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It is generic phenomena that solutions
of homogeneous systems of quasi-linear hyper-
bolic conservation laws break down after a fi-
nite elapse of time. A balance is often attained
with the presence of various sources S[U],

U+ V. FU)=SUJ,

in which F'(U) is the flux and the source S|U]
may prevent finite time breakdown from hap-
pening if initial configuration is above certain
threshold.

Consider a relaxation system of the form

v — Uy = 0, (1)
wetp(0)s = T(ue) —u). (2

subject to bounded and differentiable initial
data

(v, u)(2,0) = (vo, uo)() (3)
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for all x € R, where v and u are scalars, u.(v)
is the equilibrium flux, p(v) is the pressure
satisfies p’(v) < 0 and p”(v) > 0, and 7 > 0 is
a relaxation parameter.

When 7 — 0, (1) (2) relax to the equi-
librium equation

vV — Ue (V) =0 (4)
with equilibrium characteristic

(V) = ul(v).

e

We calculate the eigenvalues of system (1) (2)
A(v) = =A(v) = =v=p'(v). ()

We impose the following the stability condi-
tions for (1) (2), i.e., the subcharacteristic con-
ditions,

The system (1) (2) is dissipative if the sub-
characteristic condition (6) is satisfied. It is



known that the sub-characteristic type condi-
tion is necessary even for linear stability as
evidenced by Whitham’s work [Whit]. The
sub-characteristic condition for a class of 2 x 2
relaxation systems is coined in |[Tliu] for non-
linear stability of shock waves.

We are concerned with both global in time
regularity and finite time singularity in solu-
tions.

Under what conditions on the initial data,
we have existence of global smooth solutions?
or we have finite time singularity in solutions?

For a GNL scalar conservation law,

ut+f(u)x:0

if f”(u) > 0, singularity develops in a finite
time if the initial data has a negative slope.
Shock formation. Indeed

)
[+ () [ (u)t

S

Uy



Lax, 1964, Development of singularities, ho-
mogeneous, quasilinear, GNL, systems of two
equations, finite time blow up if the Riemann
invariant has a negative initial slope.

John, 1974, GNL, systems of n equations.

Liu, 1979, extended to include LDG field

Nishida, 1978, global smooth solutions to p-
system with a damping exist if the initial Rie-
mann invariant slopes are small, say, bounded

by Ca.

Vg — Uy = 0

ur — o(v)y = —au.

We calculate the Riemann invariants of sys-
tem (1) (2)

R =uTm), m):= /j v —p'(s)ds
(7)
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where v* > 0 is a fixed number. The above
transformation maps (u,v) to (R, RT), and
vice versa by

1, (1, _
u:§(R +RT),v=m <§(R —R+)).
(8)

Riemann invariants thus satisfy

Ry + MBS = ~(ue(v) —w)  (9)

T

and |
R 4+ MR} = —(uc(v) —u) (10
T

subject to the corresponding initial data
R*(x,t) = Ry («) = uo(x) F m(vo(z))

for all x € R.
p”(v) > 0 implies that both characteris-
tic fields are genuinely nonlinear.

Through this reformulated system, the
existence of a uniform invariant region for the
relaxation system (1) (2) is ensured by the
sub-characteristic condition (6).
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We now estimate the derivatives of the
solution through

P = (0 () VRS

= (=p' () (ue F V' (0)vz),

It is clear that the boundedness of (uy,v;) is
equivalent to the boundedness of r* for v € I.

Lemma The dynamic systems for r* are

(Oe+M10,)(r~—g )+a(r )?+b"r~ =0 (11)
and

(O + X202)(rT — g +alr)? +bTrT = 0.
(12)

Proof. Differentiate (9) and (10) w.r.t. x to
have

1
Sy + A1S, + ApUp8 = (;(ue(v) —U))g
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and
+ + +_ (1
S + Aas, + Aoy = (;(ue(v) —u))g
where
st = RT

T

Differentiate v along the first characteristic
curve x7(t) = A1 to have

(R) — (RY)

ey
(875 + )\1833)”0 =V = 2m/(’0)

_ Qe —M)RE

29
Similarly, we have (9; + A\20,)v = s~. Let

(13)

1 1
h = 5 111()\2) — 5 ln(—)\l).

