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but they can be 
COMPUTATIONALLY 
PROHIBITIVE
for design, control, 
and UQ

Rotating detonation
rocket engine
Ionut Farcas w/ AFRL

Large eddy simulation (LES) of 
reactive Navier-Stokes equations 
with 136M spatial dof and 𝛥𝛥𝛥𝛥 = 10−9

Physics-based models are powerful 
and bring predictive capabilities
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but they can be 
COMPUTATIONALLY 
PROHIBITIVE
for digital twins

Physics-based models are powerful 
and bring predictive capabilities

Patient-specific digital twin 
of a glioblastoma

Graham Pash w/ Center for 
Computational Oncology



Reduced-order models are critical enablers 
for design, control, UQ and digital twins

1 Train: Solve PDEs to generate training data (snapshots)
2 Identify structure: Identify a low-dimensional manifold
3 Reduce: Project PDE model onto the low-dimensional manifold

= +

dimension 103 − 109
solution time ~minutes / hours / days

dimension 101 − 103
solution time ~seconds / minutes

+=

high-fidelity physics-based simulation projection-based reduced-order model
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• Projection-based model reduction preserves physics 
structure by construction

• Projection-based reduced models are interpretable
(evolution of modal coordinates)

• Projection-based reduced models can be learned
directly from data (non-intrusive)

Why not use a neural operator?



Model reduction meets machine learning

Machine learning
“Machine learning is a field of study in artificial 
intelligence concerned with the development and 
study of statistical algorithms that can learn from 
data and generalize to unseen data, and thus 
perform tasks without explicit programming 
language instructions.” [Wikipedia]

Reduced-order modeling
“Model order reduction is a technique for 
reducing the computational complexity of 
mathematical models in numerical simulations. 
As such it is closely related to the concept of 
metamodeling, with applications in all areas of 
mathematical modelling.” [Wikipedia]



ML surrogates vs. model reduction

Machine learning Reduced-order modeling
“Model order reduction is a 
technique for reducing the 
computational complexity of 
mathematical models in numerical 
simulations.” [Wikipedia]

“…statistical algorithms that can 
learn from data and generalize to 
unseen data, and thus perform 
tasks without explicit programming 
language instructions.” [Wikipedia]

Model reduction methods have grown from Computational Science, with focus on reducing high-
dimensional models that arise from physics-based modeling, whereas machine learning has grown 
from Computer Science, with focus on learning models from black-box data streams.
[Swischuk et al., Computers & Fluids, 2019]



ML surrogates vs. model reduction

Machine learning Reduced-order modeling
• Deep body of theory & methods, 

(stability, structure preservation, 
error estimators, …)

• Highly expert community 

• Methods are inaccessible & 
intrusive

• Limited uptake outside the
expert community

• Models may or may not generalize

• Large training data requirements

• Non-intrusive, portable & flexible

• Accessible & available

• Massive uptake outside the
expert community





Given (1) a physical/natural system with known governing equations, and 
(2) a set of data in the form of state snapshots (experimental or simulation)
Infer a reduced-order model that recovers the given data and provides a 
predictive capability to rapidly simulate unseen conditions
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The Operator Inference problem

min 
𝐎𝐎

𝐃𝐃𝐃𝐃 − 𝐑𝐑

We use:
• the physics to define the structured form of the 

model we seek
• projection-based model reduction to cast the 

inference in a reduced coordinate space and to 
provide error estimates in some settings

• inverse theory to analyze the structure of the 
resulting problem and treat it numerically

• numerical linear algebra to achieve efficient 
scalable algorithms

𝐎𝐎 : low-dimensional operators that define 
the reduced model
𝐃𝐃, 𝐑𝐑 : data matrix / forcing  from simulation 
and/or experimental data



Full-order model (FOM)
state 𝐱𝐱 ∈ ℝ𝑁𝑁

input 𝐮𝐮 ∈ ℝ𝑁𝑁𝑖𝑖

Reduced-order model 
(ROM)
state �𝐱𝐱 ∈ ℝ𝑟𝑟 , 𝑟𝑟 ≪ 𝑁𝑁

𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐁𝐁𝐁𝐁

Approximate
𝐱𝐱 ≈ 𝐕𝐕�𝐱𝐱
𝐕𝐕 ∈ ℝ𝑁𝑁×𝑟𝑟

𝐫𝐫 = 𝐕𝐕�̇𝐱𝐱 − 𝐀𝐀𝐀𝐀�𝐱𝐱 − 𝐁𝐁𝐁𝐁

Project
𝐖𝐖⊤𝐫𝐫 = 0
(Galerkin: 𝐖𝐖 = 𝐕𝐕)

