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* Overview of some problems of interest at the
intersection of learning, control, and optimization

 Sample complexity analysis of linear system
identification (analysis of Ho-Kalman algorithm)

Joint work with Samet Oymak, UC Riverside

* Inverse constraint learning (a la inverse optimal
control)

Joint work with Glen Chou and Dmitry Berenson, Michigan
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Control of safety-critical autonomous systems
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Lt41 — f(xtautawt)
Yt = h(CCt,Ut,Zt)

Wy € W(:Ut), Zt € Z(a:t) Noise/uncertainty

uy € U(xy) Control constraints
From data to model: From model to control:
* System identification e Decision problems of the form:
* Model (in)validation * Does there exist a control policy (of
* Fault/anomaly detection the form C) such that XXX holds?

* YES (+ controller)
* NO (+ certificate/proof of non-
existence)

XXX: closed loop system is stable, has some inductive invariant (safe), achieves a
task described by an automaton/temporal logic formula (reachability), etc.



e Models:

— | know how to ask (and in some cases answer) “does there exist
a controller” type questions if | have a model

— Ability to change control objective

— If | get more data, | can check validity of my model (and
therefore, of the controller)

* Not so clear how to validate a policy (computed in a model-
free way) against pre-collected data?

e Constraints: (rather than objective functions)
— Specifying a task with a single reward/cost function is hard (?)

— Why not append constraints to the objective function = nice
additive/quadratic cost functions are not enough



Non-asymptotic analysis of
linear system identification

Lt+1 — ACEt -+ But
Y — CCBt + Dut

With Samet Oymak, ACC 19, TAC (tbs)

(Online) identification
of hybrid/switched
linear systems

n,

y(t) = Z ailo)y(t —1i) + Z cilo)u(t —1) + n(t)

i=1 i=1

Learning “reduced models” for
Markov jump linear systems
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With Zhe Du and Laura Balzano, CAMSAP 19

Learning constraints from
demonstrations

Demonstrations

With Glen Chou and Dmitry Berenson, CORL 19, RA-L 20



 Sample complexity analysis of linear system
identification (analysis of Ho-Kalman algorithm)
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Joint work with Samet Oymak, UC Riverside

Joint work with Glen Chou and Dmitry Berenson, Michigan
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From: iopscience.iop.org From: www.rsrit.com
Complex simulation models/ability run lots of experiments
Big data

System identification = learning structured simple models

Models useful for (i) control design, (ii) fast simulations

2/24/20 (iii) system monitoring, (iv) anomaly detection, etc.



Data =2 Models =2 Control

. . From: NASA ) __From: nbcnews.com
Exploring unknown environments Handling unexpected failures

“Small” data

Online system identification = learning models at run-time

\ {

Adaptation
(repurposing, changing mission objectives)
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Given input/output data ({us, v }1vq ), find @ model of the
form:

* Asymptotic analysis:

— As the data size N goes to infinity and/or noise (wy, 2¢) level
goes to zero, can we learn the system model?

* Non-asymptotic analysis:

— Given finite amount of noisy data, how does the identification
accuracy depend on the data size N and noise?

— What can the best identification algorithm achieve in this case?



* Asymptotic analysis:
— As the data size N goes to infinity and/or noise (w;, 2¢) level goes to zero,
can we learn the system model?
Textbook on sys id: [Ljung 99], standard methods: Ho-Kalman (Eigen
Realization Algorithm-ERA), N4SID, etc.
* Non-asymptotic analysis:
— Given finite amount of noisy data, how does the identification accuracy
depend on the data size N and noise?

— What can the best identification algorithm achieve in this case?

Control theoretic methods: [Weyer et al. 99], [Vidyasagar & Karandikar
01], [Campi & Weyer 02], [Akcay 04], [Care et al. 18], etc.

Statistical machine learning methods: [Hardt et al. 16], [Dean et al. 17],
[Hazan et al. 17], [Tu et al. 17], [Sarkar & Rakhlin 18], [Simchowitz et al. 18],
etc.

