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PDE-constrained optimization

mingJ | f] s.t. NI[f;:E]=S8

/ Find parameter that minimizes mismatch
* |nverse problems

e Control problems
Find parameter that achieves desired property



PDE-constrained optimization — control problems

Relatively Constant Electric Current

Toroidal Basic Magnetic Mirror Machine:

Fleld Particle Magnetic Field
Motion . :

st. O f+v-Vof+E-V,f=0Ql|f]



PDE-constrained optimization

mingJ | f) s.t. NI[f;E]=S
l LIf,E, gl =Tlf] = NI E - 5,9)

minl|f, E, g

Jf,B.gk =0



PDE-constrained optimization
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PDE-constrained optimization

mingJ | f) s.t.
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PDE-constrained optimization

0T
TSE| ..

|

Forward solver + Adjoint (backward) solver

mingJ | f] EMt =B

N*g] =
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PDE-constrained optimization — Vlasov stablization

th +vaf — (E + H)Vruf = (
E = V.,V
AV =1— | fdv

Ohf+v-Vuf—(VoGlz;y)«(1—p)+ H)-Vy,f =0
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PDE-constrained optimization — Vlasov stablization

Of +v-Vof —(Vo.G(lx;y)*« (1 —p)+H)-V,f=0
5/—/
E=v v=—FE—H

if H=0, foq=h) 1€

Ve

(a) stable equilibrium (b) Unstable equilibrium




PDE-constrained optimization — Vlasov stablization
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PDE-constrained optimization — Vlasov stablization

Of +v-Vof —(Vo.G(lx;y)*« (1 —p)+H)-V,f=0
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PDE-constrained optimization — Vlasov stablization

Orf +uvVyf — (E T H)vvf = 0
mingJ | f) s.t. E =V,V
AV =1— | fdv

[ — j[f] _ <eqn,g> — <initial : 77>

0,L=0 = eqn

0rg + 00,9 — HOpg + [G' x (pr — 1)]0pg + G x (fOpg) = 8J(t,$,v) af,Eng: — O

of
8];[, =3\ —> KK'T



PDE-constrained optimization — Vlasov stablization

min /| f nit gm0
= j_f_ H" 1 — H h(SHHn

|

Forward solver + Adjoint (backward) solver

Orf + 00,9 — HOWf +[G" * (pr — 1)]0yf =0

0J

0rg +v0,g — HOpg + [G' % (pf — 1)]0vg + G * (fOyg) = 57

(t, z,v)



PDE-constrained optimization — Vlasov stablization

Focused beam
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PDE-constrained optimization — Vlasov stablization

Focused beam

target convergence

—e— k=1..10, initial: A
k=1..10, initial: B
—e— k=1..10, initial;: C

-0.10 0.025 -

0.08 0.020 -
0.06  0.015-

0.04 0.010

0.02 0.005 \\\H

0.00 0.000 ——
O 1 2 3 4 5 6 7 8 9 10
X iterations
k=1..10, J]=9.9e-04, initial: A k=1..10, J=1.5e-03, initial: B k=1..10, J=1.8e-03, initial: C
}0.12 = -

L 0.10 -0.10 -0.10
0.08 -0.08 -0.08

> 0.06 > 0.06 > 0.06
0.04 0.04 0.04
0.02 0.02 0.02




PDE-constrained optimization — Vlasov stablization

2-Stream
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PDE-constrained optimization — Vlasov stablization

2-Stream
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PDE-constrained optimization — Vlasov stablization

Failed attempts
o External field needs to be parameterized

H(x) VS. H(z) =) agsin(kz)

k

L. Einkemmer, Q. L1, L. Wang and Y. Yang. Suppressing instability in a Vlasov—Poisson system by an external electric field through constrained optimization, JCP, 498



PDE-constrained optimization — Vlasov stablization

Failed attempts
o External field needs to be parameterized

o QOver-parameterization may help
3 10

H(x) = Z ap sin(kx)  vs. H(z) = Z ay sin(kx)

L. Einkemmer, Q. L1, L. Wang and Y. Yang. Suppressing instability in a Vlasov—Poisson system by an external electric field through constrained optimization, JCP, 498



PDE-constrained optimization — Vlasov stablization

Failed attempts

o External field needs to be parameterized

o Qver-parameterization may help

o Objective function highly oscillatory, luck dependent
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How did Landau Damping damp?



