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Advertisement

Learning-enhanced: light training, un-supervised

Structure-preserving: conservation of mass/momentum/energy; dissipation of entropy

Deterministic particle method: scalability in high dimensions

Collisional Plamsa models

Check out Yan Huang ’s poster
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complexity of disruption causes
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a wide range of plasma configurations
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Open loop control

Plamsa instabilities

Vlasov-Poisson system
∂t f + v · ∇x f −∇xVf · ∇v f = 0 (x , v) ∈ R2d

∆Vf = 1− ρf (t, x) = 1−
∫
f dv

f (0, x , v) = f0(x , v) = f eq(v) + f̃ (x , v)
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Control

min
H

J(f [H]) :=
1

2
‖f [H](T )− f eq‖2

L2(x,v)

s.t. Vlasov-Poisson
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Open loop control

Adjoint state method

{
minH J(f )

s.t. L(f ,H) = 0
⇐⇒ min

H
J(f [H])

Gradient descent

Hk+1 = Hk −∇HJ(f [Hk ])

∇HJ(f [Hk ]) =
∂J

∂f

∂f

∂H
??

∇HJ(f [Hk ])>ξ = lim
ε→0

1

ε
(J(f [Hk + εξ]))− J(f [Hk ]))) too expensive!

Adjoint state method

J̃(f , g ,H) = J(f ) + gL(f ,H)

∇H J̃ =
∂J̃

∂f

∂f

∂H
+
∂J̃

∂g

∂g

∂H
+
∂J̃

∂H
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Open loop control

PDE-constrained optimization

{
minH J(f )

s.t. L(f ,H) = 0
⇐⇒ min

H
J(f [H])

Gradient descent

Hk+1 = Hk −∇HJ(f [Hk ])

∇HJ(f [Hk ]) =
∂J

∂f

∂f

∂H
??
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ε
(J(f [Hk + εξ]))− J(f [Hk + εξ]))) too expensive!

Adjoint state method

J̃(f , g ,H) = J(f ) + gL(f ,H)

∇H J̃ =
∂J̃

∂f︸︷︷︸
=0, adjoint

∂f

∂H
+

∂J̃

∂g︸︷︷︸
=0, forward

∂g

∂H
+
∂J̃

∂H
only 2 PDE solvers!
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Open loop control

Compute the gradient: continuous version

min
H

J(f [H])

s.t.


∂t f + v∂x f − (H + E [f ])∂v f = 0

E [f ] = ∂xG ∗ (1− ρf )

f (t = 0, x , v) = f0 = f eq + f̃ ,

Lagrangian

L(f ,H, g , η) =J(f )−〈∂t f +v∂x f −(H+∂xG∗(1−ρf ))∂v f , g〉x,v,t−〈f (t = 0)−f0, η〉x,v

Adjoint{
∂tg + v∂xg − H∂vg + [G ′ ∗ (ρf − 1)]∂vg + G ′ ∗ 〈f , ∂vg〉v = 0 ⇐= ∂L

∂f
= 0

g(T , x , v) = f (T )− f eq ⇐= ∂L
∂f (T )

= 0

Gradient

∇HJ =
∂L

∂H
= 〈∂v f , g〉v,t
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Open loop control

Discretizations

DTO vs OTD 1

Optimize-then-Discretize
∇HJ = 〈∂v f , g〉v,t

Discretize-then-Optimize

H = (H(x1), · · · ,H(xm))

∇HJ = (∂H1J, · · · ∂HmJ) ∂Hi J = 〈∂v f , g〉v,t(xi )

Semi-Lagrangian

Strang splitting

1Hinze, Pinnau, Ulbrich, Optimization with PDE Constrains, 2018
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Open loop control

Suppress two-steam instability

Set up
f (0, x , v) = (1 + α cos(βx))f eq(v) , (x , v) ∈ [0, 2π/β]× [−6, 6]

f eq(v) =
1

2
√

2π

(
exp

(
− (v − v)2

2

)
+ exp

(
− (v + v)2

2

))
.

Opt landscape: minH J(f ) := 1
2
‖f (40, ·x , ·v )− f eq(·v )‖2

2, H(x) =
∑

ak cos (0.2kx)
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Open loop control

5d parameter: hybrid optimizer
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Improvements

Better parameterization

Improve optimization

Reduce computational cost
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Open loop control

Moment system


∂t f + v∂x f + (E + H)∂v f = 0 ,

E = −∂xφ, ∂xE = −∂2
xφ = ρ− ρion , ρ =

∫
f dv .

f (x , v , t) =
∑∞

n=0 mn(x , t)H̃en(v)e−
v2

2 , H̃en(v) =

√
1√

2πn!
(−1)ne

v2

2
dn

dvn
e−

v2

2

Let mn(x , t) =
∫
R f (x , v , t)H̃en(v)dv , then

∂tm0 + ∂xm1 = 0,

∂tm1 + ∂xm0 +
√

2∂xm2 = (E + H)m0,

∂tm2 +
√

2∂xm1 +
√

3∂xm3 =
√

2(E + H)m1,

...