Residual: 𝑵𝑵 eqs ≫ 𝒓𝒓 dof

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐁𝐁𝐮𝐮
�𝐀𝐀 = 𝐕𝐕⊤𝐀𝐀𝐀𝐀
�𝐁𝐁 = 𝐕𝐕⊤𝐁𝐁

The Operator 
Inference ROM 
form is defined by 
projection-based 
reduction theory 
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In classical projection 
approaches:



OPERATOR INFERENCE reflects the 
structure of a physics-based model
to learn reduced models from data

full-order 
model (FOM): 

reduced-order 
model (ROM): �̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐁𝐁𝐮𝐮 �̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐇𝐇 �𝐱𝐱⊗ �𝐱𝐱 + �𝐁𝐁𝐮𝐮

𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐇𝐇 𝐱𝐱⊗ 𝐱𝐱 + 𝐁𝐁𝐁𝐁𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐁𝐁𝐁𝐁

represent high-dimensional state 𝐱𝐱 ∈ ℝ𝑵𝑵 in 
a low dimensional basis 𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓 : 𝐱𝐱 ≈ 𝐕𝐕𝐱𝐱𝑟𝑟

The ROM form is inspired by classical intrusive physics-based 
model reduction, but the operators are learned directly from data
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Our Operator Inference approach
blends model reduction & machine learning

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

�𝐗𝐗⊤�𝐀𝐀⊤ + �𝐗𝐗⊗ �𝐗𝐗 ⊤�𝐇𝐇⊤ + 𝐔𝐔⊤�𝐁𝐁⊤ − �̇𝐗𝐗⊤

low-dimensional 
operators define the 

reduced model
as a dynamical 

system

snapshots generated from 
projected simulation data

minimum residual 
formulation leads to 
linear least squares

• For Markovian data, OpInf has preasymptotic recovery of intrusive ROM [Peherstorfer, 2020]

• Projection-based model reduction preserves physics structure by construction
• Projection-based reduced models are interpretable (evolution of modal coordinates)

Non-intrusive learning by 
inferring reduced operators from 
simulation data [Peherstorfer & W., 2016]

Define the structure 
of the reduced model
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Our Operator Inference approach
blends model reduction & machine learning

1. Generate snapshots from high-fidelity simulation

2. Compute POD basis (SVD) – we have the freedom to choose our variables

3. Compute snapshot low-dimensional representation (matrix-vector multiplications)

4. Solve linear least squares minimization problem to infer the low-dimensional model

Operator Inference is non-intrusive and scalable

Non-intrusive learning by 
inferring reduced operators from 
simulation data [Peherstorfer & W., 2016]

Define the structure 
of the reduced model
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Our Operator Inference approach
blends model reduction & machine learning

• OpInf for non-polynomial nonlinear systems [Qian et al., 2020, Benner et al., 2020]

• Regularization is key [McQuarrie, Huang & W., 2021]

• OpInf formulation in PDE setting [Qian, Farcas & W., 2022]

• Parametric OpInf [McQuarrie, S., Khodabakhshi & W., 2023]

• Quadratic Manifold OpInf [Geelen, Wright & W., 2023, Geelen et al. 2024]

• Bayesian OpInf [Guo, McQuarrie & W., 2022]

• Distributed OpInf [Farcas et al., 2025]

• Block-structured OpInf [Zastrow et al., 2025]

• Nested OpInf [Aretz & W., 2025]

Non-intrusive learning by 
inferring reduced operators from 
simulation data [Peherstorfer & W., 2016]

Define the structure 
of the reduced model
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Distributed Operator Inference
enables reduced modeling at scale

Given snapshots from high-fidelity simulation (or experiment) 
generate projected transformed snapshots
1. Load snapshots from disk

