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What Are Features and What Are Noise?

To answer those questions, we need to specify our aim:

Approximation

Compression

Noise Removal (Denoising)

Object Detection

Classification/Discrimination

Regression
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Some History

Satosi Watanabe (circa 1981) characterized pattern
recognition as a quest for minimum entropy by saying,
“the essential nature of pattern recognition is . . . a
conceptual adaptation to the empirical data in order to
see a form in them. The form means a structure which
always entails small entropy values.”

Raphy Coifman (circa 1991) suggested that “noise”
should be defined as incoherent components in data
used to represent data whereas “signal” or “features”
are coherent components both relative to waveform
libraries. coherent ≈ sparse ≈ focused
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u+ v Models

Yves Meyer (2001) describes the so-called u+ v models

The u component is aimed at modeling the objects or
important features

The v component represents textures and noise

The refined model is the u+ v + w model where v and
w represent textures and noise, respectively.

Examples include:

Harlan, Claerbout, & Rocca (1984)

Mumford & Shah (1985)

Rudin, Osher, & Fatemi (1991)
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u+ v Models . . .

DeVore & Lucier (1992)

Chen, Donoho, & Saunders (1995)

Olshausen & Field (1996)

Coifman & Sowa (1998)

Donoho, Huo, & Starck (2000)

Cohen, Dahmen, Daubechies, DeVore (2000)

Meyer, Vese, Osher (2002)

many others . . .

Sep. 2004 – p.8



Common Intuitions

Should be able to represent recognizable
patterns/structures in data efficiently and compactly via
some invertible transform

u = signal ≈ features ⇐⇒ sharply focused ≈ sparse

v = noise ⇐⇒ defocused/diffused
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What is u?

Requires some regularity (e.g., smoothness), i.e.,
‖u‖B < C, where B some appropriate function space,
and C > 0.

More general approach ‖Au‖B′ < C, where A : B → B′

is some invertible transform (e.g., A = Radon
transform)

An important problem (modeling) is what B should be
for various natural images.
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Various Viewpoints

Harmonic Analysis approach (Cohen, Coifman,
Daubechies, DeVore, Donoho, Meyer, . . . )

PDE approach (Chan, Osher, Meyer, Morel, Sapiro,
Vese, . . . )

Deterministic approach (Cohen, DeVore, Donoho,
Osher, Terzopoulos, . . . )

Stochastic approach (Mumford, Grenander, Donoho,
Zhu, Wu, . . . )

Highly active area and more and more interactions
among various schools
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Very Briefly, Harlan, Claerbout, & Rocca (1984)

A stacked seismic section =
∑

of

Geologic component ≈ linear events

Diffraction component ≈ hyperbolic events

Noise component ≈ white Gaussian noise + α.
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Very Briefly, Harlan, Claerbout, & Rocca (1984) . . .

(a) Original

(b) Geology

(c) Diffraction (d) Noise
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Mumford & Shah (1985)

Motivation: simultaneous image segmentation and
denoising

Let Ω = [0, 1] × [0, 1] ⊂ R2
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Mumford & Shah (1985) . . .

Let u component is smooth everywhere except on a
compact set K ∈ Ω, which is unknown.

Find u and K from the data f = u+ v by minimizing:

JMS(u,K) =

∫

Ω

|f(x)−u(x)|2 dx+λ

∫

Ω\K

|∇u(x)|2 dx+µH
1(K),

where λ, µ are positive weights and H1 is the 1D
Hausdorff measure (total length) of K.

Measures fidelity, smoothness of u, simplicity of K,
respectively.
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Mumford & Shah (1985) . . .

Since u|Ω\K ∈ H1(Ω \K) = W 1,2(Ω \K), the objective
is: Find u ∈ L2(Ω) and K ⊂ Ω s.t.

inf
u∈L2(Ω)

‖f−u‖L2(Ω) subject to ‖u‖H1(Ω\K) < C and H
1(K) < C ′.
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Mumford & Shah (1985) . . .
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Mumford & Shah (1985) . . .

Very influential in Computer Vision; refined by Ivan
Leclerc using MDL formalism; faster numerical
algorithm called ‘Graduated Non-Convexity’ (GNC)
algorithm by Andrew Blake and Andrew Zisserman, . . .