2/24/20 Necmiye Ozay, Michigan, EECS 12



Understanding the noise sensitivity/robustness of Ho-
Kalman algorithm and sample complexity analysis
—> provable guarantees on the accuracy of learned model

Some properties of Ho-Kalman (ERA):

e Learns from input-output data (no state measurement)
* generically ill-posed
e can only learn a canonical representation (i.e.,

learning is up to a similarity transformation)

* Single trajectory
* requires carefully reasoning about dependencies

* Model class does not satisfy noise invertibility

assumption

2/24/20 Necmiye Ozay, Michigan, EECS
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Given input/output data ({u¢, 3. }7., ), find a model of

the form: Tir1 = Az, + Buy

yr = Cxy + Duy

* |dentification problem is ill-posed:
— we can only learn up to a similarity transformation (change of basis)



Given input/output data ({u¢, 3. }7, ), find a model of

the form: Tir1 = Az, + Buy

yr = Cxy + Duy

* |dentification problem is ill-posed:
— we can only learn up to a similarity transformation (change of basis)

Try1 = PAP ‘%, + PBu,

r = Pz = .
yt:OP_ iizt—I—Dut



Given input/output data ({u¢, 3. }7., ), find a model of

the form: Tir1 = Az, + Buy

yr = Cxy + Duy

* |dentification problem is ill-posed:
— we can only learn up to a similarity transformation (change of basis).
— we can only learn the controllable and observable part

* Assume: The system is controllable and observable
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* Assume: The system is controllable and observable

 Two step procedure:
1. Estimate the Markov parameters of the system:
D.CB,CAB,CA°B,...,CA'B, ...
Markov parameters are invariant to the choice of basis
2. Estimate the “system matrices” from Markov parameters
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* Assume Markov parameters of the system are given:
D,CB,CAB,CA*B,...,CA'B, ...

* Form the Hankel matrix of Markov parameters
H: hankel matrix

h

I

CB CAB CA®B
CAB CA’B '

CA%B

cAT' B

2/24/20

CATQB ] B C ]
CAT:+1p CA

— |CA | B AB AB

CAT1:+T2B_ o J:L
rank(H) =n
n: state-space dim

Necmiye Ozay, Michigan, EECS
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* Assume Markov parameters of the system are given:
D,CB,CAB,CA*B,...,CA'B, ...

* Form the Hankel matrix of Markov parameters

H: hankel matrix
]

CB CAB CA%2B ... | cAT2B [

CAB |CcA2B .-° ... |CATz+lp
CA2B :

lcAT'B | . L oA
HT H™

HT=0Q = H = 0AQ

2/24/20 Necmiye Ozay, Michigan, EECS
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* Assume Markov parameters of the system are given:
D,CB,CAB,CA*B,...,CA'B, ...

* Form the Hankel matrix of Markov parameters

H: hankel matrix
]

' ‘ L=SVD,(H")=UxXVT
| ¢B | CAB CA’B ... | CABB ] L orrvl/2 s vl/20T
CAB |cA2B .- ... |cATH1p ?fUz , Q =XV

CA2B | .- 5 C_':ﬁrstmrows of O
: : B = first p columns of ()
_CATlB . loATh+T: | A:OTH—QT
1 n: states
HT H-

m: outputs

HY =0Q — H™ = 0AQ P inputs

2/24/20 Necmiye Ozay, Michigan, EECS 21



* Assume Markov parameters of the system are given:
D,CB,CAB,CA*B,...,CA'B, ...

* Form the Hankel matrix of Markov parameters

H: hankel matrix Hankel singular values

‘  L=SVD,(H") = T
CB CAB CA2B ... | CA2B [ . 1/2 . ov1/27T

CAB |cA2B .-~ ... |CAT+'B _?f V27", @ =277V

AR : : : C_’ = first m rows of O
: . _ : B)= first p columns of ()
lcanp | .- - loATHT E Al=O0TH Q'
H™T H™ Balanced realization

HT=0Q = H = 0AQ

2/24/20 Necmiye Ozay, Michigan, EECS 22



e Estimated Markov parameters:
G =[D,CB,CAB,...,CA"B]
G =[G_1,Go,G,...,G7]
 Form the Hankel matrix:

H

i . i N N A
1Go | Gi1 Gy ... | Gnp L=SVD,(H") =UXVT
G, |Gy Gryt1 O =02 O =1/2)T
G, | == ... C = first m rows of O