2. Apply data transformations,
such as lifting, centering & scaling

3. Compute POD basis

4. Compute global representation of
transformed data in low-dimensional space

Given low-dimensional snapshot data,
infer reduced model operators
1. Loop over regularization parameters;

solve regularized OpInf least-squares problem

𝐗𝐗𝐨𝐨𝐨𝐨𝐨𝐨𝐨𝐨 =
| |

𝐱𝐱(𝑡𝑡1) … 𝐱𝐱(𝑡𝑡𝐾𝐾)
| |

𝐗𝐗𝐨𝐨𝐨𝐨𝐨𝐨𝐨𝐨 ⟶  𝐗𝐗

𝐗𝐗 = 𝐕𝐕 𝚺𝚺 𝐖𝐖⊤ 

�𝐗𝐗 = 𝐕𝐕⊤𝐗𝐗 

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

�𝐗𝐗⊤�𝐀𝐀⊤ + �𝐗𝐗⊗ �𝐗𝐗 ⊤�𝐇𝐇⊤ + 𝐔𝐔⊤�𝐁𝐁⊤ − �̇𝐗𝐗⊤
F

2
+ regularization
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Given low-dimensional snapshot data,
infer reduced model operators
1. Loop over regularization parameters;

solve regularized OpInf least-squares problem

partition snapshots across 𝑝𝑝 processing units; 
choose partitions to minimize communication 
in computing data transformations

use POD method of snapshots:
𝐂𝐂 = 𝐗𝐗⊤𝐗𝐗

𝐂𝐂𝐂𝐂 = 𝐔𝐔𝚲𝚲
𝐓𝐓𝑟𝑟 = 𝐔𝐔𝑟𝑟𝚲𝚲𝑟𝑟

−𝟏𝟏/𝟐𝟐

 �𝐗𝐗 = 𝐓𝐓𝑟𝑟𝐂𝐂

split regularization parameters into disjoint 
subsets; perform parallel reduction to find 
optimal regularization parameters

Distributed Operator Inference
enables reduced modeling at scale

Given snapshots from high-fidelity simulation (or experiment) 
generate projected transformed snapshots
1. Load snapshots from disk

2. Apply data transformations,
such as lifting, centering & scaling

3. Compute POD basis

4. Compute global representation of
transformed data in low-dimensional space

Farcas, Gundevia, 
Munipalli & W., 2024



Different variable 
choices lead to 
different structure 
in the system

Example: There are 
multiple ways to write 
the Euler equations

𝑞𝑞 = �1 𝜌𝜌

𝜕𝜕
𝜕𝜕𝜕𝜕

𝑤𝑤
𝑝𝑝
𝑞𝑞

+

𝑤𝑤
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧 + 𝑞𝑞

𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧

𝛾𝛾𝛾𝛾
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧 + 𝑤𝑤

𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧

𝑞𝑞
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧 + 𝑤𝑤

𝜕𝜕𝑞𝑞
𝜕𝜕𝑧𝑧

= 0

specific volume variables

transformed system
has quadratic structure

𝜕𝜕
𝜕𝜕𝜕𝜕

𝜌𝜌
𝜌𝜌𝑤𝑤
𝐸𝐸

+
𝜕𝜕
𝜕𝜕𝑧𝑧

𝜌𝜌𝑤𝑤
𝜌𝜌𝑤𝑤2 + 𝑝𝑝
𝐸𝐸 + 𝑝𝑝 𝑤𝑤

= 0

𝐸𝐸 =
𝑝𝑝

𝛾𝛾 − 1
+

1
2
𝜌𝜌𝑤𝑤2

𝜕𝜕
𝜕𝜕𝜕𝜕

𝜌𝜌
𝑤𝑤
𝑝𝑝

+

𝜌𝜌
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧

+ 𝑤𝑤
𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧

𝑤𝑤
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧

+
1
𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧

𝛾𝛾𝛾𝛾
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧

+ 𝑤𝑤
𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧

= 0

conservative variables
mass, momentum, energy

primitive variables
mass, velocity, pressure

𝐱̇𝐱𝑟𝑟 = 𝐇𝐇𝑟𝑟 𝐱𝐱𝑟𝑟 ⊗ 𝐱𝐱𝑟𝑟 + 𝐁𝐁𝑟𝑟𝐮𝐮

𝐱̇𝐱 = 𝐇𝐇 𝐱𝐱⊗ 𝐱𝐱 + 𝐁𝐁𝐁𝐁

ROM has quadratic structure
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Modeling the combustion chamber of 
a rotating detonation rocket engine
• LES simulations of the reactive, viscous

3D Navier-Stokes equations

• Skeletal chemistry mechanism based on the
Foundational Fuel Chemistry Model (FFCMy-12)

• Non-premixed fuel injection (gaseous methane and oxygen)