Numerical optimization was and still is an issue

Choice of λ and µ

Representation/basis functions for u were not used
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Rudin, Osher, & Fatemi (1992)

Motivation: image enhancement and denoising

The MS functional is modified to:

JROF (u) =

∫

Ω

|f(x) − u(x)|2 dx+ λ

∫

Ω

|∇u(x)| dx

= ‖f − u‖2
L2(Ω) + λ|u|BV (Ω),

where |u|BV (Ω) is the so-called total variation of u.

In other words, Find u ∈ L2(Ω) s.t.

inf
u∈L2(Ω)

‖f − u‖L2(Ω) subject to |u|BV (Ω) < C.
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Rudin, Osher, & Fatemi (1992) . . .

Solve the following Euler-Lagrange equation

u = f +
λ

2
∇ ·
( ∇u
|∇u|

)

,

by forming the evolution equation and compute the
solution as t→ ∞.

The coarea formula links MS to ROF: If |u|BV (Ω) <∞,

|u|BV (Ω) =

∫ ∞

−∞

H
1(∂Et[u]) dt,

where Et[u]
∆
= {x ∈ Rn : u(x) > t} is the level set of u

at t and ∂Et[u] is its perimeter. Sep. 2004 – p.20



Rudin, Osher, & Fatemi (1992) . . .

Boundaries K are not explicit.

Choice of λ: dynamic, i.e., λ(t)

Strictly speaking, total variation is defined more
generally and |u|BV (Ω) =

∫

Ω
|∇u| dx is true for

u ∈ L1
1(Ω) = W 1,1(Ω) ⊂ BV (Ω).

More about BV (Ω) ( the space of functions of bounded
variation) will be discussed later.
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Rudin, Osher, & Fatemi (1992) . . .
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Comments on MS and ROF models

Very influential; generated a new field “PDE-based
image processing”

Characterization of the constraint space via basis
functions were not used

Improved over the years; yet still computationally
intensive
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DeVore & Lucier (1992)

Now, the functional becomes:

JDL(u) = ‖f − u‖2
L2(Ω) + λ‖c[u]‖`1 ,

where c[u] = (cν [u])ν∈Γ is the expansion coefficients of
u relative to an orthonormal wavelet basis {ψν}ν∈Γ, i.e.,
cν [u] = 〈u, ψν〉.
In other words, Find u ∈ L2(Ω) s.t.

inf
u∈L2(Ω)

‖f − u‖L2(Ω) subject to ‖c[u]‖`1 < C.
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DeVore & Lucier (1992) . . .

Optimization leads to the soft thresholding (or wavelet
shrinkage) on the empirical wavelet coefficients

Let f(x) =
∑

ν∈Γ cν [f ]ψν(x). Then,

JDL(u) =
∑

ν∈Γ

(

(cν [f ] − cν [u])
2 + λ|cν [u]|

)

,

whose minimization leads to:

cν [u] =















cν [f ] + λ/2 if cν [f ] < −λ/2,

0 if |cν [f ]| ≤ λ/2

cν [f ] − λ/2 if cν [f ] > λ/2.
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DeVore & Lucier (1992) . . .

(a) Noisy Lena (b) Linear (c) Nonlinear
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DeVore & Lucier (1992) . . .

In the Besov space language:

‖c[u]‖`1 � ‖u‖Ḃ1,1

1
(Ω).

Thus, the constraint in optimization is ‖u‖Ḃ1,1

1
(Ω) < C.

If v is WGN with mean 0, variance σ2, then the choice
of λ ≈ const · σ

N

√

logN 2, where N is the number of
samples in each direction in Ω.

Lots of effort for deriving (near-)optimal threshold, e.g.,
DeVore-Lucier, Donoho-Johnstone, and others, most
recently Johnstone-Silverman.
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Besov Spaces

Let f ∈ Lp(Ω), 0 < p ≤ ∞. Let 0 < α <∞, and
0 < q ≤ ∞.

