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Outline
• Overview of some problems of interest  at the 

intersection of learning, control, and optimization

• Sample complexity analysis of linear system 
identification (analysis of Ho-Kalman algorithm)

• Inverse constraint learning (a la inverse optimal 
control) 

Joint work with Samet Oymak, UC Riverside

Joint work with Glen Chou and Dmitry Berenson, Michigan
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Control of safety-critical autonomous systems

When I get adventurous
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xt+1 = f(xt, ut, wt)

yt = h(xt, ut, zt)
<latexit sha1_base64="R2zDPaKcV1IJptPNLK+9BV1YDVY=">AAACIXicbVDLTgIxFO3gC/GFunTTSCQYDZlRE9mQkLhxiYk8EiCTTulAY+eR9o6CE37Fjb/ixoXGsDP+jB1ggeBJ7s3JOfemvccJBVdgmt9GamV1bX0jvZnZ2t7Z3cvuH9RVEEnKajQQgWw6RDHBfVYDDoI1Q8mI5wjWcB5uEr/xyKTigX8Pw5B1PNLzucspAS3Z2dLAjuHMGuF8GbuFgQ3nOErakw2n7XZmaAPO4zLuz1nPE8vO5syiOQFeJtaM5NAMVTs7bncDGnnMByqIUi3LDKETEwmcCjbKtCPFQkIfSI+1NPWJx1Qnnlw4wida6WI3kLp8wBN1fiMmnlJDz9GTHoG+WvQS8T+vFYFb6sTcDyNgPp0+5EYCQ4CTuHCXS0ZBDDUhVHL9V0z7RBIKOtSMDsFaPHmZ1C+K1mXRvLvKVUqzONLoCB2jArLQNaqgW1RFNUTRC3pDH+jTeDXejS9jPB1NGbOdQ/QHxs8vf1ef+w==</latexit>

From data to model:
• System identification
• Model (in)validation
• Fault/anomaly detection

From model to control:
• Decision problems of the form:

• Does there exist a control policy (of 
the form C) such that XXX holds?
• YES (+ controller)
• NO (+ certificate/proof of non-

existence)

wt 2 W(xt), zt 2 Z(xt)
<latexit sha1_base64="z1vioq3a0cqyt0WdPxgwE8UhU8I=">AAACGHicbZC7SgNBFIZnvSbxFrURbAZFiCBxVwstgzaWEcwFk7DMTibJkNnZZeasGpeAL2HjY9jaWChim07wYZxNUhjjDwM/3zmHOef3QsE12PaXNTM7N7+wmEpnlpZXVtey6xtlHUSKshINRKCqHtFMcMlKwEGwaqgY8T3BKl73PKlXbpjSPJBX0AtZwydtyVucEjDIzR7eulDnsu4T6FAi4ko/d+fC/gG+n+TXI55xs7t23h4KTxtnbHYLW/ff6Yfns6KbHdSbAY18JoEKonXNsUNoxEQBp4L1M/VIs5DQLmmzmrGS+Ew34uFhfbxnSBO3AmWeBDykvydi4mvd8z3TmSyq/9YS+F+tFkHrtBFzGUbAJB191IoEhgAnKeEmV4yC6BlDqOJmV0w7RBEKJsskBOfvydOmfJR3jvP2pUnjFI2UQttoB+WQg05QAV2gIiohih7RC3pD79aT9Wp9WJ+j1hlrPLOJJmQNfgDjrqM4</latexit>

ut 2 U(xt)
<latexit sha1_base64="HiE4NgZzO+8b0h38aapZCfFG++4=">AAAB/3icbVDLSsNAFJ3UV1tfVUEEN8Ei1E1JdGGXRTcuK5i20IYwmU7aoZNJmLkRayzor7hxoYi48zfcCX6M08dCWw8MHM65l3vm+DFnCizry8gsLC4tr2Rz+dW19Y3NwtZ2XUWJJNQhEY9k08eKciaoAww4bcaS4tDntOH3z0d+45pKxSJxBYOYuiHuChYwgkFLXmE38aDNRDvE0COYp86wdOPBkVcoWmVrDHOe2FNSrO7dfufu389qXuGz3YlIElIBhGOlWrYVg5tiCYxwOsy3E0VjTPq4S1uaChxS5abj/EPzUCsdM4ikfgLMsfp7I8WhUoPQ15OjnGrWG4n/ea0EgoqbMhEnQAWZHAoSbkJkjsowO0xSAnygCSaS6awm6WGJCejK8roEe/bL86R+XLZPytalbqOCJsiifXSASshGp6iKLlANOYigO/SIntGL8WA8Ga/G22Q0Y0x3dtAfGB8/WE6ZQA==</latexit>

Control constraints

Noise/uncertainty

XXX: closed loop system is stable, has some inductive invariant (safe), achieves a 
task described by an automaton/temporal logic formula (reachability), etc.
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Things that I like…
• Models: 
– I know how to ask (and in some cases answer) “does there exist 

a controller” type questions if I have a model

– Ability to change control objective

– If I get more data, I can check validity of my model (and 

therefore, of the controller)

• Not so clear how to validate a policy (computed in a model-

free way) against pre-collected data? 

• Constraints: (rather than objective functions)

– Specifying a task with a single reward/cost function is hard (?)

– Why not append constraints to the objective function à nice 

additive/quadratic cost functions are not enough
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Non-asymptotic analysis of 
linear system identification

(Online) identification 
of hybrid/switched 

linear systems

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>

Learning “reduced models” for 
Markov jump linear systems

Learning constraints from 
demonstrations

With  Samet Oymak, ACC 19, TAC (tbs)

With  Zhe Du and Laura Balzano, CAMSAP 19 With Glen Chou and Dmitry Berenson, CORL 19, RA-L 20

Past work and recent results with Zhe Du and Laura Balzano
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From: www.rsrit.comFrom: iopscience.iop.org

System identification è learning structured simple models

Models useful for (i) control design, (ii) fast simulations
(iii) system monitoring, (iv) anomaly detection, etc.2/24/20

Complex simula=on models/ability run lots of experiments
Big data



Data à Models à Control
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Exploring unknown environments

Online system identification è learning models at run-time

Adaptation
(repurposing, changing mission objectives)2/24/20

Handling unexpected failures

“Small” data

From: NASA From: nbcnews.com



LTI system identification
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Given input/output data (                   ), find a model of the 
form:

• Asymptotic analysis: 
– As the data size N goes to infinity and/or noise (          ) level 

goes to zero, can we learn the system model?
• Non-asymptotic analysis: 
– Given finite amount of noisy data, how does the identification 

accuracy depend on the data size N and noise? 
– What can the best identification algorithm achieve in this case?

{ut, yt}Nt=0

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

wt, zt
<latexit sha1_base64="vEDrVrxwxC88mRDXN83UC2dLWAk=">AAAB73icbVA7TsNAEF2HXwi/QEqaFVEkChTZUJAyEg1lkMhHSixrvVknq6zXZncMClY6TkBDAUK0XIQD0MEBOAEHYPMpIOFJIz29N6OZeX4suAbb/rAyS8srq2vZ9dzG5tb2Tn53r6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH5yN/eY1U5pH8hKGMXND0pM84JSAkVo3HhzhWw+8fNEu2xPgReLMSLFaKN19v3191rz8e6cb0SRkEqggWrcdOwY3JQo4FWyU6ySaxYQOSI+1DZUkZNpNJ/eOcMkoXRxEypQEPFF/T6Qk1HoY+qYzJNDX895Y/M9rJxBU3JTLOAEm6XRRkAgMER4/j7tcMQpiaAihiptbMe0TRSiYiHImBGf+5UXSOC47J2X7wqRRQVNk0T46QIfIQaeois5RDdURRQLdo0f0ZF1ZD9az9TJtzVizmQL6A+v1B5VxlBc=</latexit>



Exis%ng results (incomplete list)
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• Asympto%c analysis: 
– As the data size N goes to infinity and/or noise (          ) level goes to zero, 

can we learn the system model?
Textbook on sys id: [Ljung 99], standard methods: Ho-Kalman (Eigen 

RealizaPon Algorithm-ERA), N4SID, etc.

• Non-asympto%c analysis: 
– Given finite amount of noisy data, how does the idenPficaPon accuracy 

depend on the data size N and noise? 
– What can the best idenPficaPon algorithm achieve in this case?

Control theore5c methods: [Weyer et al. 99], [Vidyasagar & Karandikar
01], [Campi & Weyer 02], [Akcay 04], [Carè et al. 18], etc.

Sta5s5cal machine learning methods: [Hardt et al. 16], [Dean et al. 17], 
[Hazan et al. 17], [Tu et al. 17], [Sarkar & Rakhlin 18], [Simchowitz et al. 18], 
etc.

wt, zt
<latexit sha1_base64="vEDrVrxwxC88mRDXN83UC2dLWAk=">AAAB73icbVA7TsNAEF2HXwi/QEqaFVEkChTZUJAyEg1lkMhHSixrvVknq6zXZncMClY6TkBDAUK0XIQD0MEBOAEHYPMpIOFJIz29N6OZeX4suAbb/rAyS8srq2vZ9dzG5tb2Tn53r6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH5yN/eY1U5pH8hKGMXND0pM84JSAkVo3HhzhWw+8fNEu2xPgReLMSLFaKN19v3191rz8e6cb0SRkEqggWrcdOwY3JQo4FWyU6ySaxYQOSI+1DZUkZNpNJ/eOcMkoXRxEypQEPFF/T6Qk1HoY+qYzJNDX895Y/M9rJxBU3JTLOAEm6XRRkAgMER4/j7tcMQpiaAihiptbMe0TRSiYiHImBGf+5UXSOC47J2X7wqRRQVNk0T46QIfIQaeois5RDdURRQLdo0f0ZF1ZD9az9TJtzVizmQL6A+v1B5VxlBc=</latexit>



Contributions
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Understanding the noise sensitivity/robustness of Ho-
Kalman algorithm and sample complexity analysis 
à provable guarantees on the accuracy of learned model

Some properties of Ho-Kalman (ERA):
• Learns from input-output data (no state measurement)
• generically ill-posed
• can only learn a canonical representation (i.e., 

learning is up to a similarity transformation)
• Single trajectory
• requires carefully reasoning about dependencies

• Model class does not satisfy noise invertibility 
assumption



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis)

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• IdenHficaHon problem is ill-posed: 
– we can only learn up to a similarity transformaHon (change of basis)

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>

x̃ = Px )
<latexit sha1_base64="2u7E4nCl6ZnpRJcU0GCfIgLs7sc=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAbBKuyaQhs1YGMZxTwgWcLs7GwyZPbBzF1NWAI2/oqNhSK2Vv6BnX/jZJNCEw9cOJxzL/fe48aCK7CsbyO3sLi0vJJfLaytb2xumds7dRUlkrIajUQkmy5RTPCQ1YCDYM1YMhK4gjXc/uXYb9wxqXgU3sIwZk5AuiH3OSWgpY651wYuPJYORvgMVwe4fcO7PSBSRvcds2iVrAx4nthTUrz4LGeodsyvthfRJGAhUEGUatlWDE5KJHAq2KjQThSLCe2TLmtpGpKAKSfNfhjhQ6142I+krhBwpv6eSEmg1DBwdWdAoKdmvbH4n9dKwD91Uh7GCbCQThb5icAQ4XEg2OOSURBDTQiVXN+KaY9IQkHHVtAh2LMvz5P6cckul6xrq1g5RxPk0T46QEfIRieogq5QFdUQRQ/oCb2gV+PReDbejPdJa86YzuyiPzA+fgCJi5ml</latexit>

x̃t+1 = PAP�1x̃t + PBut

yt = CP�1x̃t +Dut
<latexit sha1_base64="be6BYwRpWp9r5ogcO2zjIQMjcIg="></latexit>



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis).

– we can only learn the controllable and observable part

• Assume: The system is controllable and observable

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis).

– we can only learn the controllable and observable part

• Assume: The system is controllable and observable

• Two step procedure:
1. Estimate the Markov parameters of the system:

Markov parameters are invariant to the choice of basis

2. Estimate the “system matrices” from Markov parameters

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>

D,CB,CAB,CA2B, . . . , CAtB, . . .
<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>



Ho-Kalman Algorithm
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Given input/output data (                   ), find a model of 
the form:

• Identification problem is ill-posed: 
– we can only learn up to a similarity transformation (change of basis).

– we can only learn the controllable and observable part

• Assume: The system is controllable and observable

• Two step procedure:
1. Estimate the Markov parameters of the system:

Markov parameters are invariant to the choice of basis

2. Estimate the “system matrices” from Markov parameters

{ut, yt}Nt=0

xt+1 = Axt +But

yt = Cxt +Dut
<latexit sha1_base64="qTiT3DKD9hIS63UIxrhFByAWHEU="></latexit>

D,CB,CAB,CA2B, . . . , CAtB, . . .
<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>



Ho-Kalman Algorithm
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• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .

<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>

H: hankel matrix
<latexit sha1_base64="FQiMkSIk2QlNzZazfTjVEh5ZtkY=">AAAB/HicbVBNT8JAFHzFL8SvKkcvG8HEE2nxIPFE4oUjJgIm0JDtssCG7bbZ3RqbBv+KFw8a49Uf4s1/4xZ6UHCSTSYz7+XNjh9xprTjfFuFjc2t7Z3ibmlv/+DwyD4+6aowloR2SMhDee9jRTkTtKOZ5vQ+khQHPqc9f3aT+b0HKhULxZ1OIuoFeCLYmBGsjTS0y9VW9RpNsZhRjgKsJXssDe2KU3MWQOvEzUkFcrSH9tdgFJI4oEITjpXqu06kvRRLzQin89IgVjTCZIYntG+owAFVXroIP0fnRhmhcSjNExot1N8bKQ6USgLfTJp8U7XqZeJ/Xj/W44aXMhHFmgqyPDSOOdIhyppAIyYp0TwxBBPJTFZEplhiok1fWQnu6pfXSbdecy9rzm290mzkdRThFM7gAly4gia0oA0dIJDAM7zCm/VkvVjv1sdytGDlO2X4A+vzB7QSk3s=</latexit>
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<latexit sha1_base64="1taQUNKJYVF/rUs2TdLmbr8ApOQ=">AAAEHXicjVPLjtMwFPUkPIbw6sCSjUULQhqpajJIZYNU2lmwHKTpzEh1qRzntrWaOJHtVFNF+RE2/AobFiDEgg3ib3AeAyVFCEtJju851/f4xvaTkCvd6/3Ys+xr12/c3L/l3L5z99791sGDMxWnksGYxWEsL3yqIOQCxprrEC4SCTTyQzj3V6OCP1+DVDwWp3qTwDSiC8HnnFFtQrMD64hEdAXUJGoN0iEBzMlxEGuVGUIvuR AgDVyBFG6UEkm5ApIMHLL248uMFPG+mZNlMe3meSX1otSptM+3yF9cRfV3KFMhz53aUayXxpDjdDrEhwUXmW8MSX6Z49EQP8WjV9X7rVd8SVh4rgLZ6czLh4Q4DclxLWlqD918iEt5U7iTQdYlMOIa/ae6qlTU+WdCLTssN+AQEMHvTb/EO20oF75yvmVquyJuLNNcxCkslX1qdvKqkY0VOh1n1mr3ur1y4F3g1qCN6nEya30jQczSCIRmIVVq4vYSPc2o1JyFYP54qiChbEUXMDFQ0AjUNCtPd46fmEiA57E0j9C4jG5nZDRSahP5RlmcWNXkiuDfuEmq5y+mGRdJqkGwqtA8DbGOcXFVcMAlMB1uDKBMcuMVsyWVlJmLooomuM0t74Izr+sedXtvvPbAq9uxjx6hx+gZclEfDdBrdILGiFnvrA/WJ+uz/d7+aH+xv1ZSa6/OeYj+GPb3n310SLY=</latexit>

n: state-space dim
<latexit sha1_base64="nLmFt7amH6zqhbuRfn62KWWaLnc=">AAAB/XicbVDJSgNBEO1xjXGLy81LYyJ4MczEg8FTwIvHCGaBZAg9nZqkSU/P0F0jxBD8FS8eFPHqf3jzb+wsB0180PB4r6q66gWJFAZd99tZWV1b39jMbGW3d3b39nMHh3UTp5pDjccy1s2AGZBCQQ0FSmgmGlgUSGgEg5uJ33gAbUSs7nGYgB+xnhKh4Ayt1MkdF1ThmhpkCBcmYRxoV0SdXN4tulPQZeLNSZ7MUe3kvtrdmKcRKOSSGdPy3AT9EdMouIRxtp0asMMHrActSxWLwPij6fZjemaVLg1jbZ9COlV/d4xYZMwwCmxlxLBvFr2J+J/XSjEs+yOhkhRB8dlHYSopxnQShb1UA0c5tIRxLeyulPeZZhxtYFkbgrd48jKpl4reZdG9K+Ur5XkcGXJCTsk58cgVqZBbUiU1wskjeSav5M15cl6cd+djVrrizHuOyB84nz/hUZQt</latexit>

rank(H) = n
<latexit sha1_base64="NV/oWaPyrolQg2ZXS1JG6iZoLMo=">AAAB83icbVDLSgNBEOz1GeMrKnjxMhiEeAm7CpqLEPCSYwTzgGQJs5PZZMjs7DAzK4QlvyGCoCJe/Rlvoh/j5HHQxIKGoqqb7q5AcqaN6346S8srq2vrmY3s5tb2zm5ub7+u40QRWiMxj1UzwJpyJmjNMMNpUyqKo4DTRjC4HvuNO6o0i8WtGUrqR7gnWMgINlZqKywGhcopukIi28nl3aI7AVok3ozky4fy6eH7q1Tt5D7a3ZgkERWGcKx1y3Ol8VOsDCOcjrLtRFOJyQD3aMtSgSOq/XRy8widWKWLwljZEgZN1N8TKY60HkaB7Yyw6et5byz+57USE5b8lAmZGCrIdFGYcGRiNA4AdZmixPChJZgoZm9FpI8VJsbGNA7Bm395kdTPit550b2xaVzAFBk4gmMogAeXUIYKVKEGBCTcwzO8OInz6Lw6b9PWJWc2cwB/4Lz/AP+clAk=</latexit>



Ho-Kalman Algorithm

2/24/20 Necmiye Ozay, Michigan, EECS 20

• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .

<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>

H: hankel matrix
<latexit sha1_base64="FQiMkSIk2QlNzZazfTjVEh5ZtkY=">AAAB/HicbVBNT8JAFHzFL8SvKkcvG8HEE2nxIPFE4oUjJgIm0JDtssCG7bbZ3RqbBv+KFw8a49Uf4s1/4xZ6UHCSTSYz7+XNjh9xprTjfFuFjc2t7Z3ibmlv/+DwyD4+6aowloR2SMhDee9jRTkTtKOZ5vQ+khQHPqc9f3aT+b0HKhULxZ1OIuoFeCLYmBGsjTS0y9VW9RpNsZhRjgKsJXssDe2KU3MWQOvEzUkFcrSH9tdgFJI4oEITjpXqu06kvRRLzQin89IgVjTCZIYntG+owAFVXroIP0fnRhmhcSjNExot1N8bKQ6USgLfTJp8U7XqZeJ/Xj/W44aXMhHFmgqyPDSOOdIhyppAIyYp0TwxBBPJTFZEplhiok1fWQnu6pfXSbdecy9rzm290mzkdRThFM7gAly4gia0oA0dIJDAM7zCm/VkvVjv1sdytGDlO2X4A+vzB7QSk3s=</latexit>
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⇤

<latexit sha1_base64="1taQUNKJYVF/rUs2TdLmbr8ApOQ=">AAAEHXicjVPLjtMwFPUkPIbw6sCSjUULQhqpajJIZYNU2lmwHKTpzEh1qRzntrWaOJHtVFNF+RE2/AobFiDEgg3ib3AeAyVFCEtJju851/f4xvaTkCvd6/3Ys+xr12/c3L/l3L5z99791sGDMxWnksGYxWEsL3yqIOQCxprrEC4SCTTyQzj3V6OCP1+DVDwWp3qTwDSiC8HnnFFtQrMD64hEdAXUJGoN0iEBzMlxEGuVGUIvuR AgDVyBFG6UEkm5ApIMHLL248uMFPG+mZNlMe3meSX1otSptM+3yF9cRfV3KFMhz53aUayXxpDjdDrEhwUXmW8MSX6Z49EQP8WjV9X7rVd8SVh4rgLZ6czLh4Q4DclxLWlqD918iEt5U7iTQdYlMOIa/ae6qlTU+WdCLTssN+AQEMHvTb/EO20oF75yvmVquyJuLNNcxCkslX1qdvKqkY0VOh1n1mr3ur1y4F3g1qCN6nEya30jQczSCIRmIVVq4vYSPc2o1JyFYP54qiChbEUXMDFQ0AjUNCtPd46fmEiA57E0j9C4jG5nZDRSahP5RlmcWNXkiuDfuEmq5y+mGRdJqkGwqtA8DbGOcXFVcMAlMB1uDKBMcuMVsyWVlJmLooomuM0t74Izr+sedXtvvPbAq9uxjx6hx+gZclEfDdBrdILGiFnvrA/WJ+uz/d7+aH+xv1ZSa6/OeYj+GPb3n310SLY=</latexit>

H
+

<latexit sha1_base64="VPVZHRq5kGPFAtibpNlpC1GKX9s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqAhlRkHdWXDTZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9y1Fev6NSsUjc6EFMvRB3BQsYwdpY1+Xbo7add4rOWGge3CnkL94L3x8PrcNK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNChxS5aXjUYfowDgdFETSPKHR2P3dkeJQqUHom8oQ656azUbmf1kz0cG5lzIRJ5oKMvkoSDjSERrtjTpMUqL5wAAmkplZEelhiYk218mZI7izK89D7bjonhSdKydfOoWJsrAH+1AAF86gBGWoQBUIdOEenuDZ4taj9WK9Tkoz1rRnF/7IevsB/oCRSQ==</latexit>

H
�

<latexit sha1_base64="8jP6jVwjyIdhxVhqt61r4tY+5zs=">AAAB63icbZDLSgMxFIbPeK31VnXpJliEurDMKKg7C266rGAv0I4lk2ba0CQzJBmhlL6CLlwo4ta3cOUjuPNB3Jtpu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymlnLrm9sbm3ndnZrOkoUoVUS8Ug1AqwpZ5JWDTOcNmJFsQg4rQf9qzSv31GlWSRvzCCmvsBdyUJGsEmt8u0xaufybtEdC82DN4X85Xvh++OhdVRp5z5bnYgkgkpDONa66bmx8YdYGUY4HWVbiaYxJn3cpU2LEguq/eF41hE6tE4HhZGyTxo0dn93DLHQeiACWymw6enZLDX/y5qJCS/8IZNxYqgkk4/ChCMToXRx1GGKEsMHFjBRzM6KSA8rTIw9T9YewZtdeR5qJ0XvtOheu/nSGUyUgX04gAJ4cA4lKEMFqkCgB/fwBM+OcB6dF+d1UrrgTHv24I+ctx9X0pF1</latexit>

H+ = OQ =) H� = OAQ
<latexit sha1_base64="jQspfMzS3qyrqyfQNzpgq2Qnv9g=">AAACC3icbVC7SgNBFJ2NrxhfG+20GRIEQQy7CmoTiNikEJKAeUBezE4myZDZmWVmVgkhvU1+RQQLRWwtbO38EHsnj0KjBy4czrmXe+/xAkaVdpxPK7KwuLS8El2Nra1vbG7Z8e2SEqHEpIgFE7LiIUUY5aSoqWakEkiCfI+Rste7HPvlGyIVFfxa9wNS91GH0zbFSBupaSeyjcN0rgBrV4J3JO10NZJS3MJs4wimYe6iAGHTTjopZwL4l7gzkszER/bX7vtDvml/1FoChz7hGjOkVNV1Al0fIKkpZmQYq4WKBAj3UIdUDeXIJ6o+mPwyhPtGacG2kKa4hhP158QA+Ur1fc90+kh31bw3Fv/zqqFun9cHlAehJhxPF7VDBrWA42Bgi0qCNesbgrCk5laIu0girE18MROCO//yX1I6TrknKadg0jgFU0TBHkiAA+CCM5ABWZAHRYDBHbgHT+DZGlmP1ov1Om2NWLOZHfAL1ts31Cub+w==</latexit>



Ho-Kalman Algorithm

2/24/20 Necmiye Ozay, Michigan, EECS 21

• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .

<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>

H: hankel matrix
<latexit sha1_base64="FQiMkSIk2QlNzZazfTjVEh5ZtkY=">AAAB/HicbVBNT8JAFHzFL8SvKkcvG8HEE2nxIPFE4oUjJgIm0JDtssCG7bbZ3RqbBv+KFw8a49Uf4s1/4xZ6UHCSTSYz7+XNjh9xprTjfFuFjc2t7Z3ibmlv/+DwyD4+6aowloR2SMhDee9jRTkTtKOZ5vQ+khQHPqc9f3aT+b0HKhULxZ1OIuoFeCLYmBGsjTS0y9VW9RpNsZhRjgKsJXssDe2KU3MWQOvEzUkFcrSH9tdgFJI4oEITjpXqu06kvRRLzQin89IgVjTCZIYntG+owAFVXroIP0fnRhmhcSjNExot1N8bKQ6USgLfTJp8U7XqZeJ/Xj/W44aXMhHFmgqyPDSOOdIhyppAIyYp0TwxBBPJTFZEplhiok1fWQnu6pfXSbdecy9rzm290mzkdRThFM7gAly4gia0oA0dIJDAM7zCm/VkvVjv1sdytGDlO2X4A+vzB7QSk3s=</latexit>
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<latexit sha1_base64="1taQUNKJYVF/rUs2TdLmbr8ApOQ=">AAAEHXicjVPLjtMwFPUkPIbw6sCSjUULQhqpajJIZYNU2lmwHKTpzEh1qRzntrWaOJHtVFNF+RE2/AobFiDEgg3ib3AeAyVFCEtJju851/f4xvaTkCvd6/3Ys+xr12/c3L/l3L5z99791sGDMxWnksGYxWEsL3yqIOQCxprrEC4SCTTyQzj3V6OCP1+DVDwWp3qTwDSiC8HnnFFtQrMD64hEdAXUJGoN0iEBzMlxEGuVGUIvuR AgDVyBFG6UEkm5ApIMHLL248uMFPG+mZNlMe3meSX1otSptM+3yF9cRfV3KFMhz53aUayXxpDjdDrEhwUXmW8MSX6Z49EQP8WjV9X7rVd8SVh4rgLZ6czLh4Q4DclxLWlqD918iEt5U7iTQdYlMOIa/ae6qlTU+WdCLTssN+AQEMHvTb/EO20oF75yvmVquyJuLNNcxCkslX1qdvKqkY0VOh1n1mr3ur1y4F3g1qCN6nEya30jQczSCIRmIVVq4vYSPc2o1JyFYP54qiChbEUXMDFQ0AjUNCtPd46fmEiA57E0j9C4jG5nZDRSahP5RlmcWNXkiuDfuEmq5y+mGRdJqkGwqtA8DbGOcXFVcMAlMB1uDKBMcuMVsyWVlJmLooomuM0t74Izr+sedXtvvPbAq9uxjx6hx+gZclEfDdBrdILGiFnvrA/WJ+uz/d7+aH+xv1ZSa6/OeYj+GPb3n310SLY=</latexit>

H
+

<latexit sha1_base64="VPVZHRq5kGPFAtibpNlpC1GKX9s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqAhlRkHdWXDTZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9y1Fev6NSsUjc6EFMvRB3BQsYwdpY1+Xbo7add4rOWGge3CnkL94L3x8PrcNK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNChxS5aXjUYfowDgdFETSPKHR2P3dkeJQqUHom8oQ656azUbmf1kz0cG5lzIRJ5oKMvkoSDjSERrtjTpMUqL5wAAmkplZEelhiYk218mZI7izK89D7bjonhSdKydfOoWJsrAH+1AAF86gBGWoQBUIdOEenuDZ4taj9WK9Tkoz1rRnF/7IevsB/oCRSQ==</latexit>

H
�

<latexit sha1_base64="8jP6jVwjyIdhxVhqt61r4tY+5zs=">AAAB63icbZDLSgMxFIbPeK31VnXpJliEurDMKKg7C266rGAv0I4lk2ba0CQzJBmhlL6CLlwo4ta3cOUjuPNB3Jtpu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymlnLrm9sbm3ndnZrOkoUoVUS8Ug1AqwpZ5JWDTOcNmJFsQg4rQf9qzSv31GlWSRvzCCmvsBdyUJGsEmt8u0xaufybtEdC82DN4X85Xvh++OhdVRp5z5bnYgkgkpDONa66bmx8YdYGUY4HWVbiaYxJn3cpU2LEguq/eF41hE6tE4HhZGyTxo0dn93DLHQeiACWymw6enZLDX/y5qJCS/8IZNxYqgkk4/ChCMToXRx1GGKEsMHFjBRzM6KSA8rTIw9T9YewZtdeR5qJ0XvtOheu/nSGUyUgX04gAJ4cA4lKEMFqkCgB/fwBM+OcB6dF+d1UrrgTHv24I+ctx9X0pF1</latexit>

H+ = OQ =) H� = OAQ
<latexit sha1_base64="jQspfMzS3qyrqyfQNzpgq2Qnv9g=">AAACC3icbVC7SgNBFJ2NrxhfG+20GRIEQQy7CmoTiNikEJKAeUBezE4myZDZmWVmVgkhvU1+RQQLRWwtbO38EHsnj0KjBy4czrmXe+/xAkaVdpxPK7KwuLS8El2Nra1vbG7Z8e2SEqHEpIgFE7LiIUUY5aSoqWakEkiCfI+Rste7HPvlGyIVFfxa9wNS91GH0zbFSBupaSeyjcN0rgBrV4J3JO10NZJS3MJs4wimYe6iAGHTTjopZwL4l7gzkszER/bX7vtDvml/1FoChz7hGjOkVNV1Al0fIKkpZmQYq4WKBAj3UIdUDeXIJ6o+mPwyhPtGacG2kKa4hhP158QA+Ur1fc90+kh31bw3Fv/zqqFun9cHlAehJhxPF7VDBrWA42Bgi0qCNesbgrCk5laIu0girE18MROCO//yX1I6TrknKadg0jgFU0TBHkiAA+CCM5ABWZAHRYDBHbgHT+DZGlmP1ov1Om2NWLOZHfAL1ts31Cub+w==</latexit>

n: states
m: outputs
p: inputs

<latexit sha1_base64="afiI4mwR43j3oalo0NzL2NBeCZE=">AAACG3icbVA9SwNBEN2LX/H8ilraLCaCVbiLhWIVsLGMYD4gF8LeZpMs2ds9dueEEPI/bPwrNhaKWAkW/hv3Lldo4sDAe29mmJkXxoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0ctoxJNWZMqoXQnJIYJLlkTOAjWiTUjUShYO5zcpPX2A9OGK3kP05j1IjKSfMgpASv1S7VAKi4HTAKuyMo1NkCAmSBwK5FlKoE4gYzGlnKZsn6p7FW9LPAq8HNQRnk0+qXPYKBoEtklVBBjur4XQ29GNHAq2NwNEsNiQidkxLoWShIx05tlv83xmVUGeKi0TXtkpv6emJHImGkU2s6IwNgs11Lxv1o3geFVb5a9xCRdLBomAoPCqVF4wDWjIKYWEKq5vRXTMdGEgrXTtSb4yy+vglat6l9UvbtauV7L7SiiE3SKzpGPLlEd3aIGaiKKHtEzekVvzpPz4rw7H4vWgpPPHKM/4Xz9AAdZn3o=</latexit>

L
.
= SVDn(H

+) = U⌃V |

O
.
= U⌃1/2, Q

.
= ⌃1/2V |

C̄
.
= first m rows of O

B̄
.
= first p columns of Q

Ā
.
= O†H�Q†

<latexit sha1_base64="Ld3a1PfD9zOCFNmGiMAp/MBPhGw="></latexit>



Ho-Kalman Algorithm

2/24/20 Necmiye Ozay, Michigan, EECS 22

• Assume Markov parameters of the system are given:

• Form the Hankel matrix of Markov parameters
D,CB,CAB,CA2B, . . . , CAtB, . . .

<latexit sha1_base64="3fZgiFQ7Z4HINzaHudvY3QGD1JI=">AAACEXicbVC7TgJBFJ3FF+ILpbSZSEwoDNnFQkoUC0tM5JEAktnZWZgw+8jMXRNC6Kxt/BUbC42xsLGz0w/wC/wAh4UYBW9yZ849597M3GOHgiswzXcjsbC4tLySXE2trW9sbqW3d2oqiCRlVRqIQDZsopjgPqsCB8EaoWTEswWr2/3yWK9fMal44F/AIGRtj3R97nJKQFOddO70AJdPdB7Hx2VBXy3hBKDiEn7KTjpr5s048DywpiBbyuxff718flQ66beWE9DIYz5QQZRqWmYI7SGRwKlgo1QrUiwktE+6rKmhTzym2sN4oxHe14yD3UDq9AHH7O+JIfGUGni27vQI9NSsNib/05oRuMX2kPthBMynk4fcSGAI8Nge7HDJKIiBBoRKrv+KaY9IQkGbmNImWLMrz4NaIW8d5s1z7UYRTSKJdtEeyiELHaESOkMVVEUU3aA79IAejVvj3ngynietCWM6k0F/wnj9BiVxne4=</latexit>