B . L : B = first p columns of Q
-GT1 G141 A=0tHOf

I 1

2/24/20 Necmiye Ozay, Michigan, EECS



Algorithm

* Estimated Markov parameters: TS =0
G =[D,CB,CAB,...,CA"B] o =052, 0 = sy
GA:[G_héO’GAl)_“’GT] IC:’iﬁrstmrowsofO A
. ~ B = first p columns of @)

 Given a boundon ||G — G| = oo

how good are the other estimates?

|H — H|| < v/min{Ty, To}||G - G|
IL — L|| <2y/min{T},T2}||G - G|

Lemma:

Theorem 1: Assume, |L — L|| < 0umin(L)/2. Then, there exists a unitary matrix P s.t.

|C = CPllr < \/5n|L - P

|B = P B||r < \/5nL — L]

L~ Ll -
1)

. 14y/n :
A—PTAP||lrp £ ——=2|H  —H || +\| ——
|| I 2| 1\ o) )

2/24/20 = Omin(L)



Consider

Ti11 = Axy + Buy + wy
yr = Cxy + Dug + 2

assume,
o =0, uy ~ N(0,021,), wy ~ N (0,02 1,), and z; ~ N(0,021,,)

Then, cross-correlations of input and output give
Markov parameters:

E[ytu;‘_k]_ D if k=0,
o2 | |CA* B if k>1.

u




Given input/output data ({u:, yt},{V:O ), from a process of the form:
Tti1 = Aﬂft + Buy + wy

where yr = Coy + Duy + 2
o =0, uy ~ N(0,021,), wy ~ N(0,021,), and z; ~ N(0,021,,)

consider N subsequences of data of length T+1:

os| L1, ... XTy, LXT4+1y e« ITN_T ... TN
up, U1, ... U, UT4+1, ... UN_T ... UN
Yo, Y1, --- Yr, Yr+i, --- YnN-17 -+ YN

2/24/20 Necmiye Ozay, Michigan, EECS 26



Given input/output data ({u:, yt},{V:O ), from a process of the form:
Li41 = Aajt + But + Wy

where yr = Coy + Duy + 2
o =0, uy ~ N(0,021,), wy ~ N(0,021,), and z; ~ N(0,021,,)

consider N subsequences of data of length T+1:

Los|| L1, ... XT, .CI?T_|_1? e IN_T .. TN
up, | U1, ... UT, @ oo UN_T ... UN
yo, Y, .-- Y1y Y141, --- Yn—-17 --- YN

2/24/20 Necmiye Ozay, Michigan, EECS 27



Given input/output data ({u:, yt}ivzo ), from a process of the form:
Li41 = Aajt + But + Wy

where yr = Coy + Duy + 2
o =0, uy ~ N(0,021,), wy ~ N(0,021,), and z; ~ N(0,021,,)

consider N subsequences of data of length T+1:

To,|| T1,| --. TT, TT+1, :UN_T|... T 7
up, | U1, ... UT, UTH+1 un_m .. UpN

Yo, Y1, .- Yr, Y141, --- Yn—_-1 -+ YN

2/24/20 Necmiye Ozay, Michigan, EECS 28



Estimation of Markov parameters

LT, 'CBT—|—17

Lo, || L1,
up, | Uq,
Yo, Y1,

.uT,@
\/

yr, Yr1r+1,

forallte {T+1,...,N}

Recall:

Un_r1 U N
YN—-T YN

T T
Y — CATCCt_T + Dut + Z CAi_lBut_i + Z CAi_lwt_Z— + Z¢

1=1

=Gu + Fw; + 2z + ¢

G =[D,CB,CAB,...,CATB]

2/24/20

Necmiye Ozay, Michigan, EECS
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Estimation of Markov parameters

Loy|| L1y -+ LTy TTH+1,

ug, | U1, ... UT,| UTH+1

yo, Y1, ... Yr, Yr+i, --- YnN—-1 --- YN

UN_T U’N

forallte {T+1,...,N}

T T
gy = CATz_p + Duy + Z CA 'Bu,_; + Z CA Yw, ; + 2
i=1 i=1
= Guy + Fw, + z + Effect of x,.; (characterize statistics and treat as noise)

||
Noise terms

Recall:
G =[D,CB,CAB,...,CATB]