Then, roughly speaking, functions belonging to the
homogeneous Besov space Ḃα,q

p (Ω) has “α
derivatives” measured in Lp(Ω). The parameter q
makes finer distinctions in smoothness

The inhomogeneous Besov space

Bα,q
p (Ω) = Ḃα,q

p (Ω) ∩ Lp(Ω)

‖f‖Bα,q

p (Ω) = ‖f‖Lp(Ω) + ‖f‖Ḃα,q

p (Ω)
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Besov Spaces . . .

Generalization of Lipschitz/Hölder and L2-Sobolev
spaces because:

Bα,2
2 (Ω) = W α,2(Ω) = Hα(Ω)

Bα,∞
∞ (Ω) = Λα(Ω) = Cα(Ω)

Easy to characterize via wavelet coefficients

‖f‖Ḃα,τ

τ
� ‖c[f ]‖`τ for τ = 2/(1 + α) in 2D.
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Besov Spaces . . .

Thus, in the specific DL model with α = 1 = τ , we have:

‖u‖Ḃ1,1

1

� ‖c[u]‖`1 .

This norm equivalence means that this DL model is
really seeking a function whose wavelet expansion is
sparse since ‖c[u]‖`1 < C is a form of sparsity
constraint.
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Sparsity via `p (quasi-) norm (0 < p ≤ 1)

Consider a vector or sequence x = (xj)j∈N.

Then consider the so-called `0 (quasi-)norm as the
measure of the sparsity of x:

‖x‖`0 = #{j ∈ N : xj 6= 0}.

This counts a number of nonzero components in x.

Thus, under, say, ‖x‖`2 = 1, the smaller ‖x‖`0 is, the
sparser x is; a precise definition of sparsity.

However, this norm is too fragile to use (e.g., sensitivity
to noise).
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Sparsity via `p (quasi-) norm (0 < p ≤ 1) . . .

Thus, consider the `p (quasi-) norm 0 < p ≤ 1 instead:

‖x‖`p =

(

∑

j∈N

|xj|p
)1/p

.

Instead of explicitly saying the number of nonzeros in
the sequence via `0 quasi-norm, we can say:

‖x‖p ≤ C =⇒ |x|(k) < Ck−1/p,

(∵ k|x|p(k) ≤
∑k

j=1 |x|
p
(j) < Cp) which relates sparsity to

the decay of the magnitudes of the rearranged
sequence. The smaller p, the faster the decay.
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Sparsity via `p (quasi-) norm (0 < p ≤ 1) . . .

w`p, i.e., the weak `p space is defined as

w`p(N)
∆
= {x = (x1, x2, . . .) : |x|(k) ≤ Ck−1/p,∃C > 0,∀k ∈ N}.

Clearly, `p ( w`p, e.g., xn = n−1/p ∈ w`p, but not in `p.

Later w`1 will be used to “almost” characterize the
space BV (Ω).
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Disadvantages of Ḃ1,1
1

Even very simple cartoon-like images such as χE(x),
where ∂E is a smooth closed curve, do not belong to
Ḃ1,1

1

Oscillatory patterns do not belong to Ḃ1,1
1 either

Sep. 2004 – p.34



Disadvantages of Ḃ1,1
1 . . .

Choi and Baraniuk on the Besov spaces vs
wavelet-based statistical models (the parameters of
the generalized Gaussian distribution ⇐⇒ the Besov
parameters)

(a) Original u (b) Random

shuffles of cj,·

(c) Random sign

flips of c Sep. 2004 – p.35



Basis Pursuit Denoising (Chen, Donoho, & Saunders, 1995)

Under the discrete setting, assume that
f = u + v ∈ Rn, where v = σz is WGN vector with
variance σ2. The functional is similar to JDL:

JBP (u) = ‖f − u‖2
`2 + λ‖α[u]‖`1 ,

The coefficient vector α[u] ∈ Rp are in the form:

u =
∑

γ∈Γ

αγ [u]φγ ,

where {φγ}γ∈Γ, |Γ| = p ≥ n is a dictionary of bases
(i.e., redundant) such as stationary wavelet, wavelet
packets, local Fourier bases, or other frames, etc.Sep. 2004 – p.36



Basis Pursuit Denoising . . .

