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The kinetic setting.
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The Rayleigh number Ra = 16G(2m2)

0
chosen in [Rac, (1 + 0)Rac], for 6 small.
We construct a stationary solution Fs = M + =fs + O(£?), with

is independent of € and
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where ps, Us, Ts are expressed in terms of the fluid solution
hs = hy + & hoon + O(62)

to the Oberbeck-Boussinesq system.
Moreover, we prove the kinetic non linear stability of Fs under
suitable initial perturbations.

Kinetic stability for Rayleigh-Benard convection.



All solutions (stationary or evolutionary) to the Boltzmann
equation will be weak L'- solutions to the Boltzmann equation.
This will be made possible by controlling the solutions in
appropriate norms, in particular in the Lﬁﬂ norm in the v-variable
of the L> norm in the space variables.
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We study the Boltzmann equation for the perturbation
® = M~'(F — Fs) with the initial datum

5
Oo(x,z,v) = > e"0N(0,x,2,v)+ ps,
n=1
where [ dvdxdzMps = 0 and Fs + M®g > 0. The time
dependent solution is written
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The first term of the expansion in ¢ is
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2 )
where the initial data for p', u', 6'(t, x, z) are chosen small
enough so that the solution
(us(x, 2) + u'(t, x, 2),0s(x, 2) + 6'(t, x, 2)) of the initial
boundary value problem for the O-B equations exists globally in
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Stability : the remainder

We construct the rest term R, solution of

%’f n ;M vxglj + lvzg’j _GM- ag‘f) _ ;LR+ %J(H, R)
+%H(R) LA,
R(0,x,z,v) = Ry(x,z,v) = e*ps(x, z, v),
R(t,x,Fm,v) = % WZ§O(R(Z‘,X, Fr, W)+ %(t, X, Fm, w))|wz|Mc
f(t,x, Fm, V), xe€[-mmn], t>0,v;>0,
where
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The main result.

There exists a solution R such that

lim / R2(t, x, z, v)M(v)dxdzdv = 0.
[—7,7]2 xR3

t—o0

Main lines of the proof.
+o0o
/ / R2(t, x, z, v)M(v)dxdzdvdt < c<”,
0 [—7,m]2xR3
/Rz(t, x,z,v)M(v)dxdzdv < ;(/Rz(o,x,z, v)M(v)dxdzdv

+/0+°O | A(s) || ds).
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Three main problems.
@ Avoid exponential growth of R(t, .,.) when t — oo. Indeed,

by
—(R,LR) > C((1 — P)R,v(1 — P)R),
and
(R, J(¢n, PR)) < Cllv'/2PR] |[v'/2(1 = P)RY.
it holds that

1d
st RIB<CIRIE, + [ B.R).

"

@ Take care of the diffuse reflexion boundary conditions.
@ Control the hydrodynamic moments.
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Fix (x, z) and define

5
LiR=LR+J(D "0 + &g, PR).

n=1

Spectral gap property of L,

Lemma

There is ey > 0 such that, for 0 < ¢ < ¢g, there is ¢ independent
of e and (x, z), for which the following inequalities hold :

—(LyR. R) = o(v(I - P))R,(I - P))R),
—(L%R, R) > c(v(I — P)R, (I - P)R).
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The following norms are used,

t pm g 1
| Rl = (/0 /_ /_ ; R?(s, x, z, V)M(v)dsdxdzdv>2,

s m 1
| R [loo,2 =sUp(/ / RSRz(t,x,z,v)M(v)dxdzdv>2,

t>0

1
| R oo :sup(/R sup  RP(t.x. 2. v)M(v)av)”.

t>0 3 —mw<X,z<m

1
| R 2tz / [ vemv) | Ats.x—mv)  duoas)’
-7 JVvz>0
1
+ /// |vz|M(v)|R(s,x,7r,v)|2dvdxds)2,
—m JVvz<0

1

| A lloo,2,~ SUp/ / v:M(v) | R(t, x, —m, V) |? dxdv>2
t>0 J—mw Jv;>0

1

SUP/ / | vz | M(v) | R(t,x, =, V) |? dxdv)é.
t>0 J—7 Jvz<0

Kinetic stability for Rayleigh-Benard convection.