Modeling the combustion chamber of 
a rotating detonation rocket engine

1. Training data & data transformations
• LES simulation 136M spatial dof for full RDRE, timestep 
𝛥𝛥𝛥𝛥 = 10−9s, ~1M CPU hours per 1ms on 16K cores

• Available data: 501 down-sampled combustion chamber 
snapshots over [2.50, 3.75] ms (~4 periods of two-wave 
system) interpolated onto structured grid with 4.2M dof

• 18 transformed state variables (+ scale & center):
specific volume, pressure, 3D velocity, temperature,
12 species mass fractions (full chemistry data)

• Transformed training data: snapshots 𝐗𝐗 ∈  ℝ76M×375 Two dominant co-rotating waves in the 
quasi-limit-cycle behavior of the flow



Modeling the combustion chamber of a 
rotating detonation rocket engine

2. Compute low-dimensional representation

• Snapshot matrix of transformed variables
𝐗𝐗 ∈  ℝ76M×375

                                �𝐗𝐗 = 𝐔𝐔𝒓𝒓𝚲𝚲𝒓𝒓
−𝟏𝟏/𝟐𝟐𝐂𝐂 ∈  ℝ𝑟𝑟×375

• Singular values guide the choice of 𝑟𝑟 
(low-data regime limits size of non-intrusive ROM)

• POD basis only computed if needed for reconstruction

21

3. Infer reduced operators
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Parallel computations on Frontera (TACC) 
show excellent scalability
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——  CFD (𝑵𝑵 = 𝟕𝟕𝟕𝟕𝟕𝟕)
——  ROM (𝒓𝒓 = 𝟐𝟐𝟐𝟐) close to 

injectors
within the 

detonation region
outside the 

detonation region

pr
ed

ic
tio

n
tr

ai
ni

ng

pr
es

su
re

 (M
Pa

)

Rotating detonation rocket engine simulation: weeks → milliseconds
76M → 24 dof
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RDRE pressure 
contours:
Reduced model 
captures coarse 
behavior but 
does not resolve 
all fine-scale 
dynamics

C
FD

 (𝑵𝑵
=
𝟕𝟕𝟕𝟕
𝟕𝟕

)
R

O
M

 (𝒓𝒓
=
𝟐𝟐𝟐𝟐

)



Sometimes a LINEAR BASIS 
is NOT ENOUGH

Snapshot collection across 
different time steps and 
initial conditions

Slow decay of the singular values
→ reduced model has high dimension
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Cahn-Hilliard
phase-field model

Rudy Geelen



Sometimes a LINEAR BASIS 
is NOT ENOUGH
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Wave Equation



Go beyond a linear basis

via approximation in a
nonlinear manifold

but maintain the structure-preserving 
properties of projection
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Lift to quadratic form + linear projection
• Gu. IEEE, 2011
• Benner & Breiten. SISC, 2015
• Benner & Goyal. MTNS, 2016
• Benner, Goyal, Gugercin. SIMAX, 2018
• Kramer & W. AIAA J., 2019
and many more

Approximation in a nonlinear manifold
• Rutzmoser, Rixen, Tiso, Jain. 

Computers & Structures, 2017
• Jain, Tiso, Rutzmoser, Rixen. 

Computers & Structures, 2017
• Barnett & Farhat. JCP, 2022
• Axås, Cenedese, Haller.

Nonlinear Dynamics, 2022
• Barnett, Farhat, Maday. JCP, 2023

• Benner, Goyal, Heiland, Pontes Duff. 
PAMM, 2023

• Geelen, Wright, W. CMAME, 2023
• Geelen, Balzano, W. IEEE CDC, 2023
• Sharma, Mu, Buchfink, Geelen, Glas, 

Kramer. CMAME, 2023
• Cohen, Farhat, Maday, Somacal.

