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Motivation

Proper orthogonal
decomposition (POD)

is a workhorse of
dimension reduction and
reduced-order modeling.

But the computational
cost of generating
training snapshots is
often prohibitive.
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«108 surface velocity data

Uncertainty in basal friction field
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Leads to significant uncertainty in prediction quantities of
interest (ice mass change, contribution to sea level rise)
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- 11 mm

To achieve estimate
accuracy of

+1mm sea level rise
(95% confidence)
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sea level rise
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| (95% confidence)
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root mean squared error estimate [Gt]
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ice mass change [Gt]

Why not just replace the high-fidelity model?
— model bias of surrogate models
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Multifidelity methods achieve target accuracy
with reduced computational budget
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Multifidelity Uncertainty Quantification

_ Speed-up compared to
» Surrogate models are essential for speed-up MC sampling for target

- Each multifidelity method employs surrogates differently accuracy +1mm SLR
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Why use a multifidelity formulation?

——a—=e

Reduced-order or surrogate model Full model
(approximate) (“truth”)
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Why use a multifidelity formulation?

r—-e

Reduced-order or surrogate model Full model
(approximate) (“truth”)
Computationally Computationally

cheaper expensive
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Why use a multifidelity formulation?
e

Reduced-order or surrogate model Full model
(approximate) (“truth”)
Certified?

l yes

* Replace full model with
reduced model and solve
{opt, UQ, inverse}

* Propagate error estimates
on forward predictions to
determine error in
{opt, UQ, inverse} solutions
(may be non-trivial)

12



Why use a multifidelity formulation?
e

Reduced-order or surrogate model Full model
(approximate) (“truth”)

Certified?

lno

* Replace full model with
reduced model and solve
{opt, UQ, inverse}

» Hope for the best

13



Why use a multifidelity formulation?
e

Reduced-order or surrogate model Full model
(approximate) (“truth”)
Certified?

no

l

« Use a multifidelity formulation that invokes both
the reduced model and the full model

« Trade computational cost for the ability to place
guarantees on the solution of {opt, UQ, inverse}

14



Why use a multifidelity formulation?
e

Reduced-order or surrogate model Full model
(approximate) (“truth”)
Certified?

no

l

« Use a multifidelity formulation that invokes both
the reduced model and the full model

« Trade computational cost for the ability to place
guarantees on the solution of {opt, UQ, inverse}

 Certify the solution of {opt, UQ, inverse} even in
the absence of guarantees on the reduced
model itself

15



Multifidelity models come in different forms

Covering a range of different resolutions, scales, reduced order,
modeling assumptions, etc.

low-fidelity models

simplified models

— natural problem hierarchies
— carly-stopping criteria

— coarse-grid approximations

|

projection-based models

data-fit models

— proper orthogonal decomposition

— reduced basis method

— Krylov subspace methods

— interpolation /regression
— kriging

— support vector machines

From Peherstorfer, W, Gunzburger. Survey of multifidelity methods in
uncertainty propagation, inference, and optimization. SIAM Review, 2018 45



Multifidelity
Monte Carlo

leveraging multiple
approximate models to
estimate statistics of
the high-fidelity model

Ng & W. AIAA 2012, IUNME 2014
Peherstorfer, W, Gunzburger, SISC 2016

high-fidelity model 2

:

f:Z - Y(“truth”)

:

K — 1 surrogate models

fO, Bz >y

model £ has cost w;

m; evaluations for model i, with

m < m; < .. Smg

Models do not necessarily form a hierarchy
(cf. multi-level Monte Carlo)

— How to combine models?
— How to balance evaluations among them?

17



+ Draw my, realizations z, ..., zy,, of Z and evaluate .

f(i)(zl); ___,f(i)(Zmi) N f(1) >

Multifidelity .
Monte Carlo L EA Ve

« Compute mean estimators :
(1 _(k _(2 _(k ‘
3’7511) y?’g’tk) and y’”(”l) '"’y’”(”’?-l u;—» FUO —LL

\4

leveraging multiple

approximate models to
estimate statistics of
the high-fidelity model  MFMC estimator:

K
A —(1 —(i —(i
s= 30+ Y e (59 -59.)

o=

Ng & W. AIAA 2012, IUNME 2014 MFMC mean estimate using  mean estimate mean estimate
estimate for  m, evaluations of using m; using m;_4
the mean truth model evaluations of  evaluations of

model i model i



Multifidelity
Monte Carlo

optimally allocate
computational
budget across

K models

Peherstorfer, W., Gunzburger, SISC, 2016

« MFMC estimator K

s= 30+ Y a9 -59.)

