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1. Motivating applications

Adaptive scheduling of measurements

Characterizing image manifolds




Divergence between feature
! densities
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Divergence functions

A good measure of dissimilarity between densities
f,g of random vector X might have the following

properties:

1. D(fllg) >0 , with = iff f=g

2. Convexity in f,g

3. Induce a Riemannian metric on smooth family 7o of
densities

4. Be invariant to reparameterization of data X

5. Be closely related to classification performance

Note: standard Euclidean |12 metric does not satisfy 4 or 5

D(fllg) = / (/) — g%k




Alpha-Divergence
o-divergence between densities f,g

Dalfll) = L in [ g0

o—1

e Special cases:
— the Kullback-Liebler and Hellinger-type

im Da(sle) = [ 1 (L), Dyatrle) = <20 [ o

— the a-entropy

Ho(f) = Da(fIt) = ———1In [ 1

o — 1




Relation to Classification
e Giveniid.sample Xi,...,Xn , test
Hog | X; ~ g
Hi : X, ~ h
« Sanov-Chernoff bound

—In P(decide hlg) < max(1 — a)Da(h||g)

o “="attained by LRT and large n

T =ity <f - _— e — i e

Ref: Demboé&Zeitouni (1993)




Divergence Applications

* Finding “distance preserving projections”
for dimension reduction with classification
constraints (Random projections)

* Finding divergence (MI) maximizing
transformations (Image registration)

* Finding divergence (MI) minimizing
transformations (ICA)

e Estimating dimension of support set M of
density f(x) (Manifold learning)

= e =




Entropy and dimension

 Consider the entropy integral of f(z), z € M C RP

1(8) = [_f*(2)dz = Da(f|Us)

— Extrinsic entropy when: S = RY

— Intrinsic entropy when: § = M

e Key observation:
—If dimS > dimM then I(S) =0
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But, only realizations of X available

Two pattern feature realizations
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Key Issue: Divergence Estimation
Random sample: X, = {X1,...,Xn}

* Indirect estimators
— Parametric estimation-substitution methods

Da(fllg) = Da(f3l9)

— Non-parametric density estimation-substitution

Da(fllg) = Da(fll9)

* Direct estimators
— Spacing and hyper-spacing estimators (Vasicek:76, Miller:03)
— Entropic graph estimators (Hero&etal:SPM02)

Do/ llg) = L(T1Xa)) /1




2. Minimal graphs

Yn = {Y1,...,Ys}data in d-dimensional Euclidean space

Euclidean MST with edge power weighting gamma:

LR (Vn) = Mingee Xjeier el

£ pairwise distance matrix over Y
FE edge length matrix of spanning trees over Yn

Euclidean k-NNG with edge power weighting gamma.

Ly Vn) = X1 Yjejeny ) lel”
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Example: MST on Planar Sample

Minimal Spanning Tree: y=1, k=4
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Example: k-NNG on Planar Sample

k NN Graph: y=1, k=4




Graphs and divergence

o Simple functionals of minimal graphs can
sometimes be found that estimate divergences

 When this is possible we call these “entropic
graph estimators”

« Example: Henze-Penrose divergence between
two densities fx: fy

IxTy

D"(fllg) =1 -2e(1—¢) [

efx + (1 —e€)fy

— Friedman-Rafsky’'s MST “coincident edge counter” is
a direct entropic graph estimator




Friedman-Rafsky Entropic Graph
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Convergence of minimal graph
length functional

——t—os

log E[Ly(Vn)] = o logn+log (ﬁcg /Rd f?(y)dy) +=(n)

(d—)/d L
g (—a) Ha ()t

F 1 2 3 4 5 0 1 2 3 4 5
10" Mumber of points x 10°

Mumber of paints

Beardwood, Halton, Hammersley Theorem (BHH:1959):

Ly(Vn) /n® — By Jpa f3(W)dy
a=(d—~)/d

ey e

e T =T = - —




How to apply BHH Thm to non-linear
dimension reduction?

o 128x128 images of faces
» Different poses, illuminations, facial expressions

 The set of all face images evolve on a lower dimensional
Imbedded manifold in R*(16384)

L) =iftiy <
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Embedded Manifold




Generative model
2dim manifold M
Embedding ¢ : R — M C RV

Sampling distribution

2000
20555
7% NN
260,08

S

Observed sample




2D Manifolds in 3D

Ref: Tenenbaum&etal (2000) Ref: Roweissé&etal (2000)
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ISOMAP Geodesic Approximation
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How to Estimate d?

Landmark-ISOMAP residual curve

0.015 - )
For Abilene Netflow data set
0.01+
0.005 -
0O ‘2 L‘l é é 1‘0 1‘2 1L1 1‘6 £8 2‘0

Isomap dimensionality
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Geodesic MST

» Construct MST using geodesic distance
estimates £G and obtain length functional

L (Vn)
« What is limiting behavior

e where a=(d —~)/d ?




GMST Convergence Theorem

Let M be a smooth d-dimensional manifold
embedded in RY through a smooth map ¢ :
D — M where D is an open convex subset of
R4 Let2<d< D and 0 <~ < d. Suppose
that Yq7,...,Y, are i.i.d. random vectors on M
with common density fy w.r.t. Lebesgue mea-
sure urq on M. Then the total length of the

GMST satisfies

/ / f 00, d <d
d—v)/d — 4
Ly ) /nt T = 8 81e77 g ) mpa(dy), d =d
\ 0. d >d

(a.s) where a = (d—v)/d, ¢ = (\/det <J£J¢>>1/d.