C.R. Mecanique, 2023
• Geelen, Balzano, Wright, W. Chaos, 2024
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Instead of the linear approximation 𝐱𝐱 ≈ 𝐕𝐕�𝐱𝐱, 
represent the high-dimensional state 𝐱𝐱 ∈ ℝ𝑵𝑵 
in a polynomial manifold:

polynomial terms are 
computed element-wise, 
i.e., if �𝐱𝐱 = �𝑥𝑥1, �𝑥𝑥2 ⊤, then 
�𝐱𝐱𝑝𝑝 = �𝑥𝑥1

𝑝𝑝, �𝑥𝑥2
𝑝𝑝 ⊤

Nonlinear dimensionality reduction 
via polynomial manifolds

• reference state 𝐱𝐱ref ∈ ℝ𝑁𝑁 
(scaling/shifting is important)

• reduced state �𝐱𝐱 ∈ ℝ𝑟𝑟 (as before)
• basis matrices 𝐕𝐕 ∈ ℝ𝑁𝑁×𝑟𝑟 , �𝐕𝐕 ∈ ℝ𝑁𝑁×𝑞𝑞

• a coefficient matrix 𝚵𝚵 ∈ ℝ𝑞𝑞× 𝑝𝑝−1 𝑟𝑟

• polynomial terms up to degree 𝑝𝑝 ≥ 2 in 
vector 𝐠𝐠 �𝐱𝐱 ∈ ℝ 𝑝𝑝−1 𝑟𝑟

(other nonlinear terms possible too)

𝐱𝐱 𝑡𝑡 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 𝑡𝑡 + �𝐕𝐕𝚵𝚵𝐠𝐠 �𝐱𝐱 𝑡𝑡 with   𝐠𝐠 �𝐱𝐱 ≔

�𝐱𝐱2 𝑡𝑡
�𝐱𝐱3 𝑡𝑡
⋮

�𝐱𝐱𝑝𝑝 𝑡𝑡

∈ ℝ 𝑝𝑝−1 𝑟𝑟
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• Choose the columns of 𝐕𝐕 and �𝐕𝐕 to form an orthonormal set:  𝐕𝐕, �𝐕𝐕 ⊤ 𝐕𝐕, �𝐕𝐕 = 𝐈𝐈r+q 

• Given snapshot data  𝐗𝐗 =
|
𝐱𝐱1
|

|
𝐱𝐱2
|

⋅⋅⋅
|
𝐱𝐱𝑘𝑘
|

 ,

• Given the polynomial manifold representation:   𝐱𝐱 𝑡𝑡 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 𝑡𝑡 + �𝐕𝐕𝚵𝚵𝐠𝐠 �𝐱𝐱 𝑡𝑡

formulate a general Representation Learning problem:

𝐕𝐕, �𝐕𝐕,𝚵𝚵, �𝐗𝐗 = argmin
𝐕𝐕,�𝐕𝐕,𝚵𝚵,�𝐗𝐗

1
2
�
𝑗𝑗=1

𝑘𝑘

𝐱𝐱𝑗𝑗 − 𝐱𝐱ref − 𝐕𝐕 �𝐕𝐕
�𝐱𝐱𝑗𝑗

𝚵𝚵𝐠𝐠 �𝐱𝐱𝑗𝑗 𝟐𝟐

𝟐𝟐

+
𝛾𝛾
2

𝚵𝚵 F
2

such that 𝐕𝐕 , �𝐕𝐕 ⊤ 𝐕𝐕, �𝐕𝐕 = 𝐈𝐈r+q

How to compute 𝐕𝐕, �𝐕𝐕, 𝚵𝚵, �𝐱𝐱?

Nonlinear dimensionality reduction



Nonlinear Dimensionality Reduction
Simple illustrative example #1

• Generate dataset by uniformly sampling the 
trajectory at 𝑘𝑘 = 100 values of 𝑡𝑡 

• Reference state 𝐱𝐱ref chosen as the initial 
condition 𝐱𝐱(0)

• Compute left singular vectors of 𝐗𝐗 − 𝐗𝐗ref :

𝐯𝐯1 =
−0.9347

0
−0.3554

; 𝐯𝐯2 =
0
1
0

; 𝐯𝐯3 =
−0.3554

0
−0.9347

𝜎𝜎1 = 12.94 𝜎𝜎2 = 7.04 𝜎𝜎3 = 4.28

3D trajectory parameterized by variable 𝑡𝑡 ∈ [0,2𝜋𝜋]