Choice of λ = σ
√

2 log p.

Solution of this convex non-quadratic optimization by
“primal-dual log-barrier linear programming”

Specific combination of basis dictionaries, the
uncertainty principle, equivalence with `0 minimization
problem =⇒ ask Donoho, Candès, Huo, Elad, Starck
who are all participating in this program!
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Sparsity vs. Statistical Independence

Independent Component Analysis

Stochastic setting; a collection of images

Can find a basis (LSDB) that provides the least
statistically-dependence (the best one) out of the
wavelet packet library or local Fourier library

Better off to pursue the sparsity than independence
except the problems that really have statistically
independent sources

Read my articles as well as Donoho & Flesia for more
info.
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BV (Ω): Functions of Bounded Variation

Definition of total variation

|u|BV (Ω)
∆
= sup

g

{
∫

Ω

u∇ · g dx : g ∈ C1
c (Ω; R2), |g(x)| ≤ 1 ∀x ∈ Ω

}

BV (Ω) ⊂ L1(Ω) is a Banach space with the norm:

‖u‖BV (Ω) = ‖u‖L1(Ω) + |u|BV (Ω).

If u ∈W 1,1(Ω) ⊂ BV (Ω), then

|u|BV (Ω) =

∫

Ω

|∇u(x)| dx,

via integration by parts.
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BV (Ω) . . .

In this tutorial, Ω ⊂ R2 is bounded. Thus,

W 1,1(Ω) = BV(Ω) ⊂ BV (Ω) ⊂ L2(Ω) ⊂ L1(Ω).

Unfortunately, W 1,1(Ω) does not contains cartoon-like
images such as χE(x) where E ⊂ Ω and ∂E is smooth
whereas BV (Ω) does.

Minimizer u∗ exists in BV (Ω) for the corrected version
of the JROF (u) (Vese, 2001)

However, the original version of the ROF criterion does
not guarantee to get (u, v) = (χE, 0) from f = χE (Y.
Meyer 2001).
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Besov vs BV

Embedding (DeVore-Lucier, Donoho, Meyer, . . . ):

Ḃ1,1
1 (Ω) ⊂ BV (Ω) ⊂ Ḃ1,∞

1 (Ω)

Ḃ1,1
1 does not contain cartoon-like images while BV (Ω)

does.

On the other hand, BV (Ω) does not possess any
unconditional basis while Ḃ1,1

1 does.
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Unconditional Bases

Let {φν}ν∈Γ be a basis for a Banach space B.

Let f =
∑

ν∈Γ cνφν ∈ B.

Let ‖f‖B be a functional norm of f ∈ B and let ‖c[f ]‖b

be a discrete sequence norm of c[f ] = (cν [f ]).

Suppose ‖f‖B � ‖c[f ]‖b.

This is already not a trivial condition because . . .
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Fourier is not an unconditional basis for Lp(T ), p 6= 2

Let f ∈ B = Lp(T ), T = [0, 2π), and φν(x) = eiνx. Let
cν [f ] be the Fourier coefficients of f .

Then, ‖f‖L2(T ) = ‖c[f ]‖`2(Z) (Plancherel)

However, ‖c[f ]‖`p(Z) does not tell information about
‖f‖Lp(T ) if p 6= 2.

For example, ‖f‖L4(T ) tells you some info about the
distribution of the energy of f over T (∼ kurtosis).

However, |cν [f ]| does not tell you anything about
‖f‖L4(T ).

=⇒ the Littlewood-Paley theory
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Unconditional Bases . . .

Then, {φν}ν∈Γ is called an unconditional basis of B if
any sequence c̃ = (c̃ν) satisfying |c̃ν | ≤ |cν [f ]|, ∀ν ∈ Γ,
yields a new function f̃ =

∑

ν∈Γ c̃νφν that belong to B.

In other words, operations on the coefficients, such as
shrinking, sign flips, do not change the membership of
B.

Examples: Fourier: L2, Wavelets: Lp, 1 < p <∞, Bα,q
p ,

α > 0, 1 ≤ p, q ≤ ∞, . . .
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Unconditional Bases . . .