Costa, Hero: Trans SP (2003)




K-NNG Convergence Theorem

Let M be a d-dimensional manifold embedded
in RP. Let 2<d< D and 0 <~ < d. Suppose
that Y7,...,Y, are i.i.d. random vectors on M
with common density fy w.r.t. Lebesgue mea-
sure pag on M. Then the total length of the
kK-NNG satisfies

/ / 0, d <d
Loy ) /nt =8 = 8 8y [ 12 @) maa(dy), d =
\ 0, d>d

(a.s) where a = (d — ) /d.




Joint Estimation Algorithm
« Convergence theorem suggests log-log-linear model

log E[LLY(Vn)] = (d —v)/dlogn + b+ v(n)

« Use bootstrap resampling to estimate mean graph
length and apply LS to jointly estimate slope and
Intercept from sequence

{log E[L{' ()], 10g n}n

e Extract d and H from slope and intercept




3. Simulation Studies: Swiss Roll

150 15
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Estimates of GMST Length

Segment n=786:799 of MST sequence (y=1,m= 10) for unif sampled Swiss Roll
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loglogLinear Fit to GMST Length

6.704

6.702f

67 y = 0.53*x + 3.2

log(E[L 1)
o
o
&

6.696

— log(E[L, 1)
— LSit

6.694F




GMST Dimension and Entropy

Estimates
« From LS fit ¥y = ax —+ b find:
e |ntrinsic dimension estimate

c'[:round( ! ):2

l—a
2.1
« Alpha-entropy estimate (« = a = 0.53 )
~ b—~/2 log 35
Ho(fy) =120 =73

— Ground truth:

Ha(fy) = Iog(1869) = 7.53




Entropic Graphs on S2 Sphere in 3D
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K-NNG on Sphere S4 in 5D

« k=7 for all algorithms

D=5
* kNN resampled 5 times
e Length regressed on 10 or 20 UG,
samples at end of mean length o
sequence =7
» 30 experiments performed y=1
* ISOMAP always estimates d=5

Histogram of resampled d-estimates of k-NNG
N=1000 points uniformly distributed on S4 (sphere) in 5D

" 600 | 800 | 1000 | 1200
ISOMAP || 0/30 | 0/30 | 0/30 | 0/30
k-NNG-10 || 23/30 | 26/30 | 26/30 | 26/30
k-NNG-20 29/30 30/30 30/30 30/30




Improve Performance by Bootstrap Resampling

e Main idea: Averaging of weak learners

— Using fewer (N) samples per MST estimate, generate large
number (M) of weak estimates of d and H . .
{&(]) ﬁ(])}M
N »* "N Jj5=1
— Reduce bias by averaging these estimates (M>>1,N=1)
— Better than optimizing estimate of MST lenath (M=1,N>>1)
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KNN/GMST Comparisons for
Uniform Hyperplane

Hyper-plane O| M| N n
dimension 600 | 800 | 1000
o) 10| 1 5 30 30 30
5 1 30 30 30
10 | 1 5 24 24 27
3
5 1 25 26 27
15| 1 | 10| 30 30 30

10| 1 30 | 30 30

15| 1 10| 24 | 25 | 26
4 10/ 1| 27 | 28 | 28
20| 1 | 10 25 23 29
10/ 1| 29| 29| 30

Table of relative frequencies of correct d estimate using the GMST,
with (N = 1) and without (M = 1) bias correction.
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ISOMAP Database
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MNIST Digit Database

Histogram of intrinsic dimension estimates: GMST (left) and 5-NN (right)
(M=10,N=1, Q=15).

digit 2 | digit 3 | digit 2+ 3
GMST 13 12 13
5-NN 12 11 12




Samples from Face database B

* Photographic folios of many people’s faces
» Each face folio contains images at 585 different illumination/pose conditions
» Subsampled to 64 by 64 pixels (4096 extrinsic dimensions)

Face 1

Face folio 1

Face folio 2

Face folio 3

Face folio 4




GMST for 3 Face Folios

GMST Length Fuctional

GMST Length Fuctional

13.5 13.5
13.45F
13.4F
c 19 _ 13.35}
2 2
Q o 13.3f
5 5 13.25F
g g
2125 B Facel - 2 132}
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& Face3 13.15} ~*- Face2
= Face3
13.1F
12 : : . 13.05 . : . :
4.5 5 55 6 6.5 6.2 6.25 6.3 6.35 6.4 6.45
log n logn

Face 1 | Face 2 | Face 3 | Face 4 | Face 1+ 3




Conclusions

High-D features make divergence estimation challenging

Entropic graph methods can be implemented for such cases,
demonstrated for multi-modality image registration

Can use entropic graph methods to obtain consistent
estimators of dimension and entropy of samples on a manifold

Manifold learning and model reduction

— LLE, LE, HE estimate d by finding local linear representation of
manifold

— Entropic graph estimates d from global resampling
— Initialization of ISOMAP... with entropic graph estimator

Computational considerations

— GMST : O(d n”*2 log n)

— GMST with greedy neighborhood search O(d n log n)
— kNN with kdb tree partitioning: O(d n log n)
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