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Basic Problem

Learning and Classification: build a decision rule based 
on labeled training data

Given n training points, how well can we do ?
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X =  (pressure, temperature)

Y =  Rain or  Shine



Probabilistic Framework



Learning from Data
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Approximation and Estimation
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Classifier Approximations
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Approximation Error

Symmetric difference set

Error



Approximation Error

boundary smoothness

risk functional (transition) smoothness



Boundary Smoothness



Transition Smoothness



Fundamental Limit to Learning

Mammen & Tsybakov (1999)



Related Work



Box-Counting Class



Box-Counting Sub-Classes



Dyadic Decision Trees

recursive dyadic partition corresponding dyadic decision tree
- majority vote at each leaf



Dyadic Decision Trees



The Classifier Learning Problem

Training Data:

Model Class:

Problem:



Empirical Risk

actual risk is probably not much larger than empirical risk



Error Deviation Bounds



Uniform Deviation Bound



Setting Penalties



Setting Penalties

prefix codes for trees:
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+ 6 bits for leaf labels



Uniform Deviation Bound



Decision Tree Selection

Compare with CART:

Oracle Bound:
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Rate of Convergence

BUT…

Why too slow ?



Balanced vs. Unbalanced Trees
same number of leafssame number of leafs

all |T| leaf trees are
equally favored



Spatial Adaptation

local empirical local empirical 
errorerror

local errorlocal error



Relative Chernoff Bound



Designing Leaf Penalties

prefix code construction :

01 = “right branch”

00

01

010001110

11 = “terminate”
0/1 = “label”



Uniform Deviation Bound



Spatial Adaptivity

Key:  local complexity is offset by small volumes!



Bound Comparison for Unbalanced Tree

J leafs
depth J-1

Non-adaptive bound:

Adaptive bound:



Balanced vs. Unbalanced Trees
same number of leafssame number of leafs



Decision Tree Selection

Oracle Bound:
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Rate of Convergence



Computable Penalty

achieves same rate of convergence



Adapting to Dimension
- Feature Rejection

01



Adapting to Dimension
- Data Manifold



Computational Issues additive penalty

Cyclic DDT: force coordinate splits in cyclic order

Free-Split DDT: no order enforcement in splits



DDTs in Action



Decision Boundary Smoothness



Smooth Curves

van de Geer & Tsybakov (2004)

Scott & Nowak (2003)



Summary
minimax lower bound

upper bound for DDT



Conclusions and Future Work

Tech Report:

www.ece.wisc.edu/~nowak/ddt.pdf

Open Problem:


