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PDE-constrained optimization 

s.t.

• Inverse problems

• Control problems
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minEJ [f ]

Find parameter that minimizes mismatch

Find parameter that achieves desired property



PDE-constrained optimization — control problems
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@tf + v ·rxf + E ·rvf = Q[f ]
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min
E,Q

J [f ]

s.t.



PDE-constrained optimization 

s.t.
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L[f,E, g] = J [f ]� hN [f ;E]� S , gi

<latexit sha1_base64="wQkFcb1Zf/l00/Y4J8hxJULWv3s=">AAACB3icbZDLSsNAFIYn9VbrLepSkGARXJSSiFSXRRFcuKhgL5CGMplO2qEzkzAzEUrIzo2v4saFIm59BXe+jZM0C239YeDjP+cw5/x+RIlUtv1tlJaWV1bXyuuVjc2t7R1zd68jw1gg3EYhDUXPhxJTwnFbEUVxLxIYMp/irj+5yurdBywkCfm9mkbYY3DESUAQVNoamId9BtVYsIQRnuaMIE1uUzeoXddG3sCs2nU7l7UITgFVUKg1ML/6wxDFDHOFKJTSdexIeQkUiiCK00o/ljiCaAJH2NXIIcPSS/I7UutYO0MrCIV+XFm5+3sigUzKKfN1Z7apnK9l5n81N1bBhZcQHsUKczT7KIippUIrC8UaEoGRolMNEAmid7XQGAqIlI6uokNw5k9ehM5p3WnUG3dn1eZlEUcZHIAjcAIccA6a4Aa0QBsg8AiewSt4M56MF+Pd+Ji1loxiZh/8kfH5A12lmZ8=</latexit>

minL[f,E, g]

<latexit sha1_base64="AyGd2BO1hDUjbPgCFX10vzpD6nc=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCh1ISkepFKIrgwUMFWwtNCJvtpl262YTdjVBCTl78K148KOLV3+DNf+OmzUFbHww83pthZp4fMyqVZX0bpYXFpeWV8mplbX1jc8vc3unIKBGYtHHEItH1kSSMctJWVDHSjQVBoc/IvT+6zP37ByIkjfidGsfEDdGA04BipLTkmftOjISiiHlpULuqDTInRGqIEUtvsnPLM6tW3ZoAzhO7IFVQoOWZX04/wklIuMIMSdmzrVi5ab4CM5JVnESSGOERGpCephyFRLrp5I0MHmqlD4NI6OIKTtTfEykKpRyHvu7Mj5SzXi7+5/USFZy5KeVxogjH00VBwqCKYJ4J7FNBsGJjTRAWVN8K8RAJhJVOrqJDsGdfnied47rdqDduT6rNiyKOMtgDB+AI2OAUNME1aIE2wOARPINX8GY8GS/Gu/ExbS0Zxcwu+APj8wfs0ZjJ</latexit>

@f,E,gL = 0



<latexit sha1_base64="3IoMzQOBWsfKML03zU+aFvoK0pc="></latexit>

@gL = 0 ) eqn
<latexit sha1_base64="JzffuOEhAIdDuXV/VlllFcWqwaE="></latexit>

@fL = 0 ) adjoint

PDE-constrained optimization
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Forward solver + Adjoint (backward) solver
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En+1 = En � ⌘
�J
�E

����
En

PDE-constrained optimization
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PDE-constrained optimization in plasma 
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@tf +vrxf � (E +H)rvf = 0

E = rxV

�V = 1�
R
fdv

<latexit sha1_base64="MthjRL68lkI/hKzIBmOj1B8jMiY="></latexit>

@tf + v ·rxf| {z }
ẋ=v

� (rxG(x; y) ⇤ (1� ⇢) +H) ·rvf| {z }
v̇=�E�H

= 0
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PDE-constrained optimization — Vlasov stablization



@tf + v ·rxf| {z }
ẋ=v

� (rxG(x; y) ⇤ (1� ⇢) +H) ·rvf| {z }
v̇=�E�H

= 0
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<latexit sha1_base64="fX4M7WRoACU0/Cwg7/hnSHAI56Y=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQhJDU0Meu6MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbJ20FFT1w4XDOvdx7T5gwqrTjfFiFtfWNza3idmlnd2//oHx41FUilZh0sGBC9kOkCKOcdDTVjPQTSVAcMtILp9e537snUlHB7/QsIUGMxpxGFCNtJP8iG5BEUSb4fFiuOHazUat6NejYjlN3q25OqnXv0oOuUXJUwArtYfl9MBI4jQnXmCGlfNdJdJAhqSlmZF4apIokCE/RmPiGchQTFWSLk+fwzCgjGAlpimu4UL9PZChWahaHpjNGeqJ+e7n4l+enOmoEGeVJqgnHy0VRyqAWMP8fjqgkWLOZIQhLam6FeIIkwtqkVDIhfH0K/yfdqu16dvPWq7SuVnEUwQk4BefABXXQAjegDToAAwEewBN4trT1aL1Yr8vWgrWaOQY/YL19AuIdka8=</latexit>

PDE-constrained optimization — Vlasov stablization



@tf + v ·rxf| {z }
ẋ=v

� (rxG(x; y) ⇤ (1� ⇢) +H) ·rvf| {z }
v̇=�E�H

= 0

<latexit sha1_base64="PUR7ahPULS7kYVjWZYBtOJbL/UI="></latexit>

if H = 0 , feq = h(v)

<latexit sha1_base64="Y1l9i0HVQjbECN6wlRB9Alxnqsc=">AAACFnicbZA9SwNBEIb3/DZ+RS1tFoMQIYY7EdQiELSxVDAq5ELY28wlS/Y+sjsnhiO/wsa/YmOhiK3Y+W/c5FJo4sDCw/vOsDOvF0uh0ba/rZnZufmFxaXl3Mrq2vpGfnPrRkeJ4lDjkYzUncc0SBFCDQVKuIsVsMCTcOt1z4f+7T0oLaLwGvsxNALWDoUvOEMjNfMHLsIDpsIfuL2EtehFxXZLpYz9ZmZCb0ArtFO832/mC3bZHhWdBmcMBTKuy2b+y21FPAkgRC6Z1nXHjrGRMoWCSxjk3ERDzHiXtaFuMGQB6EY6OmtA94xitoiUeSHSkfp7ImWB1v3AM50Bw46e9Ibif149Qf+kkYowThBCnn3kJ5JiRIcZ0ZZQwFH2DTCuhNmV8g5TjKNJMmdCcCZPnoabw7JzVD69OipUz8ZxLJEdskuKxCHHpEouyCWpEU4eyTN5JW/Wk/VivVsfWeuMNZ7ZJn/K+vwBv2meeA==</latexit>

Stable unstable
(Landau damping) (two-stream instability)

+✏

<latexit sha1_base64="fX4M7WRoACU0/Cwg7/hnSHAI56Y=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQhJDU0Meu6MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbJ20FFT1w4XDOvdx7T5gwqrTjfFiFtfWNza3idmlnd2//oHx41FUilZh0sGBC9kOkCKOcdDTVjPQTSVAcMtILp9e537snUlHB7/QsIUGMxpxGFCNtJP8iG5BEUSb4fFiuOHazUat6NejYjlN3q25OqnXv0oOuUXJUwArtYfl9MBI4jQnXmCGlfNdJdJAhqSlmZF4apIokCE/RmPiGchQTFWSLk+fwzCgjGAlpimu4UL9PZChWahaHpjNGeqJ+e7n4l+enOmoEGeVJqgnHy0VRyqAWMP8fjqgkWLOZIQhLam6FeIIkwtqkVDIhfH0K/yfdqu16dvPWq7SuVnEUwQk4BefABXXQAjegDToAAwEewBN4trT1aL1Yr8vWgrWaOQY/YL19AuIdka8=</latexit>

PDE-constrained optimization — Vlasov stablization



@tf + v ·rxf| {z }
ẋ=v

� (rxG(x; y) ⇤ (1� ⇢) +H) ·rvf| {z }
v̇=�E�H

= 0

<latexit sha1_base64="PUR7ahPULS7kYVjWZYBtOJbL/UI="></latexit>

if H = 0 , feq = h(v)

<latexit sha1_base64="Y1l9i0HVQjbECN6wlRB9Alxnqsc=">AAACFnicbZA9SwNBEIb3/DZ+RS1tFoMQIYY7EdQiELSxVDAq5ELY28wlS/Y+sjsnhiO/wsa/YmOhiK3Y+W/c5FJo4sDCw/vOsDOvF0uh0ba/rZnZufmFxaXl3Mrq2vpGfnPrRkeJ4lDjkYzUncc0SBFCDQVKuIsVsMCTcOt1z4f+7T0oLaLwGvsxNALWDoUvOEMjNfMHLsIDpsIfuL2EtehFxXZLpYz9ZmZCb0ArtFO832/mC3bZHhWdBmcMBTKuy2b+y21FPAkgRC6Z1nXHjrGRMoWCSxjk3ERDzHiXtaFuMGQB6EY6OmtA94xitoiUeSHSkfp7ImWB1v3AM50Bw46e9Ibif149Qf+kkYowThBCnn3kJ5JiRIcZ0ZZQwFH2DTCuhNmV8g5TjKNJMmdCcCZPnoabw7JzVD69OipUz8ZxLJEdskuKxCHHpEouyCWpEU4eyTN5JW/Wk/VivVsfWeuMNZ7ZJn/K+vwBv2meeA==</latexit>

unstable
(two-stream instability)

+✏

<latexit sha1_base64="fX4M7WRoACU0/Cwg7/hnSHAI56Y=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0UQhJDU0Meu6MZlBfuANJTJdNIOncyEmYlQQj/DjQtF3Po17vwbJ20FFT1w4XDOvdx7T5gwqrTjfFiFtfWNza3idmlnd2//oHx41FUilZh0sGBC9kOkCKOcdDTVjPQTSVAcMtILp9e537snUlHB7/QsIUGMxpxGFCNtJP8iG5BEUSb4fFiuOHazUat6NejYjlN3q25OqnXv0oOuUXJUwArtYfl9MBI4jQnXmCGlfNdJdJAhqSlmZF4apIokCE/RmPiGchQTFWSLk+fwzCgjGAlpimu4UL9PZChWahaHpjNGeqJ+e7n4l+enOmoEGeVJqgnHy0VRyqAWMP8fjqgkWLOZIQhLam6FeIIkwtqkVDIhfH0K/yfdqu16dvPWq7SuVnEUwQk4BefABXXQAjegDToAAwEewBN4trT1aL1Yr8vWgrWaOQY/YL19AuIdka8=</latexit>

Design          so to suppress instabilityH

<latexit sha1_base64="lfuYL0qeJTWMHajRi6QNrzglQuY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FveSYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M7+d++wmV5rF8MJME/YgOJQ85o8ZKjVq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aV2VvUr5tlEpVe+yOPJwBudwCR5cQxVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AaFZjNg=</latexit>

PDE-constrained optimization — Vlasov stablization



<latexit sha1_base64="3IoMzQOBWsfKML03zU+aFvoK0pc="></latexit>

@gL = 0 ) eqn

s.t.
<latexit sha1_base64="0C8gaxRrPFHNQ8v6/UaoX6N4V+s=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIVJdFEcRVBfuAdiiZNNOGJpkhyQhlmJUbf8WNC0Xc+g3u/Bsz01lo64HAyTn3cu89fsSo0o7zbZWWlldW18rrlY3Nre0de3evrcJYYtLCIQtl10eKMCpIS1PNSDeSBHGfkY4/ucr8zgORiobiXk8j4nE0EjSgGGkjDezDPkd6LHnCqUgH1zD/YsSS27QXeAO76tScHHCRuAWpggLNgf3VH4Y45kRozJBSPdeJtJcgqSlmJK30Y0UihCdoRHqGCsSJ8pL8jBQeG2UIg1CaJzTM1d8dCeJKTblvKrMt1byXif95vVgHF15CRRRrIvBsUBAzqEOYZQKHVBKs2dQQhCU1u0I8RhJhbZKrmBDc+ZMXSfu05tZr9buzauOyiKMMDsAROAEuOAcNcAOaoAUweATP4BW8WU/Wi/VufcxKS1bRsw/+wPr8AcO7mVM=</latexit>

minEJ [f ]

<latexit sha1_base64="AyGd2BO1hDUjbPgCFX10vzpD6nc=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCh1ISkepFKIrgwUMFWwtNCJvtpl262YTdjVBCTl78K148KOLV3+DNf+OmzUFbHww83pthZp4fMyqVZX0bpYXFpeWV8mplbX1jc8vc3unIKBGYtHHEItH1kSSMctJWVDHSjQVBoc/IvT+6zP37ByIkjfidGsfEDdGA04BipLTkmftOjISiiHlpULuqDTInRGqIEUtvsnPLM6tW3ZoAzhO7IFVQoOWZX04/wklIuMIMSdmzrVi5ab4CM5JVnESSGOERGpCephyFRLrp5I0MHmqlD4NI6OIKTtTfEykKpRyHvu7Mj5SzXi7+5/USFZy5KeVxogjH00VBwqCKYJ4J7FNBsGJjTRAWVN8K8RAJhJVOrqJDsGdfnied47rdqDduT6rNiyKOMtgDB+AI2OAUNME1aIE2wOARPINX8GY8GS/Gu/ExbS0Zxcwu+APj8wfs0ZjJ</latexit>

@f,E,gL = 0
<latexit sha1_base64="pIt9L7vZ5ZB5NQh2dAMQc4FXXoY="></latexit>

@EL = 0 ) KKT

8
><

>:

@tf +vrxf � (E +H)rvf = 0

E = rxV

�V = 1�
R
fdv

<latexit sha1_base64="MthjRL68lkI/hKzIBmOj1B8jMiY="></latexit>

<latexit sha1_base64="GSEr9TH8zCkWx/b8PrVPRNyLZow="></latexit>

L = J [f ]� heqn , gi � hinitial , ⌘i

@tg + v@xg �H@vg + [G0 ⇤ (⇢f � 1)]@vg +G
0 ⇤ hf@vgi = �@J

@f
(t, x, v)

<latexit sha1_base64="m7h7hm5roqh0dEIKddzS59PrzzY="></latexit>

PDE-constrained optimization — Vlasov stablization



Forward solver + Adjoint (backward) solver

@tg + v@xg �H@vg + [G0 ⇤ (⇢f � 1)]@vg +G
0 ⇤ hf@vgi = �@J

@f
(t, x, v)

<latexit sha1_base64="m7h7hm5roqh0dEIKddzS59PrzzY="></latexit>

@tf + v@xg �H@vf + [G0 ⇤ (⇢f � 1)]@vf = 0

<latexit sha1_base64="m2mSVYLvZmqkHmOTvJRXJjDdNNg=">AAACL3icbVDLSgMxFM34rPU16tJNsIiKtMxIQV0IRUFdVrCt0BmGTJppQzMPkjvFUvpHbvwVNyKKuPUvzLRFtHogcO459ya5x08EV2BZL8bM7Nz8wmJuKb+8srq2bm5s1lWcSspqNBaxvPOJYoJHrAYcBLtLJCOhL1jD715kfqPHpOJxdAv9hLkhaUc84JSAljzz0kmIBE6EB8Fh77u4bxevv4tegA+bV3sOUbDvyE7sBUX7wP1hn1meWbBK1gj4L7EnpIAmqHrmk9OKaRqyCKggSjVtKwF3kF1JBRvmnVSxhNAuabOmphEJmXIHo32HeFcrLRzEUp8I8Ej9OTEgoVL90NedIYGOmvYy8T+vmUJw4g54lKTAIjp+KEgFhhhn4eEWl4yC6GtCqOT6r5h2iCQUdMR5HYI9vfJfUj8q2eXS6U25UDmfxJFD22gH7SMbHaMKukZVVEMUPaAn9IrejEfj2Xg3PsatM8ZkZgv9gvH5BVc0qTU=</latexit>

PDE-constrained optimization — Vlasov stablization

<latexit sha1_base64="MH4okNBkOSi+fJmPKyPKH7KB21M=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiFSPRS/FUwVrC0kom+2mXbq7CbsboYRc/CtePCji1Z/hzX/jps1BWx8MPN6bYWZemDCqtON8W5WV1bX1jepmbWt7Z3fP3j94UHEqMenimMWyHyJFGBWkq6lmpJ9IgnjISC+c3BR+75FIRWNxr6cJCTgaCRpRjLSRBvaRz6kYZO0c+hzpMUYsu829KBjYdafhzACXiVuSOijRGdhf/jDGKSdCY4aU8lwn0UGGpKaYkbzmp4okCE/QiHiGCsSJCrLZAzk8NcoQRrE0JTScqb8nMsSVmvLQdBZXqkWvEP/zvFRHV0FGRZJqIvB8UZQyqGNYpAGHVBKs2dQQhCU1t0I8RhJhbTKrmRDcxZeXycN5w202mncX9dZ1GUcVHIMTcAZccAlaoA06oAswyMEzeAVv1pP1Yr1bH/PWilXOHII/sD5/ANCAlpE=</latexit>

min
H

J [f ]
<latexit sha1_base64="+plFCygRpbupEP4tWEsFdDQRrM0="></latexit>

H
n+1 = H

n � h
�J
�H

����
Hn



Focused beam
PDE-constrained optimization — Vlasov stablization



Focused beam
PDE-constrained optimization — Vlasov stablization



2-stream
PDE-constrained optimization — Vlasov stablization



2-stream
PDE-constrained optimization — Vlasov stablization



PDE-constrained optimization — Vlasov stablization

L. Einkemmer, Q. Li, L. Wang and Y. Yang. Suppressing instability in a Vlasov–Poisson system by an external electric field through constrained optimization, JCP, 498

Failed attempts 
External field needs to be parameterized

<latexit sha1_base64="KW44/F3nsa2DXhBkFOSoAIcN/dI=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZjghewagx6JXjhi4gIJbEi3dKGh227arpFs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz321lb39jc2i7sFHf39g8OS0fHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38389iNVmknxYCYJDWI8FCxiBBsr+Y3K0wXql8pu1Z0DrRIvJ2XI0eyXvnoDSdKYCkM41rrruYkJMqwMI5xOi71U0wSTMR7SrqUCx1QH2fzYKTq3ygBFUtkSBs3V3xMZjrWexKHtjLEZ6WVvJv7ndVMT3QQZE0lqqCCLRVHKkZFo9jkaMEWJ4RNLMFHM3orICCtMjM2naEPwll9eJa3Lqler1u6vyvXbPI4CnMIZVMCDa6hDA5rgAwEGz/AKb45wXpx352PRuubkMyfwB87nD5iajeg=</latexit>

H(x) vs.
<latexit sha1_base64="76jVaecLKDDu5mywD3APCXXCHe0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCuymJSHUjFN10WcE+oAlhMp20QyaTMDORllA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89fsKoVJb1baysrq1vbBa2its7u3v75sFhW8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjp+eDv1Ow9ESBrzezVOiBuhAacBxUhpyTOPG+VRBV47Mo28ECIvdCTl5XBU8cySVbVmgMvEzkkJ5Gh65pfTj3EaEa4wQ1L2bCtRboaEopiRSdFJJUkQDtGA9DTlKCLSzWYfTOCZVvowiIUuruBM/T2RoUjKceTrzgipoVz0puJ/Xi9VwZWbUZ6kinA8XxSkDKoYTuOAfSoIVmysCcKC6lshHiKBsNKhFXUI9uLLy6R9XrVr1drdRal+k8dRACfgFJSBDS5BHTRAE7QABo/gGbyCN+PJeDHejY9564qRzxyBPzA+fwCNgZW0</latexit>

H(x) =
X

k

ak sin(kx)



PDE-constrained optimization — Vlasov stablization

L. Einkemmer, Q. Li, L. Wang and Y. Yang. Suppressing instability in a Vlasov–Poisson system by an external electric field through constrained optimization, JCP, 498

Failed attempts 
External field needs to be parameterized

Over-parameterization may help

<latexit sha1_base64="BuSfdfxiD8lXrbf9ystBjdjwSiM=">AAACCnicbVC7SgNBFJ31GeMramkzGoSkCbsi0SYQtEkZwTwgWZfZyWwy7MzsMjMrCUtqG3/FxkIRW7/Azr9x8ig08cCFwzn3cu89fsyo0rb9ba2srq1vbGa2sts7u3v7uYPDpooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlp+eDPxWw9EKhqJOz2KictRX9CAYqSN5OVOaoVhEVa6KuFeGlac8X3q2GOIvLCrqCiEw6KXy9slewq4TJw5yYM56l7uq9uLcMKJ0JghpTqOHWs3RVJTzMg4200UiREOUZ90DBWIE+Wm01fG8MwoPRhE0pTQcKr+nkgRV2rEfdPJkR6oRW8i/ud1Eh1cuSkVcaKJwLNFQcKgjuAkF9ijkmDNRoYgLKm5FeIBkghrk17WhOAsvrxMmuclp1wq317kq9fzODLgGJyCAnDAJaiCGqiDBsDgETyDV/BmPVkv1rv1MWtdseYzR+APrM8f6gKZKw==</latexit>

H(x) =
10X

k=1

ak sin(kx)vs.

