingerprints
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Features & Caveats

" Geodesic Nullspace Analysis offers almost all of the
functionality of subspace methods.

" reduction, denoising, resynthesis, updating
" Linear in N & D; cubic in d & k.

" Exact local isometry for intrinsically flat piecewise product of
planar quadric manifolds.

® Minimal local nonlinear distortion otherwise.

" Assumes: intrinsic dimension d, approximate local isometry

go00000000
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BUT

How useful is an R3 parameterization of this manifold?
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The CW complex

CW-complex = decomposition of a manifold into cells, each
isomophic to an d-ball (varied d).

= A d-cell is connected to d — 1-cells at its boundary.

= Each cell allows an R¢ parameterization.

CW-approximation theorem: Every space is a CW-complex.
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CW-complex of a torus

Image courtesy John Hart.
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Morse theory

= Consider a smooth C? function f on a manifold.

E.g.,
f = distance to your crown;
gradient field </ f =~ your hair.

"Key elements of a CW-complex are 1-to-1 with
nondegenerate critical points of f.

" =zero gradient, nonzero det(Hessian)
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Morse function on a torus

gradient field critical points

Images courtesy of Andrzej Kozlowski.
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Missing In our setting

Point samples do not specify
" the manifold M,

" the Morse function f,

" |ts parameterization,

" the graph connectivity of the points.
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Markov chains on point sets

Consider a random walk on the points.

" Let transition probability

Rj = p(xj[xi) U g(d;j)
for exponentially decreasing g(-) > O.

" B; = probability points i, j locally connected on M .
= “Short-circuit” exponentially improbable.

" Expected hitting time Hj; = mean random walk time from |
to |

" H marginalizes over all possible connectivities.
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Morse functions on points

Proposition: Any row of H samples a Morse function on M .
Easy to construct C? function fy via radial basis functions.

Intuition: The level sets of fy specifies wavefronts on M.
Wavefront topology changes at critical points.

critical points wavefront
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Algorithm

" Source point is O-cell.

" Follow wavefront and mark critical points where connectivity
changes.

" Estimate indices (=#(eig(Hessian)<0)) of critical points from
H & local flattenings.

" A d-cell connects d — 1-cells an index-d critical point via
most probable paths...
...dynamic programming problem.
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Computed torus example

g is a Gaussian kernel.
" CW-complex not necessarily “simplest” form
| d full catalog of transformation rules...

L]...but simplification may be NP-hard.
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Where we'’re heading

s, ..‘-...o.. .oooo:. 0.-.02..-‘. ::--.:'---5.\.
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'.-, tl " Se

'Approxmate CW—complex f'm-m, pom‘i Sampbs' ”
...embedding graph partitioned according to ceIIs.

" GNA immersions of subgraphs

...signal processing on genuine RY submanifolds.

E“ulix auté)matmjsn anlfqdd' pat‘@.metenzatl on i '5__:'=
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Immersions vs. embeddings

Some manifolds with local isometry to R?;

OV—V ON..

o
immersible... v v v v
...isometrically v v v

embeddable...  / v Vv

..isometrically ~ +/

" Embeddability determined by manifold, not algorithm.

" Local isometry usually needed to preserve data density.
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Graph embeddings

Theorem: [Tutte, 1963] Any planar graph can be embedded
inside a convex boundary in R? w/ straight uncrossed edges.

" Least-squares solution: place vertices at barycenters of
their neighbors.

Theorem: [Fiedler, 1975] First nonuniform eigenvector of
graph Laplacian matrix gives optimal R* embedding.

= [Mohar, 1991]: Use more eigenvectors for more dimensions.

Social networks, spectral clustering literatures: No graph?
Invent one.

NLDR: Can mix metric constraints with connectivity.
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Some context

Interpret immersion error metric KK ' as graph Laplacian L.
L has same eigenvectors as centered commute-time matrix

[Lovasz, 1995; Aldous and Fill, prep]
1 1
| —=11"C( —=11'
(1 - 110)C( - 11
on associated Markov chain, & kernel matrix

1
U—Nif)—KKT

. commute times ~ d(-,-)? in kernel feature space ~ d(-,-)
In Isometric immersion.

2
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PPQ factorization from data |

Locally, PPQ M fits into R affine subspace.

1. Local PCcA: X — X' € R

— = —|— — =
_ X’ X’
2. Fit quadric manifold Q) : 1 Fp 1| = 0 to data:
X1 o[ %] [ X2 o | X

veqFp) = null 1 el 2
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PPQ factorization from data |

Locally M is submanifold of Q. (.

diagia) b
b! —c

3. Rotate X' — x” to partially diagonalize F, —
P p

giving implicit equation

Q: Z ax'>+ 20X = ¢

iEdims(X/,)
4. Thm: With O(d?) points, one can group dimensions to Q,

Into a set of independent implicit equations

e.g., ax'+bx'+a;x*+ bx' = cj,

revealing local factorization of M into product of lines,
planar quadric curves, & cones.
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PPQ downsides

" Error is algebraic — robustness to noise unknown.
" More square root operations (EvVDS) reduces significant bits.

" Arc-length integrals analytic only for circles & parabolas
(resort to PPP factorization).
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PPQ upsides

" Offers exact local parameterizations for a large and
Industrially useful class of manifolds.

" Can parameterize large cliques ... more stability.
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Noise

" Qutperforms PCA in low-noise, non-PPQ problems.

R® projection of PPP vs. PCA parameteriz_étion of T torus embedded in R'%%

true coordinates
PCA, RMSE=0.002038763
PPP geodesics, RMSE=0.000674325



http://www.merl.com/people/brand/

® Dimensionality estimation, local & global.
® Eliminate (or marginalize out) the graph.

® Embeddings versus immersions.

([



http://www.merl.com/people/brand/

blank1
blank2
blank3
blank4
blank5
blank6
blank7
blank8
blank9
blank10

Featuring projects with
Motivation: Subspace methods
MERL subspace sampler
Subspace = submanifold
Manifold modeling

Graph embeddings

Generic NLDR framework
Local NLDR methods

Global NLDR methods

Many error criteria...

Graph density = data density
The locally linear bias
Topology

Geodesic Nullspace Analysis

GNA coordination

© 00O N oo o b~ W N B

[ S
N O

S =
N W

15
16
17

18
19
20
21

22
23
24
25
26

Joint nullspace constraints
Nullspace projectors

The linearizing operator K
Data denoising

Properties of K

Immersion properties
Imperfect constraints example

Harmonic View
Harmonic View Il
Generalization

Out-of-sample extensions
Out-of-sample GNA
Out-of-sample denoising
Updating

Local Parameterizations

Product manifolds

Product of planar quadrics

PPQ factorization from data

Isometric parameterization
Example: Trefoil knot

Trefoil knot embedding
Perforated swiss roll, 1% noise
Frey faces

Synthetic face images

USF 3D Cyberscanned faces

29
30
31
32
33
34
35

36
37
38
39

40
41
42

43
44
45

46
a7

48
49
50
51
52
53

PCA versus NLDR
Synthetic BRDF progressions
Rust

Silver + fingerprints

Features & Caveats
BUT
The CW complex

CW-complex of a torus
Morse theory

Morse function on a torus
Missing in our setting
Markov chains on point sets
Morse functions on points
Algorithm

Computed torus example
Where we're heading
Immersions vs. embeddings

See also

Extra slides begin here
Graph embeddings

Some context

PPQ factorization from data |
PPQ factorization from data Il
PPQ downsides

PPQ upsides

56
57

58
59

60
61
62

63
64

65
66

67
68
69
70
71
72

73
74

75

76
77

79
80


http://www.merl.com/people/brand/

o®(c) Matthew Brand, MERL oFirst ®Prev ®Next ®Last ®Go Back ®Full Screen ®Close ®Quit


http://www.merl.com/people/brand/

	blank1
	blank2
	blank3
	blank4
	blank5
	blank6
	blank7
	blank8
	blank9
	blank10
	.............
	Featuring projects with
	Motivation: Subspace methods
	MERL subspace sampler
	Subspace = submanifold
	Manifold modeling
	Graph embeddings
	Generic NLDR framework
	Local nldr methods
	Global nldr methods
	Many error criteria...
	Graph density = data density
	The locally linear bias
	Topology
	Geodesic Nullspace Analysis
	GNA coordination
	The local row-nullspace
	Measuring immersion error
	Joint nullspace constraints
	Nullspace projectors
	The linearizing operator K
	Data denoising
	Properties of K
	Immersion properties
	Imperfect constraints example
	Harmonic View
	Harmonic View II
	Generalization
	Out-of-sample extensions
	Out-of-sample gna
	Out-of-sample denoising
	Updating
	Local Parameterizations
	Product manifolds
	Product of planar quadrics
	ppq factorization from data
	Isometric parameterization
	Example: Trefoil knot
	Trefoil knot embedding
	Perforated swiss roll, 1% noise
	Frey faces
	Synthetic face images
	USF 3d Cyberscanned faces
	Degrees of freedom
	Bidirectional Reflectance Functions
	pca versus nldr
	Synthetic BRDF progressions
	Rust
	Silver + fingerprints
	Features & Caveats
	BUT
	The CW complex
	CW-complex of a torus
	Morse theory
	Morse function on a torus
	Missing in our setting
	Markov chains on point sets
	Morse functions on points
	Algorithm
	Computed torus example
	Where we're heading
	Immersions vs. embeddings
	See also
	Extra slides begin here
	Graph embeddings
	Some context
	ppq factorization from data I
	ppq factorization from data II
	ppq downsides
	ppq upsides
	Noise