Lemma

Let o(T, x, z, v) be solution to

Dy Dy O _10(Mp) 1,
e 9L, 2 aAMe) _ 1y 1
o7 T gy TVegy —SGMT 5~ =Zhiwte (1)

periodic in x of period 2w, with zero initial and ingoing boundary
values at z = —r, 7, and g x-periodic of period 2. Set

= p— < p>=p—(2m)72 [ pdxdz.

Then, ife < eg, 0 < dg, for eg, o sSmall enough, there exists n
small such that,

I ¢ llo  <c(ez |v72(/= P)g 22 +e72 || P 122
2,2 )7
| v2(I= Pl <c(cllv2(=P)gllaz + Il P ll2z

+ne |I< P >|lz ),
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Proof of the Lemma.

Denote by 3(7, &, v), € = (€x,&2) € Z2 the Fourier transform of
o with respect to space.

Then for £ # (0, 0),

I(Mp)
oVy

%f 1Lj<p i€-vp4eGMT!

Here r = Fxp(7,&x, £m, v) for v, =2 0. Then,

/Oood%/(P@P(%,f, v)Mdv < 0(1/0 <||C s(v) J@)(T £,
(- PaE.E ) / a7 [ v\ (7. e, v M
N Mrrz).
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By the Parseval inequality,

/OO /(ﬁfp)z(%,x, z,v)Mdvdxdzd7

<c gz/ / (I = P)p)?(7, x, z, v)Mdvdxdzd7

L /0 / v 92(F, X, 2, V)Mavdxdzd7+ || v~ 3o +1 | ¢ 132
By Green’s formula,
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Write R as the sum Ry + Ro, where Ry and R, are solutions of
two different problems. R; solves

OR, 1 oR, 1 0R, GO(MRy) 1
om 1, 0m _ = — IR
at T ox T2 ez T M o, 2

1 1
+5 1( 1)+Eg’

R1(0,x,z,v) = Ry(x, z, V),

1-
F"1(taX7:F7T’ V):—?b(t,x,:Fw, V), t>0, szo-

The non-hydrodynamic part of Ry is estimated by Green’s
formula : for every ny > 0,

17 R Bra + I R(T) o+ Il v~ PR I3,
<c( 1l Ro g2+l v 2(/— P))g Hm

Ui
+E ” PJR1 ”27'2 + H PJg ngg + 22 H 1/} H27'2
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An a priori bound for PR, is obtained in the following lemma
based on dual techniques.

Lemma
Seth:= P,R;. Then

_1
Ihlzz  <cllRoll3+ 1l v=2(/=Pyg i3

1 1 -
+3 1 Pag 12 +5 11 9 12
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The remaining part R, of R satisfies the equation

ORs ORs ORo GOo(MR,) 1
—e— =—L, ;R + H{(R
ot TVox TV az Cm oy, et iR,
R»(0,x,z,v) =0,
~ Mx(v)
R2(t7Xa +, V) - M(V) Wz§0 <R1(t,X, +, W) + RZ(taxa +, W)

+lzﬁ(t, X, Fm, w))\WZ]MdW, t>0,v;=20.
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By Green’s formula, and noting that H;(R>) only depends on
(I — P)Ro, we get

2
2t2,~ -

_ c, 1
ellRe(OIZ+ 11 7~ R 132, +- vzl = Po)Re I32< "Rz |

Treatment of the diffuse reflexion boundary conditions :

Cc 1
el| Ral3 2(1) + Z vzl = Py)R: 152

T

— 2 2
< — | 512~ +Cen || PyRz (|52,
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Hydrodynamic estimates for R».

C1 — 2 2
| PyRs ||55< 2 |~ 122~ +C2 |l PyR1 (22 -
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Lemma

Any solution Ry satisfies the a priori estimates
1 _1
|20 -PYR 132 <c(ell Ro llf+¢ v 21— P))g I3
1 2 1 7112
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There exists a solution R to the rest term problem such that

+oo
/ / IR(t, x, 2, v)|2M(v)didxdzdv < c<”.
0 —m,m]2xRR3

Proof. R is obtained as the limit of an approximating sequence.
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