<latexit sha1_base64="ZXkPOTsOdqyvOHFsYZ5LPw1B/CU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAjtpiQq1U2h6KbLCvYBTQ2T6bQdMpmEmYm0hGzd+CtuXCji1j9w5984bbPQ1gMXDufcy733eBGjUlnWt7Gyura+sZnbym/v7O7tmweHLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7/s3Ubz8QIWnI79QkIr0ADTkdUIyUllwT1ovjEqw6Mg7cxK/a6X1ynkLk+o6kvOiPS65ZsMrWDHCZ2BkpgAwN1/xy+iGOA8IVZkjKrm1FqpcgoShmJM07sSQRwj4akq6mHAVE9pLZJyk81UofDkKhiys4U39PJCiQchJ4ujNAaiQXvan4n9eN1eCql1AexYpwPF80iBlUIZzGAvtUEKzYRBOEBdW3QjxCAmGlw8vrEOzFl5dJ66xsV8qV24tC7TqLIweOwQkoAhtcghqogwZoAgwewTN4BW/Gk/FivBsf89YVI5s5An9gfP4AdlqY8w==</latexit>

H(x) =
3X

k=1

ak sin(kx)



PDE-constrained optimization — Vlasov stablization

Failed attempts 
External field needs to be parameterized

Over-parameterization may help

Objective function highly oscillatory, luck dependent
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L. Einkemmer

PDE-constrained optimization in plasma 

Theory

R. Jorge

U. Shumlak

How did Landau Damping damp?

C. Mouhot



<latexit sha1_base64="GB8jz3EO4Vd+RauUS904RAbodiQ=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQ1DIjUt0IRRFcVrAPmA5DJk3a0MyDJFMsQ3/Cjb/ixoUibgV3/o2ZthRtPRA495x7k9zjx5xJZVnfRm5hcWl5Jb9aWFvf2Nwyt3fqMkoEJjUc8Ug0fSQJZyGpKaY4acaCoMDnpOH3rjO/0SdCsii8V4OYuAHqhIwyjJSWPPO4FSOhGOKeovAI9qflAz25cag7rfv00vLMolWyRoDzxJ6QIpig6plfrXaEk4CECnMkpWNbsXLT7ErMybDQSiSJEe6hDnE0DVFApJuOthrCA620IY2EPqGCI/X3RIoCKQeBrzsDpLpy1svE/zwnUfTCTVkYJ4qEePwQTThUEcwigm0mCFZ8oAnCgum/QtxFAmGlgyzoEOzZledJ/bRkl0vlu7Ni5WoSRx7sgX1wCGxwDirgFlRBDWDwCJ7BK3gznowX4934GLfmjMnMLvgD4/MHLxae2A==</latexit>

@tf + v@xf � E[f ]@vf = 0

<latexit sha1_base64="AFNSBfku57+cdh0jm24wuXFHW3E=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBAEIeyKRC9C0IvHCOYB2TXMzs4mQ2Zml5leJSz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFaaCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN02SacoaNBGJbofEMMEVawAHwdqpZkSGgrXCwc3Ybz0ybXii7mGYskCSnuIxpwSs9BBf+TI79SMmgOC4Wyq7FXcCvEi8GSmjGerd0pcfJTSTTAEVxJiO56YQ5EQDp4KNin5mWErogPRYx1JFJDNBPrl6hI+tEuE40bYU4In6eyIn0pihDG2nJNA3895Y/M/rZBBfBjlXaQZM0emiOBMYEjyOAEdcMwpiaAmhmttbMe0TTSjYoIo2BG/+5UXSPKt41Ur17rxcu57FUUCH6AidIA9doBq6RXXUQBRp9Ixe0Zvz5Lw4787HtHXJmc0coD9wPn8AvPqSCQ==</latexit>

f = µ+ �f

<latexit sha1_base64="tX1zvsn2Yo6QuM3ON7xDZtBpsR0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiCGBKR6kYoiuCygn1AEsJkOmmHTh7MTIol9C/c+CtuXCjiVnf+jZM2FG09MHDuOffOzD1+wqiQpvmtLSwuLa+sltbK6xubW9v6zm5TxCnHpIFjFvO2jwRhNCINSSUj7YQTFPqMtPz+de63BoQLGkf3cpgQN0TdiAYUI6kkTzecBHFJEfNkAI/hYFo+BCc3duBO64ETppemp1dMwxwDzhOrIBVQoO7pX04nxmlIIokZEsK2zES6WX4pZmRUdlJBEoT7qEtsRSMUEuFm471G8FApHRjEXJ1IwrH6eyJDoRDD0FedIZI9Mevl4n+encrgws1olKSSRHjyUJAyKGOYhwQ7lBMs2VARhDlVf4W4hzjCUkVZViFYsyvPk+apYVWN6t1ZpXZVxFEC++AAHAELnIMauAV10AAYPIJn8AretCftRXvXPiatC1oxswf+QPv8AeM8n8Q=</latexit>

@tf + v@xf � E[f ]@vµ = 0

PDE-constrained optimization — Vlasov stablization, theory

<latexit sha1_base64="C5h6gqGfkmsfytTYMML9uAo7GF0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi1Y1QdOPCRQX7gCaEyXTSDp08mLkRSujCjb/ixoUibv0Id/6NkzYLbT1w4XDOvdx7j58IrsCyvo3Syura+kZ5s7K1vbO7Z+4fdFScSsraNBax7PlEMcEj1gYOgvUSyUjoC9b1x9e5331gUvE4uodJwtyQDCMecEpAS55ZdRIigRPhQYAvnZDAiBKR3U77geuZNatuzYCXiV2QGirQ8swvZxDTNGQRUEGU6ttWAm6WL6CCTStOqlhC6JgMWV/TiIRMudnsiSk+1soAB7HUFQGeqb8nMhIqNQl93ZlfqRa9XPzP66cQXLgZj5IUWETni4JUYIhxnggecMkoiIkmhEqub8V0RCShoHOr6BDsxZeXSee0bjfqjbuzWvOqiKOMqugInSAbnaMmukEt1EYUPaJn9IrejCfjxXg3PuatJaOYOUR/YHz+ANSlmDs=</latexit>

@tf = L[f ]



<latexit sha1_base64="tX1zvsn2Yo6QuM3ON7xDZtBpsR0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiCGBKR6kYoiuCygn1AEsJkOmmHTh7MTIol9C/c+CtuXCjiVnf+jZM2FG09MHDuOffOzD1+wqiQpvmtLSwuLa+sltbK6xubW9v6zm5TxCnHpIFjFvO2jwRhNCINSSUj7YQTFPqMtPz+de63BoQLGkf3cpgQN0TdiAYUI6kkTzecBHFJEfNkAI/hYFo+BCc3duBO64ETppemp1dMwxwDzhOrIBVQoO7pX04nxmlIIokZEsK2zES6WX4pZmRUdlJBEoT7qEtsRSMUEuFm471G8FApHRjEXJ1IwrH6eyJDoRDD0FedIZI9Mevl4n+encrgws1olKSSRHjyUJAyKGOYhwQ7lBMs2VARhDlVf4W4hzjCUkVZViFYsyvPk+apYVWN6t1ZpXZVxFEC++AAHAELnIMauAV10AAYPIJn8AretCftRXvXPiatC1oxswf+QPv8AeM8n8Q=</latexit>

@tf + v@xf � E[f ]@vµ = 0
<latexit sha1_base64="C5h6gqGfkmsfytTYMML9uAo7GF0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi1Y1QdOPCRQX7gCaEyXTSDp08mLkRSujCjb/ixoUibv0Id/6NkzYLbT1w4XDOvdx7j58IrsCyvo3Syura+kZ5s7K1vbO7Z+4fdFScSsraNBax7PlEMcEj1gYOgvUSyUjoC9b1x9e5331gUvE4uodJwtyQDCMecEpAS55ZdRIigRPhQYAvnZDAiBKR3U77geuZNatuzYCXiV2QGirQ8swvZxDTNGQRUEGU6ttWAm6WL6CCTStOqlhC6JgMWV/TiIRMudnsiSk+1soAB7HUFQGeqb8nMhIqNQl93ZlfqRa9XPzP66cQXLgZj5IUWETni4JUYIhxnggecMkoiIkmhEqub8V0RCShoHOr6BDsxZeXSee0bjfqjbuzWvOqiKOMqugInSAbnaMmukEt1EYUPaJn9IrejCfjxXg3PuatJaOYOUR/YHz+ANSlmDs=</latexit>

@tf = L[f ]
PDE-constrained optimization — Vlasov stablization, theory



<latexit sha1_base64="8GsQlrHygMmAwv5t6/wiCqt7uqY=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoFMuMSnUjFEXosoJ9wHQYMmmmDc08SDLFUvohbvwVNy4UceNC8G/MtEPR1gOBk3Puvck9bsSokIbxrWWWlldW17LruY3Nre0dfXevIcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRppu/ybxmwPCBQ2DezmMiO2jbkA9ipFUkqOftSPEJUXMkR4swsHs+uDBk8Kt5dnF6vFMHHjwChqOnjdKxgRwkZgpyYMUNUf/bHdCHPskkJghISzTiKQ9SoZiRsa5dixIhHAfdYmlaIB8IuzRZLkxPFJKB3ohVyeQcKL+7hghX4ih76pKH8memPcS8T/PiqV3aY9oEMWSBHj6kBczKEOYJAU7lBMs2VARhDlVf4W4hzjCUuWZUyGY8ysvksZpySyXynfn+cp1GkcWHIBDUAAmuAAVUAU1UAcYPIJn8AretCftRXvXPqalGS3t2Qd/oH39AFa/oEI=</latexit>

@tf + v@xf � (E[f ] +H)@vf = 0

<latexit sha1_base64="uYMiit9oK7+t/jAag6MI9cRzShY=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoFMuMaHUjFEXosoJ9QDsMmTTThiYzQ5IplqFf4sZfceNCEcGV/o3pg6KtBwIn59x7k3u8iFGpLOvbSC0tr6yupdczG5tb2zvm7l5NhrHApIpDFoqGhyRhNCBVRRUjjUgQxD1G6l7vZuTX+0RIGgb3ahARh6NOQH2KkdKSa563IiQURcxVPszD/uz64MOT3G3Td/Ll45nYb/EYXkHLNbNWwRoDLhJ7SrJgioprfrbaIY45CRRmSMqmbUXKSUZjMSPDTCuWJEK4hzqkqWmAOJFOMl5vCI+00oZ+KPQJFByrvzsSxKUccE9XcqS6ct4bif95zVj5l05CgyhWJMCTh/yYQRXCUVawTQXBig00QVhQ/VeIu0ggrHSiGR2CPb/yIqmdFuxioXh3li1dT+NIgwNwCHLABhegBMqgAqoAg0fwDF7Bm/FkvBjvxsekNGVMe/bBHxhfPw6IoS4=</latexit>

@tf + v@xf � (E[f ] +H)@vµ = 0

<latexit sha1_base64="AFNSBfku57+cdh0jm24wuXFHW3E=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBAEIeyKRC9C0IvHCOYB2TXMzs4mQ2Zml5leJSz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFaaCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN02SacoaNBGJbofEMMEVawAHwdqpZkSGgrXCwc3Ybz0ybXii7mGYskCSnuIxpwSs9BBf+TI79SMmgOC4Wyq7FXcCvEi8GSmjGerd0pcfJTSTTAEVxJiO56YQ5EQDp4KNin5mWErogPRYx1JFJDNBPrl6hI+tEuE40bYU4In6eyIn0pihDG2nJNA3895Y/M/rZBBfBjlXaQZM0emiOBMYEjyOAEdcMwpiaAmhmttbMe0TTSjYoIo2BG/+5UXSPKt41Ur17rxcu57FUUCH6AidIA9doBq6RXXUQBRp9Ixe0Zvz5Lw4787HtHXJmc0coD9wPn8AvPqSCQ==</latexit>

f = µ+ �f

<latexit sha1_base64="GB8jz3EO4Vd+RauUS904RAbodiQ=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQ1DIjUt0IRRFcVrAPmA5DJk3a0MyDJFMsQ3/Cjb/ixoUibgV3/o2ZthRtPRA495x7k9zjx5xJZVnfRm5hcWl5Jb9aWFvf2Nwyt3fqMkoEJjUc8Ug0fSQJZyGpKaY4acaCoMDnpOH3rjO/0SdCsii8V4OYuAHqhIwyjJSWPPO4FSOhGOKeovAI9qflAz25cag7rfv00vLMolWyRoDzxJ6QIpig6plfrXaEk4CECnMkpWNbsXLT7ErMybDQSiSJEe6hDnE0DVFApJuOthrCA620IY2EPqGCI/X3RIoCKQeBrzsDpLpy1svE/zwnUfTCTVkYJ4qEePwQTThUEcwigm0mCFZ8oAnCgum/QtxFAmGlgyzoEOzZledJ/bRkl0vlu7Ni5WoSRx7sgX1wCGxwDirgFlRBDWDwCJ7BK3gznowX4934GLfmjMnMLvgD4/MHLxae2A==</latexit>

@tf + v@xf � E[f ]@vf = 0

<latexit sha1_base64="AFNSBfku57+cdh0jm24wuXFHW3E=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBAEIeyKRC9C0IvHCOYB2TXMzs4mQ2Zml5leJSz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFaaCG3Ddb2dpeWV1bb2wUdzc2t7ZLe3tN02SacoaNBGJbofEMMEVawAHwdqpZkSGgrXCwc3Ybz0ybXii7mGYskCSnuIxpwSs9BBf+TI79SMmgOC4Wyq7FXcCvEi8GSmjGerd0pcfJTSTTAEVxJiO56YQ5EQDp4KNin5mWErogPRYx1JFJDNBPrl6hI+tEuE40bYU4In6eyIn0pihDG2nJNA3895Y/M/rZBBfBjlXaQZM0emiOBMYEjyOAEdcMwpiaAmhmttbMe0TTSjYoIo2BG/+5UXSPKt41Ur17rxcu57FUUCH6AidIA9doBq6RXXUQBRp9Ixe0Zvz5Lw4787HtHXJmc0coD9wPn8AvPqSCQ==</latexit>

f = µ+ �f

<latexit sha1_base64="tX1zvsn2Yo6QuM3ON7xDZtBpsR0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiCGBKR6kYoiuCygn1AEsJkOmmHTh7MTIol9C/c+CtuXCjiVnf+jZM2FG09MHDuOffOzD1+wqiQpvmtLSwuLa+sltbK6xubW9v6zm5TxCnHpIFjFvO2jwRhNCINSSUj7YQTFPqMtPz+de63BoQLGkf3cpgQN0TdiAYUI6kkTzecBHFJEfNkAI/hYFo+BCc3duBO64ETppemp1dMwxwDzhOrIBVQoO7pX04nxmlIIokZEsK2zES6WX4pZmRUdlJBEoT7qEtsRSMUEuFm471G8FApHRjEXJ1IwrH6eyJDoRDD0FedIZI9Mevl4n+encrgws1olKSSRHjyUJAyKGOYhwQ7lBMs2VARhDlVf4W4hzjCUkVZViFYsyvPk+apYVWN6t1ZpXZVxFEC++AAHAELnIMauAV10AAYPIJn8AretCftRXvXPiatC1oxswf+QPv8AeM8n8Q=</latexit>

@tf + v@xf � E[f ]@vµ = 0

PDE-constrained optimization — Vlasov stablization, theory



<latexit sha1_base64="uYMiit9oK7+t/jAag6MI9cRzShY=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoFMuMaHUjFEXosoJ9QDsMmTTThiYzQ5IplqFf4sZfceNCEcGV/o3pg6KtBwIn59x7k3u8iFGpLOvbSC0tr6yupdczG5tb2zvm7l5NhrHApIpDFoqGhyRhNCBVRRUjjUgQxD1G6l7vZuTX+0RIGgb3ahARh6NOQH2KkdKSa563IiQURcxVPszD/uz64MOT3G3Td/Ll45nYb/EYXkHLNbNWwRoDLhJ7SrJgioprfrbaIY45CRRmSMqmbUXKSUZjMSPDTCuWJEK4hzqkqWmAOJFOMl5vCI+00oZ+KPQJFByrvzsSxKUccE9XcqS6ct4bif95zVj5l05CgyhWJMCTh/yYQRXCUVawTQXBig00QVhQ/VeIu0ggrHSiGR2CPb/yIqmdFuxioXh3li1dT+NIgwNwCHLABhegBMqgAqoAg0fwDF7Bm/FkvBjvxsekNGVMe/bBHxhfPw6IoS4=</latexit>

@tf + v@xf � (E[f ] +H)@vµ = 0
<latexit sha1_base64="tX1zvsn2Yo6QuM3ON7xDZtBpsR0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiCGBKR6kYoiuCygn1AEsJkOmmHTh7MTIol9C/c+CtuXCjiVnf+jZM2FG09MHDuOffOzD1+wqiQpvmtLSwuLa+sltbK6xubW9v6zm5TxCnHpIFjFvO2jwRhNCINSSUj7YQTFPqMtPz+de63BoQLGkf3cpgQN0TdiAYUI6kkTzecBHFJEfNkAI/hYFo+BCc3duBO64ETppemp1dMwxwDzhOrIBVQoO7pX04nxmlIIokZEsK2zES6WX4pZmRUdlJBEoT7qEtsRSMUEuFm471G8FApHRjEXJ1IwrH6eyJDoRDD0FedIZI9Mevl4n+encrgws1olKSSRHjyUJAyKGOYhwQ7lBMs2VARhDlVf4W4hzjCUkVZViFYsyvPk+apYVWN6t1ZpXZVxFEC++AAHAELnIMauAV10AAYPIJn8AretCftRXvXPiatC1oxswf+QPv8AeM8n8Q=</latexit>

@tf + v@xf � E[f ]@vµ = 0

<latexit sha1_base64="C5h6gqGfkmsfytTYMML9uAo7GF0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi1Y1QdOPCRQX7gCaEyXTSDp08mLkRSujCjb/ixoUibv0Id/6NkzYLbT1w4XDOvdx7j58IrsCyvo3Syura+kZ5s7K1vbO7Z+4fdFScSsraNBax7PlEMcEj1gYOgvUSyUjoC9b1x9e5331gUvE4uodJwtyQDCMecEpAS55ZdRIigRPhQYAvnZDAiBKR3U77geuZNatuzYCXiV2QGirQ8swvZxDTNGQRUEGU6ttWAm6WL6CCTStOqlhC6JgMWV/TiIRMudnsiSk+1soAB7HUFQGeqb8nMhIqNQl93ZlfqRa9XPzP66cQXLgZj5IUWETni4JUYIhxnggecMkoiIkmhEqub8V0RCShoHOr6BDsxZeXSee0bjfqjbuzWvOqiKOMqugInSAbnaMmukEt1EYUPaJn9IrejCfjxXg3PuatJaOYOUR/YHz+ANSlmDs=</latexit>

@tf = L[f ]
<latexit sha1_base64="k0p2OlXIdoE2b4pxjahHRxDL+UE=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KolIdSMU3XThooJ9QBrCZDpph04ezEyEErpy46+4caGIW7/BnX/jpM1CWw9cOJxzL/fe4yecSWVZ38bS8srq2nppo7y5tb2za+7tt2WcCkJbJOax6PpYUs4i2lJMcdpNBMWhz2nHH93kfueBCsni6F6NE+qGeBCxgBGstOSZR70EC8Uw91SArnohVkOCeXY78RpO4HpmxapaU6BFYhekAgWanvnV68ckDWmkCMdSOraVKDfLVxBOJ+VeKmmCyQgPqKNphEMq3Wz6xgSdaKWPgljoihSaqr8nMhxKOQ593ZnfKee9XPzPc1IVXLoZi5JU0YjMFgUpRypGeSaozwQlio81wUQwfSsiQywwUTq5sg7Bnn95kbTPqnatWrs7r9SvizhKcAjHcAo2XEAdGtCEFhB4hGd4hTfjyXgx3o2PWeuSUcwcwB8Ynz8xVZj2</latexit>

@tf = LH [f ]