∂tmN +
√
N∂xmN−1 +

√
N + 1∂xmN+1 =

√
N(E + H)mN−1 .∫ ∫

|f (x , v , t)− f eq(x , v)|2dvdx ≤
∑∞

n=0 ||mn(·, t)−mn(·)||22 where

f eq(x , v) =
∑∞

n=0 mn(x)H̃en(v)e−
v2

2
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Open loop control

Quantifying errors

H(x ;α) =
∑
k

αkψk(x)

minα
1
2

∑N
n=0 ||m

N
n (T ;α)−mn||22

∂tm
N
N + AN∂xm

N
N +
√
N + 1∂xmN+1eN+1

= (EN + H)DNm
N
N ,

EN = −∂xφN , −∂2
xφN = ρN − ρion

ρN(x , t) = (2π)
1
4 mN

0 (x , t),

minα
1
2
||f (T ;α)− f eq||2L2

x,v
∂t f + v∂x f + (E + H)∂v f = 0
E = −∂xφ, −∂2

xφ = ρ− ρion
ρ(x , t) =

∫
f (x , v , t)dv

Target error: Ag := ∂vg + vg
∞∑

n=N+1

‖mn −mn‖2
L2
x
. N−k‖Ak(f − µ)‖2

w−1
v L2

x

Optimizer error 2:

|L[Ĥmom]− L[ĤVP ]| .
√
N + 1

Nk/2
‖Ak fN‖w−1

v L2
x

2Einkemmer, Li, Mouhot, Yue, 2025
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Open loop control

Results

Two-stream instability

Bump-on-tail instability
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Dynamic feedback control
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Dynamic feedback control

Feedback control

Main drawback

Lose effect beyond T :

min
H

∫ T

0

· · ·

How to include time dependence?

H(x) =
∑
k

αkψk(x)

Goal:
Find feedback law: H[δf ](t, x)

Li Wang (Minnesota) Control Plasma instability 21 / 32



Dynamic feedback control

Feedback control

Main drawback

Lose effect beyond T :

min
H

∫ T

0

· · ·

How to include time dependence?

H(x) =
∑
k

αkψk(x)

Goal:
Find feedback law: H[δf ](t, x)

Li Wang (Minnesota) Control Plasma instability 21 / 32



Dynamic feedback control

Neural operators 3

DeepONet

PNN(u)(y ; θ,w , ξ) =

p∑
k=1

bNNk (u(x1), · · · , u(xN); θ,w)︸ ︷︷ ︸
branch net

tNNk (y ; ξ)︸ ︷︷ ︸
trunck net

Fourier Neural Operators

g(x) = F−1(Rφ · F(u))(x), Rφ(k , (Fu)(k)) := φθ(k , (Fu)(k))

Transformer

Q = XWQ ,K = XW K ,V = XW V , Attn(Q,K ,V ) = softmax

(
QK>√

h

)
V

Q: Is there any structure we can leverage from the problem itself?

3Lu et al 2019
Li et al 2021
Kovachki et al, 2018
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Dynamic feedback control

Hint from the model

Linearization: f = f eq + δf , ‖δf ‖ � ‖f eq‖

J (δf ,H) =

∫ ∞
0

1

2
||δf (·, ·, t)||2x,v +

γ

2
||H(·, t)||2xdt,

∂tδf + v∂xδf + (δE + H)∂v f
eq = 0 ,

δE(x , t) = −∂xΦ(x , t), −∂2
xΦ(x , t) = δρ(x , t) ,

δρ(x , t) =
∫∞
−∞ δf (x , v , t)dv .

optimal control H∗
∂tλ
∗ + v∂xλ

∗ − 〈∂x1G(·, x),
∫
λ∗(·, v ′, t)∂v f

eq(v ′)dv ′〉 = −δf ,

γH∗ −
∫
λ∗∂v f

eqdv = 0 .

=⇒ a single-layer low-rank neural operator

H[δf (t)](x ; θ) =
r∑

k=1

φk(x ; θφ)

∫∫
ψk(y , v ; θψ)δf (y , v , t)dydv , θ = {θφ, θψ}.
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Dynamic feedback control

Two-stream instabilities

Hindep(x) =
15∑
k=1

θk sin( k
5
x) +

15∑
k=0

θk+16 cos( k
5
x).
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Dynamic feedback control

Two-stream instabilities
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Dynamic feedback control

Bump-on-tail instabilities

f eq(v) =
0.9√

2π
exp(− (v+2)2

2
) +

0.1√
0.5π

exp(− (v−3.5)2

0.5
)
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Dynamic feedback control

Robust control under noisy feedback

δf σ(x , v , t) = δf (x , v , t) + σNx,v,t .

Figure: Left σ = 2× 10−5 (0.1 · ||δf0||∞), middle: σ = 5× 10−5 (0.25 · ||δf0||∞), right:
σ = 1× 10−4 (0.5 · ||δf0||∞).
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Dynamic feedback control

A quasi-optimal universal control

Perturbation δf := f − f eq satisfies

∂tδf + v∂xδf + E∂vδf + (δE + H)∂v f = 0

δE [δf (t)](x) = −∂x(−∂2
x )−1δρ(x , t), δρ(x , t) =

∫
δf (x , v , t)dv .

Design the electric field

H[δf (t)](x) = −δE [δf (t)](x)︸ ︷︷ ︸
cancel self-generated δE

+ δH[δf (t)](x)︸ ︷︷ ︸
additional dissipation

1

2

d

dt
||δf (t)||22 = −

∫
δH(x , t)

[ ∫
δf (x , v , t)∂v f

eq(x , v)dv
]
dx .

=⇒ δH[δf (t)](x) = γ

∫
δf (x , v , t)∂v f

eq(x , v)dv , γ > 0
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Dynamic feedback control

A 2D example
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Conclusion & Discussion
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Conclusion & Discussion

Conclusion & Discussion

Conclusion

kinetic equation constrained optimization

moment control

feedback control

Limitations & Future work

Model

Magnetic effects
Unknown boundary conditions, actuator delays, turbulence

Control:

δf is impossible to measure
time delay, better generalization

Optimization

parameterization, objective function, optimizer
analyze the optimization landscape =⇒ better parameterization
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