H: hankel matrix
<latexit sha1_base64="FQiMkSIk2QlNzZazfTjVEh5ZtkY=">AAAB/HicbVBNT8JAFHzFL8SvKkcvG8HEE2nxIPFE4oUjJgIm0JDtssCG7bbZ3RqbBv+KFw8a49Uf4s1/4xZ6UHCSTSYz7+XNjh9xprTjfFuFjc2t7Z3ibmlv/+DwyD4+6aowloR2SMhDee9jRTkTtKOZ5vQ+khQHPqc9f3aT+b0HKhULxZ1OIuoFeCLYmBGsjTS0y9VW9RpNsZhRjgKsJXssDe2KU3MWQOvEzUkFcrSH9tdgFJI4oEITjpXqu06kvRRLzQin89IgVjTCZIYntG+owAFVXroIP0fnRhmhcSjNExot1N8bKQ6USgLfTJp8U7XqZeJ/Xj/W44aXMhHFmgqyPDSOOdIhyppAIyYp0TwxBBPJTFZEplhiok1fWQnu6pfXSbdecy9rzm290mzkdRThFM7gAly4gia0oA0dIJDAM7zCm/VkvVjv1sdytGDlO2X4A+vzB7QSk3s=</latexit>
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<latexit sha1_base64="1taQUNKJYVF/rUs2TdLmbr8ApOQ=">AAAEHXicjVPLjtMwFPUkPIbw6sCSjUULQhqpajJIZYNU2lmwHKTpzEh1qRzntrWaOJHtVFNF+RE2/AobFiDEgg3ib3AeAyVFCEtJju851/f4xvaTkCvd6/3Ys+xr12/c3L/l3L5z99791sGDMxWnksGYxWEsL3yqIOQCxprrEC4SCTTyQzj3V6OCP1+DVDwWp3qTwDSiC8HnnFFtQrMD64hEdAXUJGoN0iEBzMlxEGuVGUIvuR AgDVyBFG6UEkm5ApIMHLL248uMFPG+mZNlMe3meSX1otSptM+3yF9cRfV3KFMhz53aUayXxpDjdDrEhwUXmW8MSX6Z49EQP8WjV9X7rVd8SVh4rgLZ6czLh4Q4DclxLWlqD918iEt5U7iTQdYlMOIa/ae6qlTU+WdCLTssN+AQEMHvTb/EO20oF75yvmVquyJuLNNcxCkslX1qdvKqkY0VOh1n1mr3ur1y4F3g1qCN6nEya30jQczSCIRmIVVq4vYSPc2o1JyFYP54qiChbEUXMDFQ0AjUNCtPd46fmEiA57E0j9C4jG5nZDRSahP5RlmcWNXkiuDfuEmq5y+mGRdJqkGwqtA8DbGOcXFVcMAlMB1uDKBMcuMVsyWVlJmLooomuM0t74Izr+sedXtvvPbAq9uxjx6hx+gZclEfDdBrdILGiFnvrA/WJ+uz/d7+aH+xv1ZSa6/OeYj+GPb3n310SLY=</latexit>

H
+

<latexit sha1_base64="VPVZHRq5kGPFAtibpNlpC1GKX9s=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqAhlRkHdWXDTZUV7gXYsmTTThmYyQ5IRytBHEMGFIm59DFc+gjsfxL3pZaGtPwQ+/v8ccs7xY86UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9y1Fev6NSsUjc6EFMvRB3BQsYwdpY1+Xbo7add4rOWGge3CnkL94L3x8PrcNK2/5sdSKShFRowrFSTdeJtZdiqRnhdJhrJYrGmPRxlzYNChxS5aXjUYfowDgdFETSPKHR2P3dkeJQqUHom8oQ656azUbmf1kz0cG5lzIRJ5oKMvkoSDjSERrtjTpMUqL5wAAmkplZEelhiYk218mZI7izK89D7bjonhSdKydfOoWJsrAH+1AAF86gBGWoQBUIdOEenuDZ4taj9WK9Tkoz1rRnF/7IevsB/oCRSQ==</latexit>

H
�

<latexit sha1_base64="8jP6jVwjyIdhxVhqt61r4tY+5zs=">AAAB63icbZDLSgMxFIbPeK31VnXpJliEurDMKKg7C266rGAv0I4lk2ba0CQzJBmhlL6CLlwo4ta3cOUjuPNB3Jtpu9DWHwIf/38OOecEMWfauO6Xs7C4tLyymlnLrm9sbm3ndnZrOkoUoVUS8Ug1AqwpZ5JWDTOcNmJFsQg4rQf9qzSv31GlWSRvzCCmvsBdyUJGsEmt8u0xaufybtEdC82DN4X85Xvh++OhdVRp5z5bnYgkgkpDONa66bmx8YdYGUY4HWVbiaYxJn3cpU2LEguq/eF41hE6tE4HhZGyTxo0dn93DLHQeiACWymw6enZLDX/y5qJCS/8IZNxYqgkk4/ChCMToXRx1GGKEsMHFjBRzM6KSA8rTIw9T9YewZtdeR5qJ0XvtOheu/nSGUyUgX04gAJ4cA4lKEMFqkCgB/fwBM+OcB6dF+d1UrrgTHv24I+ctx9X0pF1</latexit>

H+ = OQ =) H� = OAQ
<latexit sha1_base64="jQspfMzS3qyrqyfQNzpgq2Qnv9g=">AAACC3icbVC7SgNBFJ2NrxhfG+20GRIEQQy7CmoTiNikEJKAeUBezE4myZDZmWVmVgkhvU1+RQQLRWwtbO38EHsnj0KjBy4czrmXe+/xAkaVdpxPK7KwuLS8El2Nra1vbG7Z8e2SEqHEpIgFE7LiIUUY5aSoqWakEkiCfI+Rste7HPvlGyIVFfxa9wNS91GH0zbFSBupaSeyjcN0rgBrV4J3JO10NZJS3MJs4wimYe6iAGHTTjopZwL4l7gzkszER/bX7vtDvml/1FoChz7hGjOkVNV1Al0fIKkpZmQYq4WKBAj3UIdUDeXIJ6o+mPwyhPtGacG2kKa4hhP158QA+Ur1fc90+kh31bw3Fv/zqqFun9cHlAehJhxPF7VDBrWA42Bgi0qCNesbgrCk5laIu0girE18MROCO//yX1I6TrknKadg0jgFU0TBHkiAA+CCM5ABWZAHRYDBHbgHT+DZGlmP1ov1Om2NWLOZHfAL1ts31Cub+w==</latexit>

Balanced realizaHon

Hankel singular values

L
.
= SVDn(H

+) = U⌃V |

O
.
= U⌃1/2, Q

.
= ⌃1/2V |

C̄
.
= first m rows of O

B̄
.
= first p columns of Q

Ā
.
= O†H�Q†

<latexit sha1_base64="Ld3a1PfD9zOCFNmGiMAp/MBPhGw="></latexit>



Ho-Kalman Algorithm
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• Estimated Markov parameters:

• Form the Hankel matrix:

G = [D,CB,CAB, . . . , CATB]

Ĝ = [Ĝ�1, Ĝ0, Ĝ1, . . . , ĜT ]
<latexit sha1_base64="pFfAYXCyjiLqklPahbsXto1lyqs="></latexit>

2

6666664

Ĝ0 Ĝ1 Ĝ2 . . . ĜT2

Ĝ1 Ĝ2 . .
.

. . . ĜT2+1

Ĝ2 . .
.

. .
.

. . .
...

... . .
.

. .
.

. . .
...

ĜT1
. .
.

. .
.

. . . ĜT1+T2

3

7777775

<latexit sha1_base64="11cmxfZ4ElCzjawmNN7lJelBjfU="></latexit>

Ĥ
+

<latexit sha1_base64="zxhJPVXm4wcFZUe78nut4frjTy0=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWIQIkLYVVA7AzYpI5iLZNcwO5lNhszMLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPOCWJGlXacLyuzsLi0vJJdza2tb2xu5bd36ipKJCY1HLFINgOkCKOC1DTVjDRjSRAPGGkE/ctR3rgjUtFIXOtBTHyOuoKGFCNtrBuvh3RaGd4etfMFp+SMZc+DO4XCxXvx++PeO6y2859eJ8IJJ0JjhpRquU6s/RRJTTEjw5yXKBIj3Edd0jIoECfKT8cDD+0D43TsMJLmCW2P3d8dKeJKDXhgKjnSPTWbjcz/slaiw3M/pSJONBF48lGYMFtH9mh7u0MlwZoNDCAsqZnVxj0kEdbmRjlzBHd25XmoH5fck5Jz5RTKpzBRFvZgH4rgwhmUoQJVqAEGDg/wBM+WtB6tF+t1Upqxpj278EfW2w/NjZQW</latexit> Ĥ
�

<latexit sha1_base64="GuQJH16jMSJnEKPtEwY8kI36DxM=">AAAB8HicbZC7SgNBFIbPxluMt6ilzWIQYmHYVVA7AzYpI5iLZNcwO5lNhszMLjOzQljyDBY2ForY+gxWPoKdD2Lv5FJo4g8DH/9/DnPOCWJGlXacLyuzsLi0vJJdza2tb2xu5bd36ipKJCY1HLFINgOkCKOC1DTVjDRjSRAPGGkE/ctR3rgjUtFIXOtBTHyOuoKGFCNtrBuvh3RaGd4etfMFp+SMZc+DO4XCxXvx++PeO6y2859eJ8IJJ0JjhpRquU6s/RRJTTEjw5yXKBIj3Edd0jIoECfKT8cDD+0D43TsMJLmCW2P3d8dKeJKDXhgKjnSPTWbjcz/slaiw3M/pSJONBF48lGYMFtH9mh7u0MlwZoNDCAsqZnVxj0kEdbmRjlzBHd25XmoH5fck5Jz5RTKpzBRFvZgH4rgwhmUoQJVqAEGDg/wBM+WtB6tF+t1Upqxpj278EfW2w/QlZQY</latexit>

Ĥ
<latexit sha1_base64="fZaskgnGO9SEs5H1e935wvHHtww=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0YI8FLz1WsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsY+JUM95msYx1L6CGS6F4GwVK3ks0p1EgeTeY3i/87hPXRsTqEWcJ9yM6ViIUjKKVuoMJxaw5H5YrbtVdgmwSLycVyNEalr8Go5ilEVfIJDWm77kJ+hnVKJjk89IgNTyhbErHvG+pohE3frY8d06urDIiYaxtKSRL9fdERiNjZlFgOyOKE7PuLcT/vH6KYd3PhEpS5IqtFoWpJBiTxe9kJDRnKGeWUKaFvZWwCdWUoU2oZEPw1l/eJJ2bqndbdR9qlUY9j6MIF3AJ1+DBHTSgCS1oA4MpPMMrvDmJ8+K8Ox+r1oKTz5zDHzifP2T0j5E=</latexit>

L̂
.
= SVDn(Ĥ

+) = Û ⌃̂V̂ |

Ô
.
= Û ⌃̂1/2, Q̂

.
= ⌃̂1/2V̂ |

Ĉ
.
= first m rows of Ô

B̂
.
= first p columns of Q̂

Â
.
= Ô†Ĥ�Q̂†

<latexit sha1_base64="4vZWrDENmeHIDL1Kret5jkb+VQs="></latexit>



Noise sensitivity of Ho-Kalman
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• Estimated Markov parameters:

• Given a bound on
how good are the other estimates?

G = [D,CB,CAB, . . . , CATB]

Ĝ = [Ĝ�1, Ĝ0, Ĝ1, . . . , ĜT ]
<latexit sha1_base64="pFfAYXCyjiLqklPahbsXto1lyqs="></latexit>

L̂
.
= SVDn(Ĥ

+) = Û ⌃̂V̂ |

Ô
.
= Û ⌃̂1/2, Q̂

.
= ⌃̂1/2V̂ |

Ĉ
.
= first m rows of Ô

B̂
.
= first p columns of Q̂

Â
.
= Ô†Ĥ�Q̂†

<latexit sha1_base64="4vZWrDENmeHIDL1Kret5jkb+VQs="></latexit>

Algorithm

||G� Ĝ||
<latexit sha1_base64="cYLDh7J+idVn3CwATiK62EujmtE=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBG8WBIV9VjwUI8V7Ae0oWy2m3bpZhN3J4WS9nd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fiy4Rsf5tlZW19Y3NnNb+e2d3b39wsFhXUeJoqxGIxGppk80E1yyGnIUrBkrRkJfsIY/uJv6jSFTmkfyEUcx80LSkzzglKCRvPG4ct7uE0wrk/G4Uyg6JWcGe5m4GSlChmqn8NXuRjQJmUQqiNYt14nRS4lCTgWb5NuJZjGhA9JjLUMlCZn20tnRE/vUKF07iJQpifZM/T2RklDrUeibzpBgXy96U/E/r5VgcOulXMYJMknni4JE2BjZ0wTsLleMohgZQqji5lab9okiFE1OeROCu/jyMqlflNzLkvNwVSxfZ3Hk4BhO4AxcuIEy3EMVakDhCZ7hFd6sofVivVsf89YVK5s5gj+wPn8A9gqSLg==</latexit>

Lemma: kH � Ĥk 
p

min{T1, T2}kG� Ĝk

kL� L̂k  2
p

min{T1, T2}kG� Ĝk
<latexit sha1_base64="uOTg9uzKO/1ENCGvdlGGMi9yais="></latexit>

Theorem 1: Assume,                                          . Then, there exists a unitary matrix P s.t.kL� L̂k  �min(L)/2
<latexit sha1_base64="m8JRxOipZ2jrajzY3ce6n3czTQ0=">AAACDXicbVC7TgJBFJ3FF+Jr1dJmIppgIe6iiZYkNhYUmMgjYQmZHQaYMDO7zsyakGV/wMZfsbHQGFt7O//GAbZQ8CQ3OTnn3tx7jx8yqrTjfFuZpeWV1bXsem5jc2t7x97dq6sgkpjUcMAC2fSRIowKUtNUM9IMJUHcZ6ThD68nfuOBSEUDcadHIWlz1Be0RzHSRurYR964cuoNkI4riTf2GLmH0FO0z1En5lQkhcrJWalj552iMwVcJG5K8iBFtWN/ed0AR5wIjRlSquU6oW7HSGqKGUlyXqRIiPAQ9UnLUIE4Ue14+k0Cj43Shb1AmhIaTtXfEzHiSo24bzo50gM1703E/7xWpHtX7ZiKMNJE4NmiXsSgDuAkGtilkmDNRoYgLKm5FeIBkghrE2DOhODOv7xI6qWie150bi/y5VIaRxYcgENQAC64BGVwA6qgBjB4BM/gFbxZT9aL9W59zFozVjqzD/7A+vwBNhia7w==</latexit>

kC̄ � ĈPkF 
q

5nkL� L̂k

kB̄ � P
|
B̂kF 

q
5nkL� L̂k

kĀ� P
|
ÂPkF  14

p
n

�min(L)

�
2kH� � Ĥ

�k+

s
kL� L̂k
�min(L)

kH�k
�

<latexit sha1_base64="nhMK4O5T11bSw0HYIwQuPKAQZmw="></latexit>



Estimation of Markov parameters
Consider

assume, 

Then, cross-correla3ons of input and output give 
Markov parameters:
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xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

E

ytu⇤

t�k

�2
u

�
=

(
D if k = 0,

CAk�1B if k � 1.
<latexit sha1_base64="F3BtWXhovVjz0DOXB/7X5xxiRdU="></latexit>



Es#ma#on of Markov parameters
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Given input/output data (                    ), from a process of the form:

where

consider N subsequences of data of length T+1:

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>



Estimation of Markov parameters
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Given input/output data (                    ), from a process of the form:

where

consider N subsequences of data of length T+1:

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>



Estimation of Markov parameters
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Given input/output data (                    ), from a process of the form:

where

consider N subsequences of data of length T+1:

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>



Estimation of Markov parameters
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>

yt = CATxt�T +Dut +
TX

i=1

CAi�1But�i +
TX

i=1

CAi�1wt�i + zt

= Gūt + F w̄t + zt + et
<latexit sha1_base64="hYAaWUSqp7EsvsVkS+ozPZ3uILQ="></latexit>

for all t 2 {T + 1, . . . , N̄}
<latexit sha1_base64="jPWVlDHwnCf+lJRaqm+ie6pAf3g=">AAACD3icbVC7SgNBFJ2NrxhfUUubwUQRlLAbQS0DNlYSIS/IhjA7mU0GZ2eWmbtCWPIHNv6KjYUitrZ2/o2TR6GJp7mHc+7l3nuCWHADrvvtZJaWV1bXsuu5jc2t7Z387l7DqERTVqdKKN0KiGGCS1YHDoK1Ys1IFAjWDO6vx37zgWnDlazBMGadiPQlDzklYKVu/jhUGhMhcBF8Lv20duqdYV/0FBhbA6LT25E/KnbzBbfkTo AXiTcjBTRDtZv/8nuKJhGTQAUxpu25MXRSooFTwUY5PzEsJvSe9FnbUkkiZjrp5J8RPrJKD48vC5UEPFF/T6QkMmYYBbYzIjAw895Y/M9rJxBedVIu4wSYpNNFYSIwKDwOB/e4ZhTE0BJCNbe3YjogmlCwEeZsCN78y4ukUS555yX3rlyoXMziyKIDdIhOkIcuUQXdoCqqI4oe0TN6RW/Ok/PivDsf09aMM5vZR3/gfP4ApLybGw==</latexit>

Recall:

G = [D,CB,CAB, . . . , CATB]
<latexit sha1_base64="53guOnkxpnSTWbW6BvS3DJh7XJM="></latexit>