Question: design H to remove positive roots

PDE-constrained optimization — Vlasov stablization, theory



<latexit sha1_base64="uYMiit9oK7+t/jAag6MI9cRzShY=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoFMuMaHUjFEXosoJ9QDsMmTTThiYzQ5IplqFf4sZfceNCEcGV/o3pg6KtBwIn59x7k3u8iFGpLOvbSC0tr6yupdczG5tb2zvm7l5NhrHApIpDFoqGhyRhNCBVRRUjjUgQxD1G6l7vZuTX+0RIGgb3ahARh6NOQH2KkdKSa563IiQURcxVPszD/uz64MOT3G3Td/Ll45nYb/EYXkHLNbNWwRoDLhJ7SrJgioprfrbaIY45CRRmSMqmbUXKSUZjMSPDTCuWJEK4hzqkqWmAOJFOMl5vCI+00oZ+KPQJFByrvzsSxKUccE9XcqS6ct4bif95zVj5l05CgyhWJMCTh/yYQRXCUVawTQXBig00QVhQ/VeIu0ggrHSiGR2CPb/yIqmdFuxioXh3li1dT+NIgwNwCHLABhegBMqgAqoAg0fwDF7Bm/FkvBjvxsekNGVMe/bBHxhfPw6IoS4=</latexit>

@tf + v@xf � (E[f ] +H)@vµ = 0
<latexit sha1_base64="tX1zvsn2Yo6QuM3ON7xDZtBpsR0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiCGBKR6kYoiuCygn1AEsJkOmmHTh7MTIol9C/c+CtuXCjiVnf+jZM2FG09MHDuOffOzD1+wqiQpvmtLSwuLa+sltbK6xubW9v6zm5TxCnHpIFjFvO2jwRhNCINSSUj7YQTFPqMtPz+de63BoQLGkf3cpgQN0TdiAYUI6kkTzecBHFJEfNkAI/hYFo+BCc3duBO64ETppemp1dMwxwDzhOrIBVQoO7pX04nxmlIIokZEsK2zES6WX4pZmRUdlJBEoT7qEtsRSMUEuFm471G8FApHRjEXJ1IwrH6eyJDoRDD0FedIZI9Mevl4n+encrgws1olKSSRHjyUJAyKGOYhwQ7lBMs2VARhDlVf4W4hzjCUkVZViFYsyvPk+apYVWN6t1ZpXZVxFEC++AAHAELnIMauAV10AAYPIJn8AretCftRXvXPiatC1oxswf+QPv8AeM8n8Q=</latexit>

@tf + v@xf � E[f ]@vµ = 0

<latexit sha1_base64="/LPBpg+pIksvAhD4bTseb5g3uBY="></latexit>

L[⇢̂(·, k)](s)
⇣
1 + L[Û(·, k)](s)

⌘
= L[Ŝ(·, k)](s)

Laplace Fourier Equilibrium Free-streaming

cannot have roots on the positive side
Penrose condition

PDE-constrained optimization — Vlasov stablization, theory



<latexit sha1_base64="uYMiit9oK7+t/jAag6MI9cRzShY=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoFMuMaHUjFEXosoJ9QDsMmTTThiYzQ5IplqFf4sZfceNCEcGV/o3pg6KtBwIn59x7k3u8iFGpLOvbSC0tr6yupdczG5tb2zvm7l5NhrHApIpDFoqGhyRhNCBVRRUjjUgQxD1G6l7vZuTX+0RIGgb3ahARh6NOQH2KkdKSa563IiQURcxVPszD/uz64MOT3G3Td/Ll45nYb/EYXkHLNbNWwRoDLhJ7SrJgioprfrbaIY45CRRmSMqmbUXKSUZjMSPDTCuWJEK4hzqkqWmAOJFOMl5vCI+00oZ+KPQJFByrvzsSxKUccE9XcqS6ct4bif95zVj5l05CgyhWJMCTh/yYQRXCUVawTQXBig00QVhQ/VeIu0ggrHSiGR2CPb/yIqmdFuxioXh3li1dT+NIgwNwCHLABhegBMqgAqoAg0fwDF7Bm/FkvBjvxsekNGVMe/bBHxhfPw6IoS4=</latexit>

@tf + v@xf � (E[f ] +H)@vµ = 0
<latexit sha1_base64="tX1zvsn2Yo6QuM3ON7xDZtBpsR0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAiCGBKR6kYoiuCygn1AEsJkOmmHTh7MTIol9C/c+CtuXCjiVnf+jZM2FG09MHDuOffOzD1+wqiQpvmtLSwuLa+sltbK6xubW9v6zm5TxCnHpIFjFvO2jwRhNCINSSUj7YQTFPqMtPz+de63BoQLGkf3cpgQN0TdiAYUI6kkTzecBHFJEfNkAI/hYFo+BCc3duBO64ETppemp1dMwxwDzhOrIBVQoO7pX04nxmlIIokZEsK2zES6WX4pZmRUdlJBEoT7qEtsRSMUEuFm471G8FApHRjEXJ1IwrH6eyJDoRDD0FedIZI9Mevl4n+encrgws1olKSSRHjyUJAyKGOYhwQ7lBMs2VARhDlVf4W4hzjCUkVZViFYsyvPk+apYVWN6t1ZpXZVxFEC++AAHAELnIMauAV10AAYPIJn8AretCftRXvXPiatC1oxswf+QPv8AeM8n8Q=</latexit>

@tf + v@xf � E[f ]@vµ = 0

<latexit sha1_base64="/LPBpg+pIksvAhD4bTseb5g3uBY="></latexit>

L[⇢̂(·, k)](s)
⇣
1 + L[Û(·, k)](s)

⌘
= L[Ŝ(·, k)](s)

Laplace Fourier Equilibrium Free-streaming

<latexit sha1_base64="W0xDCC1kkSpuJ/bLRHBBNr/5WeY="></latexit>

L[⇢̂(·, k)](s)
⇣
1 + L[Û(·, k)](s)

⌘
= L[Ŝ(·, k)](s) + ikL[Û(·, k)](s)L[Ĥ(·, k)](s)

source canceling

PDE-constrained optimization — Vlasov stablization, theory



PDE-constrained optimization — Vlasov stablization, theory
<latexit sha1_base64="W0xDCC1kkSpuJ/bLRHBBNr/5WeY="></latexit>

L[⇢̂(·, k)](s)
⇣
1 + L[Û(·, k)](s)

⌘
= L[Ŝ(·, k)](s) + ikL[Û(·, k)](s)L[Ĥ(·, k)](s)

Special case:

Theorem: free-streaming solution is stable.