Using again m(v) = (R~ — R1)/2, we obtain

)\11}

= (s —sT) = st —s7).
2m/(v)( ) hU( )

Alvvaz —



This and (13) lead to
MoUp = hyv' — hys™ = h' — hys™.

Let

and
w = u,(v)/A2(v).

Then we have

1 —1 1
TW - +ws+.

((uelv) = w)y = — ™ =~

Substitution of these into the above equation
for s~ yields

—14+w 1 +w
YR sT—hy(s7)? = T *.
(s7)' +h's (s7) et syt
Note r~ = s~ e”. This together with (13)
gives
1+w

/
ehv

(r7) —hpye "(r )2 = —b"r" —

2T
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where
bt 1+ w
o2r
Let
+ 1 ° / 1/4
g5 = o [ (1Fw)(=p'(s)/ds.

Thus we derive (11). Similarly, (12) can be
derived. The lemma is proved.

Applying a key lemma to (11) and (12), we
obtain the following critical threshold results.

Theorem 1  To appear on JDE.
i) If at least at one point x € R, either

r1(0,z) < g1(vo(z)) + inf (_91(”) - bal(v))

vel

or

r2(0,2) < ga(vo()) + inf (—92(’U> - [f((:)))

holds, the solution of system (11) (12) must
develop singularity at a finite time.
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i) If

b.
1 f _'L > 'L — ] f 'L ) ].4
vl (a> (v) 2 ilél?g (v) ver” (W), (14

fori=1, 2, then the solution of system (11)
(12) remains smooth for all time, provided for

all x € R

(0, 2) > g;(vo(x)) + sup (—gi(v) _ bz’(’”))

vel CL(’U)

fori=1, 2.

The condition (14) actually requires that
the sub-characteristic condition (6) is satisfied
strictly, i.e., A1(v) < uL(v) < A2(v).

Under condition (14), the lower thresh-

olds on the right hand side are nonpositive.
Indeed,

g™ (vo()) + sup (_gi(v) _ bi(v))

vel CL(’U)
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< sup g=(v) — inf g% (v) — inf b* ()
~ el vel vel a(v)

<0

where the last inequality holds due to condi-
tion (14).

Thus the set of initial data leading to
global regularty is rich. In particular, it allows
initial Riemann invariant slopes to be nega-
tive. Furthermore, the magnitudes of the neg-
ative slopes are proportional to % which are
not necessarily small. This is in sharp contrast
to the generic breakdown in the homogeneous
hyperbolic systems, Lax.

Along each characteristic field, the two
equations (11) (12) for 7* are ordinary differ-
ential equations of the same form

d

%(r—g)+ar2+br:(), r(0) =rg

which can be written as

%A +a(t)(A— by () (A= ba(t)) =0 (15)
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and
A(0) = Ag (16)
where
A=rT —gF
and

A key lemma  Consider equation (15) for
A with infa > 0, by < by and that a, by, by are
uniformly bounded. We have

(i) If Ag < minby, then solution to (15) (16)
will experience a finite time blow up at t, < t*

lim A(t) = —o0,

t—t.

where t* satisfies

/Ot* a(s)ds

_ 1 n <1+mmb2—m1nb1>.

min b, — min by min b; — Ag
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(ii) If there exists a constant b such that
bi(t) < b < by(t),

then (15) (16) admits a unique global bounded
solution satisfying

b < A(t) < max{Ay, max by}
provided that Ay > b.

Proof. Set 7 = fg’ a(s)ds, which maps t €
0,00) to 7 € [0,00) with co = [~ a(s)ds.
Then equation (15) reduces to

%A—F(A—bl)(fl—bg) :0, A(O) :AO-

(i) In order to prove the blow up result, we
consider the following auxiliary problem

d
d—A* + (A" —minby)(A" —minby) = 0,
-
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which has only local solution up to 7% if Ay <
min by, with 7* defined as

1 | ln(1+minb2—minb1),

min bo — min by min by — Ag

which equals to — bl o if min bs = min b;.