Es#ma#on of Markov parameters
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>

yt = CATxt�T +Dut +
TX

i=1

CAi�1But�i +
TX

i=1

CAi�1wt�i + zt

= Gūt + F w̄t + zt + et
<latexit sha1_base64="hYAaWUSqp7EsvsVkS+ozPZ3uILQ="></latexit>

for all t 2 {T + 1, . . . , N̄}
<latexit sha1_base64="jPWVlDHwnCf+lJRaqm+ie6pAf3g=">AAACD3icbVC7SgNBFJ2NrxhfUUubwUQRlLAbQS0DNlYSIS/IhjA7mU0GZ2eWmbtCWPIHNv6KjYUitrZ2/o2TR6GJp7mHc+7l3nuCWHADrvvtZJaWV1bXsuu5jc2t7Z387l7DqERTVqdKKN0KiGGCS1YHDoK1Ys1IFAjWDO6vx37zgWnDlazBMGadiPQlDzklYKVu/jhUGhMhcBF8Lv20duqdYV/0FBhbA6LT25E/KnbzBbfkTo AXiTcjBTRDtZv/8nuKJhGTQAUxpu25MXRSooFTwUY5PzEsJvSe9FnbUkkiZjrp5J8RPrJKD48vC5UEPFF/T6QkMmYYBbYzIjAw895Y/M9rJxBedVIu4wSYpNNFYSIwKDwOB/e4ZhTE0BJCNbe3YjogmlCwEeZsCN78y4ukUS555yX3rlyoXMziyKIDdIhOkIcuUQXdoCqqI4oe0TN6RW/Ok/PivDsf09aMM5vZR3/gfP4ApLybGw==</latexit>

Noise terms

Effect of xt-T (characterize statistics and treat as noise)

Recall:

G = [D,CB,CAB, . . . , CATB]
<latexit sha1_base64="53guOnkxpnSTWbW6BvS3DJh7XJM="></latexit>



Estimation of Markov parameters
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg="></latexit>

yt = CATxt�T +Dut +
TX

i=1

CAi�1But�i +
TX

i=1

CAi�1wt�i + zt

= Gūt + F w̄t + zt + et
<latexit sha1_base64="hYAaWUSqp7EsvsVkS+ozPZ3uILQ="></latexit>

for all t 2 {T + 1, . . . , N̄}
<latexit sha1_base64="jPWVlDHwnCf+lJRaqm+ie6pAf3g=">AAACD3icbVC7SgNBFJ2NrxhfUUubwUQRlLAbQS0DNlYSIS/IhjA7mU0GZ2eWmbtCWPIHNv6KjYUitrZ2/o2TR6GJp7mHc+7l3nuCWHADrvvtZJaWV1bXsuu5jc2t7Z387l7DqERTVqdKKN0KiGGCS1YHDoK1Ys1IFAjWDO6vx37zgWnDlazBMGadiPQlDzklYKVu/jhUGhMhcBF8Lv20duqdYV/0FBhbA6LT25E/KnbzBbfkTo AXiTcjBTRDtZv/8nuKJhGTQAUxpu25MXRSooFTwUY5PzEsJvSe9FnbUkkiZjrp5J8RPrJKD48vC5UEPFF/T6QkMmYYBbYzIjAw895Y/M9rJxBedVIu4wSYpNNFYSIwKDwOB/e4ZhTE0BJCNbe3YjogmlCwEeZsCN78y4ukUS555yX3rlyoXMziyKIDdIhOkIcuUQXdoCqqI4oe0TN6RW/Ok/PivDsf09aMM5vZR3/gfP4ApLybGw==</latexit>

Noise terms

Effect of xt-T (characterize statistics and treat as noise)

Use least squares to estimate G:

We can solve in closed form!How good is this esJmate?Ĝ = argmin
X

N̄X

t=T

||yt �Xūt||22
<latexit sha1_base64="V2/h+NqZu/siisp3elgCs0Ocbpc="></latexit>



Sample complexity
Theorem:
Given input/output data (                    ), from a process of the form:

where A is stable and 

let                                                                  where
and take 

then with very high probability, we have  

xt+1 = Axt +But + wt

yt = Cxt +Dut + zt
<latexit sha1_base64="0XWQkOZcn9rwu87p7+uHGtrX+to="></latexit>

x0 = 0, ut ⇠ N (0,�2
uIp), wt ⇠ N (0,�2

wIn), and zt ⇠ N (0,�2
zIm)

<latexit sha1_base64="lnGkjJiwuT5Og7ZtJ7MrRRaOyyU="></latexit>

{ut, yt}N̄t=0
<latexit sha1_base64="MJSAcD2Emixx066uWbwzN4Wj9sQ=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgupCQq2I1QcONKKtgHNDFMppN26OTBzI0Qhizc+CtuXCji1o9w5984fSy09cCFwzn3cu89QcqZBNv+NpaWV1bX1ksb5c2t7Z1dc2+/LZNMENoiCU9EN8CSchbTFjDgtJsKiqOA004wuhr7nQcqJEviO8hT6kV4ELOQEQxa8s2KqzIfTnIf3MJXcGkX98oNsFA3ReGbVbtmT2AtEmdGqmiGpm9+uf2EZBGNgXAsZc+xU/AUFsAIp0XZzSRNMRnhAe1pGuOISk9NniisI630rTARumKwJurvCYUjKfMo0J0RhqGc98bif14vg7DuKRanGdCYTBeFGbcgscaJWH0mKAGea4KJYPpWiwyxwAR0bmUdgjP/8iJpn9acs5p9e15t1GdxlFAFHaJj5KAL1EDXqIlaiKBH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AYBqYhg==</latexit>

yt = Gūt + F w̄t + zt + et
<latexit sha1_base64="dW6zUaU/gA9kzNCl/Sbv+wAb6C4="></latexit>

*Recall the error terms in least squares:

kG� Ĝk  �z + �e + �wkFk
�u

r
N0

N
<latexit sha1_base64="0frVK9xpZ50tbPi3VOzTM/Uj3Ws="></latexit>

N � N0 = cTq log2(2Tq) log2(2Nq)
<latexit sha1_base64="O+IB2TEIh/cKrFXtYjrKfkMasWM=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxKuylJFXUjFNy4KhV6gyaGyXSaDp3cZiZCCX0DN76KGxeKuHXrzrdx2kbQ1h8GPv5zDmfO70aMCmkYX9rS8srq2npuI7+5tb2zq+/tt0SYcEyaOGQh77hIEEYD0pRUMtKJOEG+y0jbHV5P6u17wgUNg4YcRcT2kRfQPsVIKsvRT2rQ8kgMa44BryBuxBYLvbtKsdKISz9Yi0uOXjDKxlRwEcwMCiBT3dE/rV6IE58EEjMkRNc0ImmniEuKGRnnrUSQCOEh8khXYYB8Iux0es8YHiunB/shVy+QcOr+nkiRL8TId1Wnj+RAzNcm5n+1biL7l3ZKgyiRJMCzRf2EQRnCSTiwRznBko0UIMyp+ivEA8QRlirCvArBnD95EVqVsnlaNm7PCtXzLI4cOARHoAhMcAGq4AbUQRNg8ACewAt41R61Z+1Ne5+1LmnZzAH4I+3jG137maw=</latexit>

q = n+m+ p
<latexit sha1_base64="CmBJNZWy1+afduhb/55P0pP16fw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBKJRdK+pFKHjxWMF+SLuUbJptQ5PsmmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VtPVGkWyXszjqkv8ECykBFsrPTwiK6RLIty3CuW3Io7A1omXkZKkKHeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5PmWcWrVty781LtIosjD0dwDKfgwSXU4Bbq0AACAp7hFd4c5bw4787HvDXnZDOH8AfO5w8/eo9Z</latexit>

N̄ = N + T
<latexit sha1_base64="uV46AC92qXVfiQU8WUDClnTHbmo=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEEoeyqqBeh4MVTqdAv2C4lm2bb0GyyJLNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjsrq2vrG5uFreL2zu7efungsGVUqilrUiWU7oTEMMElawIHwTqJZiQOBWuHo/up335i2nAlGzBOWBCTgeQRpwSs5HdDorPa5K523uiVym7FnQEvEy8nZZSj3it9dfuKpjGTQAUxxvfcBIKMaOBUsEmxmxqWEDoiA+ZbKknMTJDNTp7gU6v0caS0LQl4pv6eyEhszDgObWdMYGgWvan4n+enEN0GGZdJCkzS+aIoFRgUnv6P+1wzCmJsCaGa21sxHRJNKNiUijYEb/HlZdK6qHiXFffxqly9zuMooGN0gs6Qh25QFT2gOmoiihR6Rq/ozQHnxXl3PuatK04+c4T+wPn8AZUgkL8=</latexit>



Combining it all…
Given any δ, ε, we can find a “tight” !" such that if we 
have input/output data of length !", with probability (1-
δ), we can estimate the system matrices (of balanced 
realization) by accuracy at most ε.