Advantages: {φν}ν∈Γ ⇐⇒ axes of symmetry for the ball
in B, e.g., ‖f‖B < C.

“Rotation” into a coordinate system where the norm is
“diagonalized” even if the norm is not quadratic.

Read articles by Donoho as well as Meyer’s books!
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Cohen, Dahmen, Daubechies, DeVore, Meyer, Petrushev, & Xu

BV (Ω) does not have an unconditional basis; but we
can say the following:

u ∈ BV (Ω)=⇒c[u] ∈ w`1(Γ).

In other words, the sorted wavelet coefficients decay
as O(k−1).

This implies that k-term approximation of a
BV -function using wavelets is of O(k−1/2).
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Cohen, Dahmen, Daubechies, DeVore, Meyer, Petrushev, & Xu . . .

Embeddings in the sequence spaces:

`1(Γ) ⊂ bv(Γ) ⊂ w`1(Γ),

where bv(Γ) is a space of vectors consisting of the
wavelet coefficients of BV (Ω) functions and its norm is
defined to be the BV norm of the corresponding
function.

This allows wavelet shrinkage on the coefficients.
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Cohen, Dahmen, Daubechies, DeVore, Meyer, Petrushev, & Xu . . .

The Haar case by C-De-P-X (1998), and the general
wavelet case by Meyer (1998).

The stronger versions by C-Dah-Dau-De (2000).

Of course, using other methods such as ridgelets and
curvelets, one can get better decay =⇒ Lectures by
Donoho and Candès tomorrow
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BV for Image Modeling?

Study of Gousseau & Morel

BV (Ω) may be well adapted for large scale geometric
structures

But natural images are not in BV (Ω).

∵ Natural images often contain too many small objects
and textures =⇒ sum of the length of the perimeters of
the level sets may blow up, i.e.,

∫∞

−∞
H1(∂Et[u]) dt = ∞.
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BV for Image Modeling?
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Very Briefly, Meyer, Vese, & Osher (2002)

All the previous models with ‖f − u‖2
L2(Ω) anticipated

WGN for the v component, which are also very much
related to statistical estimation methods such as MLE,
Bayes, MDL, etc. with prior information on the u
component.

Improve the ROF model by changing the L2 norm of
v = f − u component to

JMV O(u) = ‖f − u‖G(Ω) + λ|u|BV (Ω),

where G(Ω) is a dual space of BV(Ω) = W 1,1(Ω).
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Very Briefly, Meyer, Vese, & Osher (2002)

G(Ω) contains oscillatory patterns (textures).

Y. Meyer’s book for precise definition of G(Ω)

Vese-Osher (2003) for numerical algorithm.
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Compare with the ROF model . . .
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Summary

Reviewed u+ v models

u component is often modeled by the constraints
‖u‖B < C for some function space B.

This constraint corresponds to the prior information in
Bayesian statistics and MDL formalism, and
regularization term in the inverse problem.

v component is often assumed to be i.i.d. WGN,
yielding L2 fidelity term in the functional to be
optimized =⇒ not good for texture
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Summary . . .

Wavelet shrinkage: works very well for B = Ḃ1,1
1 , and

reasonably well for B = BV , and computationally very
fast.

PDE-based approach: works well for B = W 1,1, more
computationally intensive, but allows more flexible
modeling for non-L2 error criterion for v.

Sep. 2004 – p.55



My Comments

Use of function spaces for image modeling:

Mathematically sound

Can get deep results

Extremely hard to find a good one for natural
images

Use of orthonormal bases:

Mathematically tractable

Good affinity with function spaces

Fast algorithms

But too restrictive
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My Comments . . .

Use of overcomplete dictionaries

Mathematically more challenging

Can get better results

Can develop fast algorithms

Still in the form of linear combinations in most cases
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My Comments . . .

‖u‖B < C is mathematically great, but restrictive for
image modeling

Need more interaction with stochastic modeling
community

Explore more about wavelet shrinkage after the
invertible transform a la Harlan-Claerbout-Rocca

Yves Meyer: “Sparsity does not open the gate to
feature extraction.”

My reaction: “Sparsity can still open the gate to feature
extraction.”
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