T &

MFMC mean estimate using  mean estimate mean estimate

estimate for  m, evaluations of using m; using m;_4
the mean truth model evaluations of evaluations of
model i model i

« MFMC estimator is unbiased, even with no
error bounds for surrogates: E[S] = s

 MSE is given by Var[
Var|[s + Z <m > (aizal-z — Zaipiaial)
i—1 m;

- o2 is variance of f(2)

- p, is correlation coefficient between £ (2) and £ (2)

19



Multifidelity
Monte Carlo

We optimally balance
the number of model
evaluations to obtain
the best multifidelity
estimator given the
computational budget

K
e The costs of the MFMC estimator are:  ¢(8) = z w;m;

=1

* Minimize the MSE of the MFMC estimator for a given

computational budget p. Leads to optimization problem

min Var|[s]
m € RK,a,,...ag€ R
such that mi_1 <myi=2,..,K
0< mq

c)=wim=p

Distinguishing features of MFMC method:

— optimal selection of the number of model evaluations
m; < m, < .. < mg and of coefficients a5, ..., ax

— applicable to general information sources
(e.g., any type of surrogate model, database curve fits, etc.)

20



Let's come back to POD



Proper
Orthogonal
Decomposition

Given a set of
snapshots, find

the POD basis

and the associated
POD singular values

Consider m snapshots x,,x,, ...,X,,, € RY
(solutions at selected times or parameter values)

Form the snapshot matrix X = [x; X, ... X,,]

Choose the r basis vectors V= [V; V, ... V]
to be left singular vectors of the snapshot matrix,
with singular values

01 =20y 2" 20p=20p41="2=207, =0

This is the optimal projection in a least squares
sense:

m m
i T, 112
min 3 I - VVixil3= > of
i=1 i=r+1

22



Proper
Orthogonal
Decomposition

Given a set of
snapshots, find

the POD basis

and the associated
POD singular values

POD basis vectors are

 the left singular vectors of the snapshot matrix
X=[x; X5 ... Xp]

- the eigenvectors of XX
m

XXT = z X; X, (N x N)

=1

 linear combinations of the snapshots
UX, where U are the eigenvectors of XX

m
XX = z XE_XL- (m X m)
i=1

23



Mu|t|f|de||ty Consider two fidelity levels sampled over parameters 6:
PrOper « High-fidelity snapshots

Orthogonal Xni = [X(8:1) X(82) .. X(Om,)]
DeCOmpOSitiOn » Low-fidelity snapshots (mapped to common reference)
X)o = [¥(0,) %(8,) ... %(6:,)]

Xit) — [%(0m1+1) §(0m1+2) %(emz)]

Aretz & W. Multifidelity equivalent of Jpop(V) = L IX —VVTX]|5 is
Multifidelity Proper m

1

Orthogonal

| Docomposition. Ims(V, @) = — 1Xni — VVTXpll5 +
1

1 In preparation.

a a
— || [X10 Xio] = VVT[Xjo X1, — = lX10 = VV X513

24



Multifidelity
Proper
Orthogonal
Decomposition

Aretz & W.
Multifidelity Proper
. Orthogonal
Decomposition.
1 In preparation.

1
Ty (V,@) = 2= ) 1x(8) = VVTx(8)]
=1

m, miq
a . T 2 _ @ = T 2
+— ) [IX(0;) —VV'X(0;)||5 —— ) [IX(8;) — VV'X(6;)]l5
M2 = T~

We compute the mfPOD basis as the eigenvectors of

ImrVi = AV,

Glossing over important details:

» Choosing a (control variate coefficients)

» Choosing m,, m, (optimal sample allocations across models)
 Mapping X and x to have the same representation

* Jmys Not guaranteed to be positive semidefinite

25



lllustrative Example: 1D advection diffusion
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captured energy [%]

lllustrative Example: 1D advection diffusion
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captured energy [%]

lllustrative Example: 1D advection diffusion
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ler

lce sheet dynamics of Pine Island Glac

Example
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Example: Ice sheet dynamics of Pine Island Glacier

POD trained on 5 random parameter samples and MFPOD trained on 3 high-fidelity samples
timet=0, 1, 2, 3, 4, 5 (30 data points total) and 18 low-fidelity samples
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Example: Ice sheet dynamics of Pine Island Glacier

POD trained on 5 random parameter samples and MFPOD trained on 3 high-fidelity samples
timet=0, 1, 2, 3, 4, 5 (30 data points total) and 18 low-fidelity samples
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Example: Ice sheet dynamics of Pine Island Glacier

POD trained on 5 random parameter samples
andtimet=0, 1, 2, 3, 4, 5 (30 data points total)

POD modes: Ice thickness
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POD modes: Velocity
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Summary

« Multifidelity POD addresses the expense of
generating training data.

* It has the potential provide orders of magnitude
iIn computational speedups together with
theoretical guarantees of accuracy.

* We would love to try it out on a challenging
real-world fusion example...

34
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