Similarly, given input/output data of length !", and any 
δ, we can give a bound ε on the accuracy of the system 
matrix estimates that is valid with probability (1- δ).

Several applications/extensions: estimates of H-infinity 
norm error, system order, etc.
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Numerical examples
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

Separation K

Statistically easier to analyze (but less “efficient”) alternative: 

a variant of the i.i.d. trajectory view point in [Oymak 19]



Numerical examples
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

Separa;on K

_



Numerical examples
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x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

x0, x1, . . . xT , xT+1, . . . xN̄�T . . . xN̄

u0, u1, . . . uT , uT+1, . . . uN̄�T . . . uN̄

y0, y1, . . . yT , yT+1, . . . yN̄�T . . . yN̄
<latexit sha1_base64="2C0VkbpJbgi/qZdKdSpO/AM1gVg=">AAADnHichZJdb9MwFIbdhI8RvrpxhZCQRceExKiScbHdMQkuhhBoSG03qa4ix3E7a44T+YMlsvKn+Cnc8W9w0yCtWQdHiXL0vuf4ObGdFJwpHYa/e55/5+69+1sPgoePHj952t/emajcSELHJOe5PE+wopwJOtZMc3peSIqzhNOz5PLj0j/7QaViuRjpqqCzDC8EmzOCtZPi7d5PJOgVybMMi9SisrZXdbCLErpgwmZYS1bWSO TCZAmVQbCHGqRNuKF1GYf7cA9el2AZR43G01yrjlnGI+d1yu3obVT/o8WiBEv7rX43qv9fVCPkZoRmNZjpzGIavtmANLdhzPrSbm24/vz9tm61IlcdctWQqw3k6jZytUZG1J1Oexy7cX8QDsMm4M0kapMBaOM07v9CaU5MRoUmHCs1jcJCzyyWmhFO6wAZRQtMLvGCTl0qcEbVzDY7XMPXTknhPJfuFRo26vUOizOlqixxlW7AC9X1luImb2r0/GhmmSiMpoKsQHPDoc7h8qbClElKNK9cgolkblZILrDERLv7HLhNiLq/fDOZHAyj98Pw+8Hg+Kjdji3wArwCb0AEDsExOAGnYAyI99z74J14n/2X/if/i/91Ver12p5nYC38yR+dZxgz</latexit>

Separation K

Practically better use of data 
with tight statistical bounds!

_



Numerical examples
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_ _

__
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Outline
• Overview of some problems of interest  at the 

intersec5on of learning, control, and op5miza5on

• Sample complexity analysis of linear system 
iden5fica5on (analysis of Ho-Kalman algorithm)

• Inverse constraint learning (a la inverse op5mal 
control) 

Joint work with Samet Oymak, UC Riverside

Joint work with Glen Chou and Dmitry Berenson, Michigan



Inverse constraint learning
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• Learning constraints from demonstrations
– an alternative to inverse optimal control
– Why constraints? 

1. Constraints are more modular and explainable 

2. [from some HRI person] Humans don’t think in terms of objective 
functions

3. If we have constraints, we can use them for control design to provide 
system-level guarantees (safety & correctness)

• Challenge: learning only from positive examples
Inverse reinforcement learning: [Abbeel & Ng 04], [Englert et al. 17], [Johnson 

et al. 13], [Menner et al 19], [Ng & Russell 00], [Singh et al. 18], [Sadigh et al. 17]
Constraint learning: [Calinon & Billard 08], [Lin et al. '17], [Mehr et al '16], [Pais

et al. 13], [Pérez-D'Arpino & Shah 17]
Temporal logic inference: [Bakhirkin et al. 18], [Bombara et al. 16], [Kong et al. 
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Demonstra*ons (from different tasks) 
with common constraints

Demonstrator knows:
• Cost function, all constraints

We know:
• Cost function, system 

dynamics, control constraints.

known task-dependent cost 
(e.g. path length)

known task-dependent 
constraint (e.g. start/goal 

state)

unknown shared 
constraint

known shared constraint 
(e.g. dynamics, control 

constraints)
Learn from 
demonstrations{⇠⇤i }

N
i=1

Demonstrator finds trajectory aaa
that solves:

⇠⇤

5/15



Two approaches

Globally optimal demonstrations:
Key insight: Any trajectory satisfying 
the known constraints with lower cost
than the demonstration must violate 
the unknown constraint.

à Sample lower cost trajectories (can 
be done with a simulator if dynamics 
are not given in closed form)

Locally op7mal demonstra7ons:
Key insight: Find a cost funcAon and 
constraints that make the 
demonstraAons saAsfy the KKT 
opAmality condiAons.
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KKT(⇠)
Primal feasibility: g¬k(⇠, ✓)  0, gk(⇠)  0, hk(⇠) = 0

Lagrange multipliers: �¬k � 0, �k � 0
Complementary slackness: �¬k � g¬k(⇠, ✓) = 0,

�k � gk(⇠,✓) = 0

Stationarity: r⇠c(⇠,�) + �>
kr⇠gk(⇠) + �>

¬kr⇠g¬k(⇠, ✓)

+ ⌫>
kr⇠hk(⇠) = 0

Can be encoded as a mixed integer linear program 
for certain classes of constraint parameterizations



Constraint extraction problem
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find �, ✓,
�
�j
k,�

j
¬k,⌫

j
k

 Ndemos

j=1

subject to {KKT(⇠j)}Ndemos
j=1

Recover cost and constraints:

Finds a feasible constraint/cost parametrizaAon 
à to extract volumes of guaranteed safe and 
unsafe regions, check infeasibility of negated 

constraint

There is some geometric analysis of what is learnable (good 
parametrizations help).



7-DOF manipulation:
• Elliptical 

obstacle 
constraint

• 5 constraint 
parameters

Quadrotor navigation:

• Pose 
constraints

• Obstacle 
constraints

• 15 constraint 
parameters

• Angular velocity 
constraints

• Obstacle constraints
• Control input constraints
• Uncertain cost function
• 23 constraint parameters
• 6 cost function parameters



What if forward problem has time-varying 
constraints (e.g., linear temporal logic)?

ϕf ϕs

(♦p1) ∨ (♦p2)
⊤

(♦p1) ∧ (♦p2) ∧ (♦p3)

♦p1
♦p2

(♦p1) ∨ (♦p2) ∨ (♦p3)
♦p3

ϕf ϕs

ϕg

(♦p1) ∨ (♦p2)
⊤

(♦p1) ∧ (♦p2) ∧ (♦p3)

♦p1

(¬p2Up1) ∧ (¬p3Up2) ∧ ♦p3

♦p2

(♦p1) ∨ (♦p2) ∨ (♦p3)
♦p3

Case 1:
Continuous local 
optimality, logical 

feasibility

Case 2:
Continuous local 
optimality, logical 

spec-optimality

Case 3:
Continuous global 
optimality, logical 

global optimality

p2(✓p)
p1(✓p)

p3(✓p) p2(✓p)
p1(✓p)

p3(✓p) p2(✓p)
p1(✓p)

p3(✓p)

specs for which the demonstration is feasible

specs for which the demonstration 
visits/avoids APs only if it is cost-

advantageous

specs for which the demonstration is globally 
optimal

ϕf

(♦p1) ∨ (♦p2)
⊤♦p1

♦p2

(♦p1) ∨ (♦p2) ∨ (♦p3)
♦p3

Ẑi,t(✓p)
.
=

�
¬Zi 0,t 0(✓p) i 0 = i, t 0 = t

Zi 0,t 0(✓p) else
either or    is still 
locally-optimal after relaxing 
the constraints of at time t

Ẑi,t(✓p) = 0 ⇠

pi

'(✓s, ✓p) = (¬p2 U p1)^

(¬p3 U p2)^

⌃p3



p5(✓p)p2(✓p) p1(✓p)

p3(✓p)

p4(✓p)

'(✓p,✓s) = (¬p2(✓p) U p1(✓p))^ (¬p3(✓p) U p2(✓p))^ ⌃p3(✓p)



Summary & Conclusions
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System iden3fica3on:
• Sensi6vity/robustness analysis for Ho-Kalman algorithm
• End to end sample complexity results à guarantees on 

the learned system parameters from finite samples
• Future direc*ons: analysis of other sys id algorithms, 

closing the loop, control for learning, unstable systems(?)

Inverse constraint learning:
• Op6mality is a very strong prior for learning constraints: 

from simple constraints to complicated temporal tasks
• Future direc*ons: more non-determinism in models or 

data
2/24/20