2/24/20 Necmiye Ozay, Michigan, EECS 30



U/N_T UN

Lo, || L1y --- LT, LTH1,

Ug, | Ur, .. UT, UT41

Yvo, Y1, - Y1y Y141, -+ YN—-7 -+ YN

forallte {T+1,...,N}

T T
v = CA vy + Duy + Z CA 'Bu,_; + Z CA Yw, ; + 2
i=1 i=1
= Guy + Fw; + z; + Effect of x, ; (characterize statistics and treat as noise)

I

Noise terms

Use least squares to estimate G:

N
G =argmin Y |[lys — X0[3 How good is this estimate?
X =T

2/24/20 Necmiye Ozay, Michigan, EECS 31



Theorem:

Given input/output data ({u¢, yt}ivzo), from a process of the form:
Ttt1 = AfCt + Buy + wy

yr = Cxy + Duy + 2
where A is stable and
o =0, uy ~ N(0,021,), wy ~ N(0,021,), and z; ~ N(0,021,,)
let N > Ny = cT'qlog®(2Tq) log®(2Nq) where ¢ =n-+m+p

and take N=N4+T
then with very high probability, we have

e 0.+ 0e+ 0| F|| [ No
G -Gl < —
I6 - G < et M

*Recall the error terms in least squares: Y = Guy + F'w; 4 2 + €4



Given any 9, €, we can find a “tight” N such that if we
have input/output data of length N, with probability (1-
5), we can estimate the system matrices (of balanced
realization) by accuracy at most .

Similarly, given input/output data of length N, and any
5, we can give a bound € on the accuracy of the system
matrix estimates that is valid with probability (1- d).

Several applications/extensions: estimates of H-infinity
norm error, system order, etc.



To,|| T1,| --. TT, TT+1, TN_T | . TN
Uup, | U1, ... UT, UTH+1 un_ro .. UN
Yo, Y1, --- Y, Y1+1, --- YnN-17 --- YN

Statistically easier to analyze (but less “efficient”) alternative:
a variant of the i.i.d. trajectory view point in [Oymak 19]

Separation K

Lo,| L1y ... T, $T+14 cee IN_T .. TN
Ug, Ui, .- @ Ur41, ... UN—T\')UN
Yyo, Y1, --- Yr, Yr+i, --- YnN-17 -+ YN

2/24/20 Necmiye Ozay, Michigan, EECS



Zo,|| €1, ... TT, TT41, CCN_T| . TN
- Yy rynn BN nr — UN
- Impact of separating the trajector
ot —— No separation YN
1.2] ——— 2 separation
<:1-0 —— 4 separation
?0-8 —— 8 separation
Qoe
0.4 \
— 0.2
2 LN
v 2% 200 400 600 800 1000 ]u N
— N (\t/rajectory length)
Yo, Y1, --- Yr, Yr+i, --- YN_T YN

2/24/20 Necmiye Ozay, Michigan, EECS
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Zo,|| €1, ... TT, TT41, ZCN_T| . TN
/LIA i . D1 — I Nl —~ . ‘I Nt — UN
o Impact of separating the trajector
v —— No separation YN
1.2] —— 2 separation
<§1-0 —— 4 separation Practically better use of data
| 0.8 —— 8 separation with tight statistical bounds!
Qoe
0.4
— 0.2
9 LN
v %% 200 400 600 800 1000 ]u N
— N (\t/rajectory length)
vo, Y1, --.- Yr, Yr+i, --- YN—-17 --- YN

2/24/20 Necmiye Ozay, Michigan, EECS 36



Numerical examples

oy =0,=0.25

oy=0,=0 0.7

(15117

N

1S = Sll.

— e ——— ]

0 200 400 600 800 1000 1200 1400 1600

0.0 200 400 600 800 1000 1200 1400 1600 _
N (sample size)

N (sample size)

00025 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
N (sample size) N (sample size)

(c) (d)




Outline

* Overview of some problems of interest at the
intersection of learning, control, and optimization

 Sample complexity analysis of linear system
identification (analysis of Ho-Kalman algorithm)

Joint work with Samet Oymak, UC Riverside

* Inverse constraint learning (a la inverse optimal

control)
- ‘ ,
| YA NN

Joint work with Glen Chou and Dmitry Berenson, Michigan
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* Learning constraints from demonstrations

— an alternative to inverse optimal control
— Why constraints?