𝐱𝐱 𝑡𝑡 =
𝑥𝑥1 𝑡𝑡
𝑥𝑥2 𝑡𝑡
𝑥𝑥3 𝑡𝑡

=
cos 𝑡𝑡
sin 𝑡𝑡

cos 2𝑡𝑡 /2

Linear approximation with 𝑟𝑟 = 2

𝐱𝐱 𝑡𝑡 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 𝑡𝑡 + 𝐯𝐯2 �𝑥𝑥2 𝑡𝑡

30

�𝑥𝑥3

�𝑥𝑥2 �𝑥𝑥1



�𝑥𝑥1

�𝑥𝑥3

�𝑥𝑥2

Choosing 𝑟𝑟 = 2, 𝑝𝑝 = 2 (quadratic embeddings) 
we infer from the data the scalar coefficients 
Ξ1,Ξ2 = −0.192,0.887
𝐱𝐱 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 + 𝐯𝐯2 �𝑥𝑥2 + 𝐯𝐯3 Ξ1 �𝑥𝑥12 + Ξ2 �𝑥𝑥22𝐱𝐱 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 + 𝐯𝐯2 �𝑥𝑥2

�𝑥𝑥1�𝑥𝑥2

�𝑥𝑥3

�𝑥𝑥2

Both approximations are of the same dimensionality 𝒓𝒓 = 𝟐𝟐 (by means of POD coordinates �𝑥𝑥1, �𝑥𝑥2)
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Nonlinear Dimensionality Reduction
Simple illustrative example #1



Full-order model (FOM)
state 𝐱𝐱 ∈ ℝ𝑁𝑁

input 𝐮𝐮 ∈ ℝ𝑁𝑁𝑖𝑖

Reduced-order model 
(ROM)
state �𝐱𝐱 ∈ ℝ𝑟𝑟

𝑟𝑟 ≪ 𝑁𝑁

𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐁𝐁𝐁𝐁

Approximate
𝐱𝐱 ≈ 𝐕𝐕�𝐱𝐱
𝐕𝐕 ∈ ℝ𝑁𝑁×𝑟𝑟

𝐫𝐫 = 𝐕𝐕�̇𝐱𝐱 − 𝐀𝐀𝐀𝐀�𝐱𝐱 − 𝐁𝐁𝐁𝐁

Project
𝐕𝐕⊤𝐫𝐫 = 0

Residual: 𝑵𝑵 eqs ≫ 𝒓𝒓 dof

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐁𝐁𝐮𝐮
�𝐀𝐀 = 𝐕𝐕⊤𝐀𝐀𝐀𝐀
�𝐁𝐁 = 𝐕𝐕⊤𝐁𝐁

Projecting a
linear system

32

Approximation in a 
linear subspace



Full-order model (FOM)
state 𝐱𝐱 ∈ ℝ𝑁𝑁

input 𝐮𝐮 ∈ ℝ𝑁𝑁𝑖𝑖

Reduced-order model 
(ROM)
state �𝐱𝐱 ∈ ℝ𝑟𝑟

𝑟𝑟 ≪ 𝑁𝑁

𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐁𝐁𝐁𝐁

Approximate
𝐱𝐱 ≈ 𝐕𝐕�𝐱𝐱 + �𝐕𝐕𝚵𝚵𝐠𝐠 �𝐱𝐱 𝑡𝑡
𝐕𝐕 ∈ ℝ𝑁𝑁×𝑟𝑟, �𝐕𝐕 ∈ ℝ𝑁𝑁×𝑞𝑞, 𝐕𝐕⊤�𝐕𝐕=0

𝐫𝐫 = 𝐕𝐕�̇𝐱𝐱 + �𝐕𝐕𝚵𝚵𝐠̇𝐠(�𝐱𝐱) − 𝐀𝐀𝐀𝐀�𝐱𝐱 − 𝐀𝐀�𝐕𝐕𝚵𝚵𝐠𝐠 �𝐱𝐱 𝑡𝑡 − 𝐁𝐁𝐁𝐁

Project
𝐕𝐕⊤𝐫𝐫 = 0

Residual: 𝑵𝑵 eqs ≫ 𝒓𝒓 dof

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐏𝐏𝐠𝐠 �𝐱𝐱 𝑡𝑡 + �𝐁𝐁𝐮𝐮
33

�𝐀𝐀 = 𝐕𝐕⊤𝐀𝐀 𝐕𝐕
 �𝐏𝐏 = 𝐕𝐕⊤𝐀𝐀�𝐕𝐕𝚵𝚵
 �𝐁𝐁 = 𝐕𝐕⊤𝐁𝐁

Projecting a
linear system

Approximation 
in a polynomial 
manifold



FOM:

ROM:

𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐁𝐁𝐁𝐁

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱

�̇𝐱𝐱 = � 𝐜𝐜 + �𝐀𝐀�𝐱𝐱 + �𝐁𝐁𝐮𝐮

Linear Subspace ROM    

The ROM form is defined by projection theory, but ROM operators 
�𝐜𝐜, �𝐀𝐀, �𝐇𝐇, �𝐁𝐁 are learned directly from data using Operator Inference 34

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 + �𝐕𝐕𝚵𝚵𝐠𝐠 �𝐱𝐱

𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐁𝐁𝐁𝐁

�̇𝐱𝐱 = � 𝐜𝐜 + �𝐀𝐀�𝐱𝐱 + �𝐏𝐏𝐠𝐠 �𝐱𝐱 + �𝐁𝐁𝐮𝐮

closure term appears in ROM;
representing effects of 
neglected POD modes

Polynomial Manifold ROM



OPERATOR INFERENCE learns the 
reduced model representation
on the polynomial manifold

min
𝐜̂𝐜,�𝐀𝐀,�𝐁𝐁,�𝐏𝐏

� 𝐜𝐜 ⊤ + �𝐗𝐗⊤�𝐀𝐀⊤ + �𝐖𝐖⊤�𝐏𝐏⊤ + 𝐔𝐔⊤�𝐁𝐁⊤ − �̇𝐗𝐗⊤

low-dimensional 
operators define the 

reduced model
as a dynamical 

system

snapshots generated from 
projected simulation data

minimum residual 
formulation leads to 
linear least squares

• All steps of Operator Inference are non-intrusive and highly scalable
• Regularization is often needed to prevent overfitting to training data [McQuarrie, Huang & W., 2021]

Non-intrusive learning by inferring reduced 
operators from simulation data [Peherstorfer & W., 2016]

Define the structure 
of the reduced model
�̇𝐱𝐱 = � 𝐜𝐜 + �𝐀𝐀�𝐱𝐱 + �𝐏𝐏𝐠𝐠 �𝐱𝐱 + �𝐁𝐁𝐮𝐮

polynomial terms computed 
from snapshot data
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Summary: Nonlinear manifold reduced 
order modeling via Operator Inference 

Solve the representation learning problem to compute the nonlinear manifold 
defined by 𝐕𝐕, �𝐕𝐕, 𝚵𝚵, �𝐱𝐱 (POD-based approach or Alternating Minimization approach) 

Given a physics model of known form and snapshot data  𝐗𝐗 =
|
𝐱𝐱1
|

|
𝐱𝐱2
|

⋅⋅⋅
|
𝐱𝐱𝑘𝑘
|

Postulate the form of the reduced model by (pencil and paper) 
projecting the governing equations onto the nonlinear manifold

Infer the reduced model operators from projected snapshot data 
using Operator Inference

1

2

3
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Example: Incompressible Navier-Stokes
• Consider the 2D transient flow past 

a circular cylinder

• Governing equations
𝜕𝜕𝐮𝐮
𝜕𝜕𝑡𝑡

+ ∇ � 𝐮𝐮⊗ 𝐮𝐮 = ∇𝑝𝑝 +
1
𝑅𝑅𝑅𝑅

∆𝐮𝐮
∇ � 𝐮𝐮 = 0

• Because of the problem symmetry, 
the POD modes come in pair with 
alternating symmetry properties 
𝐯𝐯1, 𝐯𝐯2 ; 𝐯𝐯3, 𝐯𝐯4 ; 𝐯𝐯5, 𝐯𝐯6 ; 𝐯𝐯7, 𝐯𝐯8

• 8 POD modes capture 99.89% of 
snapshot energy

POD mode 1

POD mode 3

POD mode 5

POD mode 7
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• Linear subspace Operator Inference 
models and 𝑟𝑟 = 2 and 𝑟𝑟 = 8

• Nonlinear approximation with 
quadratic embeddings (𝑝𝑝 = 2)

Flow field prediction (vorticity) at 𝑡𝑡 = 8
Stable limit cycle behavior

Example: Incompressible Navier-Stokes

linear 
subspace 
models

quadratic 
manifold 
models
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Reduced-order models are critical enablers 
for design, control, UQ & digital twins

• Projection-based reduced models preserve physics structure by construction, 
are interpretable, and are highly effective for a broad range of physics

• Non-intrusive ROM methods exploit the complementary strengths of
outside-in and inside-out approaches to surrogate modeling

• Cost of generating ROM training data remains a barrier for many applications  
→  this is a significant research need
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