PDE-constrained optimization — Vlasov stablization, theory

8tf + ”Uag;f — E[f]&uf = ()

lfméf O f = L|

O f +v0.f — E|[flOyun=0




PDE-constrained optimization — Vlasov stablization, theory

O f +v0x f — E[f]0pp =0 atf — L[]
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PDE-constrained optimization — Vlasov stablization, theory

Orf +v0f — E[f]0yf =0 Orf +v0rf — (Elf]+ H)Oypf =0

lfu+5f lfméf

Orf + 00z f — E[f]0up = 0 Ouf + 00, f — (E[f| + H)Oyp =0



PDE-constrained optimization — Vlasov stablization, theory

8tf—|—Uaazf_E[f]av,u:O atf+vaxf_ (E[f] —|—H)&U,LL = 0

o f = L|f Orf = Lulf

Question: design H to remove positive roots



PDE-constrained optimization — Vlasov stablization, theory

O f +v0rf — E|[f|Oypu =0

Lalace Fourier Euilibrium Fre—streaming

cannot have roots on the positive side
Penrose condition



PDE-constrained optimization — Vlasov stablization, theory

8tf—|—Uaa:f_E[f]av,u:O 8tf‘|‘vaxf_ (E[f] _|_H)8”U:u =0

Lalace Fourier Euilibrium Fre-streaming

A

L{p( D)) (14 LOCR) ) = LISC,R)Gs) HIREDG I LI R

source canceling



PDE-constrained optimization — Vlasov stablization, theory

L{p( D)) (1+ LU G R)() = LIS, bl(e) +IRETE RIS LEERIE)

A\ N\ VA

(L[ﬁ] _ L[S]) (1 + L[m) — L[0] (—L[S] + z’kL[H])

difference against free-streaming control

Special case: control =0

Ouf + 00y f — [T T = 0

Theorem: free-streaming solution is stable.



PDE-constrained optimization — Vlasov stablization, theory
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PDE-constrained optimization — Vlasov stablization, theory
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Electric Energy Evolution Under Different External Fields
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PDE-constrained optimization — Vlasov stablization, theory

Control of kinetic plasma instabilities by laser fields, 1D2V Vlasov-Maxwell
N. Crouseilles, L. Einkemmer, Q. Li, U. Shumlak, Y. Yue

6tf + U:l;a:vf =+ (E:E + Usz) aua;f - (Ey — U:UBZ) afuyf =0,

Oabio =p—1, +B. +E;
- : : 9 aSer
atEy = —0, B, — (Jy — <Jy>)a
; ff(X, Vx, Vy) dvy (equilibrium) f(x, vx, vy) dvy, at t = 30.0 (no contral) ; [f(x, vy, vy) dvy at t =30.0 (with control)




PDE-constrained optimization — Vlasov stablization, theory

Control of a Uniformly Magnetized Plasma with External Electric Fields, 2D2V Vlasov-Poisson
P. Chen, R. Jorge, Q. Li, Y. Yue

hf+v - Vef+(E+vxB) - Vyf =0,

ViV=1— [, fdv, E=-V\V. Hext
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Vogman, G., Colella, P., Shumlak, U.: Dory—Guest-Harris instabitlity as a benchmark for continuum kinetic Vlasov—Poisson simulations of magnetized
plasmas. J. Comput. Phys. 277,
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Theory

How did Landau Damping damp?

o Mathematical machinery very systematic

O Linear solver for a warm start —> PDE-constrained opt
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Any way to smooth objective landscape?
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Any way to smooth objective landscape?



PDE-constrained optimization — Vlasov stablization, numerical

KL final Er final KL in time Erin time
1.0 0.4 - ‘ -
0.5 0.3
-~ -
& 00 N
' 0.2
-0.5
0.1
~1.0
-1
1.0 le—-1 _
40
05 0.3
S 0.0 0.2
—-0.5 0.1 :
-1.0
. . . -0.1 0.0 0.1 ~ -

0.25

0.20

0.15

0.10

0.05

0.8
0.6
0.4
0.2

—-0.002  0.000 —-0.002  0.000 -0. 002 0.000 -0. ooz 0.000
bl bl
What metric to optimize for suppressing instability in a Vlasov-Poisson system? Martin Guerra, an Li, Yukun Yue, Leonardo Zepeda Nunez




PDE-constrained optimization — Vlasov stablization, numerical
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PDE-constrained optimization — Vlasov stablization, numerical

Under-parametrized (30)

Over-parametrized (32)

Init. | Step (KL) (EE) (EET) (KL) (EE) (EET)
Adaptive .
\iid (Fig. C.14) | (Fig. C.20) | (Fig. C.26) | (Fig. C.32) | (Fig. C.38)
-
Local
(Fig. C.15) | (Fig. C.21) | (Fig. C.27) | (Fig. C.33) | (Fig. C.39) | (Fig. C.43)
Adaptive
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I
Local
——
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PDE-constrained optimization in plasma
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e

5 g g L. Zepeda-Nunez:
Numerics

Any way to smooth objective élandscape?

O In-time measurement better

o Warm start important — local convex
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PDE-constrained optimization
Thank you!!!