<latexit sha1_base64="0Q/sGbEcRooE7Ytd5+SBjOYg5R0="></latexit>⇣
L[⇢̂]� L[Ŝ]

⌘⇣
1 + L[Û ]

⌘
= L[Û ]

⇣
�L[Ŝ] + ikL[Ĥ]

⌘

difference against free-streaming control

<latexit sha1_base64="8GsQlrHygMmAwv5t6/wiCqt7uqY=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoFMuMSnUjFEXosoJ9wHQYMmmmDc08SDLFUvohbvwVNy4UceNC8G/MtEPR1gOBk3Puvck9bsSokIbxrWWWlldW17LruY3Nre0dfXevIcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRppu/ybxmwPCBQ2DezmMiO2jbkA9ipFUkqOftSPEJUXMkR4swsHs+uDBk8Kt5dnF6vFMHHjwChqOnjdKxgRwkZgpyYMUNUf/bHdCHPskkJghISzTiKQ9SoZiRsa5dixIhHAfdYmlaIB8IuzRZLkxPFJKB3ohVyeQcKL+7hghX4ih76pKH8memPcS8T/PiqV3aY9oEMWSBHj6kBczKEOYJAU7lBMs2VARhDlVf4W4hzjCUuWZUyGY8ysvksZpySyXynfn+cp1GkcWHIBDUAAmuAAVUAU1UAcYPIJn8AretCftRXvXPqalGS3t2Qd/oH39AFa/oEI=</latexit>

@tf + v@xf � (E[f ] +H)@vf = 0

control = 0



PDE-constrained optimization — Vlasov stablization, theory



PDE-constrained optimization — Vlasov stablization, theory



L. Einkemmer, Q. Li, C. Mouhot and Y. Yue, Control of instability in a Vlasov-Poisson system through an external electric field, JCP, 530
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Control of kinetic plasma instabilities by laser fields, 1D2V Vlasov-Maxwell
N. Crouseilles, L. Einkemmer, Q. Li, U. Shumlak, Y. Yue

<latexit sha1_base64="oWZjzQU1S1E8GVMsfyHmr26ryZU="></latexit>8
>>><

>>>:

@tf + vx@xf + (Ex + vyBz) @vxf + (Ey � vxBz) @vyf = 0 ,

@xEx = ⇢� 1 ,

@tEy = �@xBz � (jy � hjyi),
@tBz = �@xEy,

<latexit sha1_base64="FobU6TOnj1bbzm8oKxdfE4XqBoI=">AAACEnicbVDLSsNAFJ3UV62vqEtFBougKCVxUV2WiuCyBfuANoTJdNIOnTyYmQglZOnajb8iFBeKuHXlzm/wJ5ykRdR6YODccx9z73FCRoU0jA8tNze/sLiUXy6srK6tb+ibW00RRByTBg5YwNsOEoRRnzQklYy0Q06Q5zDScoYXab51Q7iggX8tRyGxPNT3qUsxkkqy9aPjrofkwHHjanICv4PLxI4zzr2YqfE8SWy9aJSMDHCWmFNSrOyO65+3e+Oarb93ewGOPOJLrGaIjmmE0ooRlxQzkhS6kSAhwkPUJx1FfeQRYcXZSQk8UEoPugFXz5cwU392xMgTYuQ5qjJdU/zNpeJ/uU4k3XMrpn4YSeLjyUduxKAMYOoP7FFOsGQjRRDmVO0K8QBxhKVysaBMMP+ePEuapyWzXCrXlRtVMEEe7IB9cAhMcAYq4ArUQANgcAcewBN41u61R+1Fe52U5rRpzzb4Be3tC9WRofc=</latexit>

+B,+Elaser
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Control of a Uniformly Magnetized Plasma with External Electric Fields, 2D2V Vlasov-Poisson
P. Chen, R. Jorge, Q. Li, Y. Yue

<latexit sha1_base64="V3D6hyO774/b6t16x6FNAqfbqbc="></latexit>(
@tf + v ·rxf + (E+ v ⇥B) ·rvf = 0 ,

r2
xV = 1�

R
R2 f dv , E = �rxV .

<latexit sha1_base64="WKnaYZ8QLhvUw+utMXea6tUVOi4=">AAACA3icbZDLSsNAFIYn9VbrLSq40E2wCIJQEhfVZakILluwF2hDmEwn7dCZSZiZiCUE3PgqbkQUcevOJ3Dnxmdx0nahrT8MfPznHOac348okcq2v4zcwuLS8kp+tbC2vrG5ZW7vNGUYC4QbKKShaPtQYko4biiiKG5HAkPmU9zyhxdZvXWDhSQhv1ajCLsM9jkJCIJKW565f9JlUA38ILlMvWTMgiX4VqWpZxbtkj2WNQ/OFIqVvfo3eap+1Dzzs9sLUcwwV4hCKTuOHSk3gUIRRHFa6MYSRxANYR93NHLIsHST8Q2pdaSdnhWEQj+urLH7eyKBTMoR83VntqScrWXmf7VOrIJzNyE8ihXmaPJREFNLhVYWiNUjAiNFRxogEkTvaqEBFBApHVtBh+DMnjwPzdOSUy6V6zqNKpgoDw7AITgGDjgDFXAFaqABELgDD+AZvBj3xqPxarxNWnPGdGYX/JHx/gPrq5wS</latexit>

+Eext

PDE-constrained optimization — Vlasov stablization, theory

Vogman, G., Colella, P., Shumlak, U.: Dory–Guest–Harris instability as a benchmark for continuum kinetic Vlasov–Poisson simulations of magnetized 
plasmas. J. Comput. Phys. 277,



Mathematical machinery very systematic

Linear solver for a warm start —> PDE-constrained opt

L. Einkemmer

C. Mouhot

PDE-constrained optimization in plasma 

Theory

R. Jorge

U. Shumlak

How did Landau Damping damp?
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PDE-constrained optimization in plasma 

Numerics

L. Zepeda-Nunez

Any way to smooth objective landscape?<latexit sha1_base64="GnxY1P82wN+RzKpTG/tvZmgMOX8=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHcWJIi1Y1QdCOuKtgHJCFMppN26MwkzEzE0vZX3LhQxK0/4s6/cdpmoa0HLhzOuZd774lSRpV2nG9rZXVtfWOzsFXc3tnd27cPSi2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o8HN1G8/EqloIh70MCUBRz1BY4qRNlJol+68OIBX0B/HZz7P/HFYDe2yU3FmgMvEzUkZ5GiE9pffTXDGidCYIaU810l1MEJSU8zIpOhniqQID1CPeIYKxIkKRrPbJ/DEKF0YJ9KU0HCm/p4YIa7UkEemkyPdV4veVPzP8zIdXwYjKtJME4Hni+KMQZ3AaRCwSyXBmg0NQVhScyvEfSQR1iauognBXXx5mbSqFbdWqd2fl+vXeRwFcASOwSlwwQWog1vQAE2AwRN4Bq/gzZpYL9a79TFvXbHymUPwB9bnD1uuk2E=</latexit>

J [f ] = kf � µk2
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PDE-constrained optimization — Vlasov stablization, numerical

What metric to optimize for suppressing instability in a Vlasov-Poisson system? Martin Guerra, Qin Li, Yukun Yue, Leonardo Zepeda-Núñez



L. Einkemmer

PDE-constrained optimization in plasma 

Numerics

R. Jorge

U. Shumlak

L. Zepeda-Nunez

In-time measurement better

Warm start important — local convex

Any way to smooth objective landscape?



L. Einkemmer

L. Wang, Y. Yang C. Mouhot

R. Jorge

U. Shumlak

L. Zepeda-Nunez

 PDE-constrained optimization
Thank you!!!