1. Constraints are more modular and explainable

2. [from some HRI person] Humans don’t think in terms of objective
functions

3. If we have constraints, we can use them for control design to provide
system-level guarantees (safety & correctness)

 Challenge: learning only from positive examples

Inverse reinforcement learning: [Abbeel & Ng 04], [Englert et al. 17], [Johnson
et al. 13], [Menner et al 19], [Ng & Russell 00], [Singh et al. 18], [Sadigh et al. 17]

Constraint learning: [Calinon & Billard 08], [Lin et al. '17], [Mehr et al '16], [Pais
et al. 13], [Pérez-D'Arpino & Shah 17]

Temporal logic inference: [Bakhirkin et al. 18], [Bombara et al. 16], [Kong et al.
14})2[Neider & Gavran 18], [Shahetialo+18|;[Mazgruez-Chanlatte et al. 18] 39



Demonstrator knows: We know:
 Cost function, all constraints * Cost function, system
dynamics, control constraints.

Demonstrator finds trajectory & * known task-dependent cost
that solveS/ (e.g. path length)

minimize Ciasx(£) unknown shared

& / constraint
subjectto g({,0) <
h — :

Bshare 0, hsnarea(&) =0 known shared constraint
Stask hesi (&) =0 (e.g. dynamics, control

constraints)

Learn from

demonstrations{&; 1\ known task-dependent

constraint (e.g. start/ goal
state)

5/15




Globally optimal demonstrations:

Key insight: Any trajectory satisfying
the known constraints with lower cost

than the demonstration must violate
the unknown constraint.

- Sample lower cost trajectories (can
be done with a simulator if dynamics
are not given in closed form)

Locally optimal demonstrations:

Key insight: Find a cost function and
constraints that make the
demonstrations satisfy the KKT
optimality conditions.

Primal feasibility:
Lagrange multipliers:

Complementary slackness:

Stationarity:

KKT(¢&)

g-k(&0) <0, gk(&) <0, hy(E)=0

Ak >0, Ac2>0

Ak ©8-x(&,60) =0,

M © gx(£,0) =0

Vee(&,y) + Ay Vegi(E) + AL Veg-k(£,0)
+v Ve (8) =0

Can be encoded as a mixed integer linear program
for certain classes of constraint parameterizations




Recover cost and constraints:
. ] ] ] N emos
find v, 0, {AL,)\Lk,VL}j:d]
subject to  {KKT(&))} ¢

Finds a feasible constraint/cost parametrization
— to extract volumes of guaranteed safe and
unsafe regions, check infeasibility of negated

constraint

There is some geometric analysis of what is learnable (good
parametrizations help).



7-DOF manipulation:
_ Demonstrated 'nggn?d . Elliptical
" ) "~ ’ 7 obstacle
' ) constraint
* 5 constraint
parameters

= - § ‘ ¢ TPose

e constraints

* (Obstacle
constraints

e 15 constraint
parameters

Quadrotor navigation: * Angular velocity
Demonstrated Planned constraints

* Obstacle constraints
 Control input constraints
* Uncertain cost function

* 23 constraint parameters

* 6 cost function parameters




What if forward problem has time-varying
constraints (e.g., linear temporal logic)?

Case 1:
Continuous local
optimality, logical

feasibility

Case 2:
Continuous local
optimality, logical

spec-optimality

Case 3:
Continuous global
optimality, logical

global optimality

specs for which the demonstration is feasible

specs for which the demonstration
visits/avoids APs only if it is cost-
advantageous

A

i,t( p) -

. _'Zi/)t/(ep) i = i,t/ =t
Zi(0p) else

eitherZ; (6,) = 0 oré, is still
locally-optimal after relaxing

the constraints of p; at time t

Spg (mp2ldp1) A (ﬁp@
S

(Op1) A (Op2) A (Op3)

Pt

(Op1) V (Op2) V (Op3
specs for which the demonstration is globally
optimal







System identification:

Sensitivity/robustness analysis for Ho-Kalman algorithm
End to end sample complexity results = guarantees on
the learned system parameters from finite samples
Future directions: analysis of other sys id algorithms,

closing the loop, control for learning, unstable systems(?)

Inverse constraint learning:

Optimality is a very strong prior for learning constraints:
from simple constraints to complicated temporal tasks
Future directions: more non-determinism in models or

data