Let B = A — A*, then it solves the following
equation

d
B+ B(B+24" — b —by) +C =0,
.

where

C —
(A* —bl)(A* —bg) — (A* —min bl)(A* —min bg)

(A* —minby)(minb; + minby — by — bs)
—I—(bl — min bl)(bg — min bl) Z 0,

where b, > minb; has been used. These to-
gether lead to

d
B+ B(B+2A"—b—by) <0, B(0)=0.
.
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Therefore
B(t) <0

for as long as the solution B exists.
Thus the blow up time of A is less than
or equal to 7* since

A(r) < A*(1)

for as long as both solutions A and A* exist.
ii) We now consider an auxiliary prob-
lem

A (A—b)(A—b) =0, A0)= Ao,

dr

which has a global bounded solution if Ag > b
and ) )
A(T)Zbel, V7 > 0.

Indeed, A satisfies

d - - fT(fl(s)—bl(s))ds
— (A — bledo =0
dT( )6

which implies that

A=b+ (Ag—b)e Jo (Al)=ba(s)ds >b> —o0
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provided that Ay > .

Let B = A — A, then it solves the fol-
lowing equation

d _
d—B+B(B+2A—b1—b2)+C:O,
_

where

C=(A-b1)(b—102) <0

These together lead to

d _
ZTB+B@HJA—mehﬂZQ B(0) = 0.
-

Therefore
B(rt) >0, V7>0.
Hence if Ay > b we have
A>A>b,
where b serves as a lower threshold. This and

the upper bound A < max{Ag, maxbs} lead
to the desired estimate.
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Applications

1. Global smoothness in semi-linear relax-
ation system

Consider the semi-linear case [jinz], p = —a?v,
a > 0, in the relaxation system (1) (2

Ve — Uy =0 (17)
Uy — 0P, = %(ue(v) —u). (18)

The sub-characteristic condition (6) thus re-
duces to
—a<u,(v) <« (19)

for v in question.
Within the same framework we proved

Theorem  Consider the semi-linear relaz-
ation system (17) (18) subject to C' bounded
initial data (vo,ug)(x). Under subcharacteris-
tic assumption (19), the Cauchy problem has
a unique C1 solution for all time t > 0.
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2. Damping system

Taking u.(v) = 0 in the relaxation system
(1) (2), we obtain the isentropic Euler system
with damping:

vy — Uy =0 (20)

us + p(v) = —%u. (21)

Notice that the subcharacteristic condition (6)
becomes

—V =P (v) <0</ =p'(v).

Let p(v) = e~ V. In this quasilinear case, con-
dition (14) becomes

0 < Vmax — VUmin < 41n 2.

Corollary  Consider the damping system (20)
(21) with p(v) = e Y, subject to C' bounded
initial data.

i)If for at least one point x € R either of

2 v (2) = Vimin
Ugy F €0 200, < = (1 2 1 )
T
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holds, then the solution must develop a finite
time singularity when either u, or v, becomes
unbounded.

i1) Assume that 0 < Uz — Umin < 4102, the
solution remains smooth for all time, provided

for all x € R it holds

2 v (T)—Vmax
wo, F eV 20y, > = (1 e~ 1 ) .
T

3. In relaxation system (1) (2), let p(v) =
%’(}_7 and u.(v) = ﬁv(’y_l)ﬂ where v > 3.

Condition (14) becomes

4/(v—3)
| < Ymar _ (4_7>

where the right hand side is greater than one
when v > 3. In the case 1 < v < 3 similar but
different condition can be derived.

Corollary  Consider relaxation system (1)
(2) with p(v) = %’0_7 and ue(v) = ﬁvw_l)ﬂ
for v > 3, subject to C! bounded initial data.



21

i) If for at least one point x € R either

Uoy — ,UO—(W—H)/Q,UOx
vo () 4(y - 2) ( Vmin )“’"W‘*
< 1 —
T(y — 3) v+ 1 \ovo(z)
or

vo () Ay ([ vmin S
S -3) (1 v+1 (vo(év)> )

holds, then the solution must develop a finite
time singularity when either u, or v, becomes
unbounded.

it) Assume that

Umax ( 47 ) 4r=3)
1< < | —— :

the solution remains smooth for all time, pro-

vided for all x € R it holds

—(v+1)/2
Ugxr — Yy Vox
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vo ()
(v —3)

and

vo()

(v —3)

(14@2)
v+ 1

Uy + )

~(1+1)/2,,

(e

Ox

4
1_ ’y
v+ 1

(

)(37)/4>

o ) (3-7)/4
vo () '



