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THE VLASOV-POISSON system (VP):

af

- €T E ’UZ
Y +ovf.+Ef, =0
dg

99 _ Eg, =

o(t, ) = / (f(t,2,0) — glt,2,0)) dv.

E(t,x) = % (/_:; p(t,y) dy — /:O p(t,y) dy) -

Here t > 0 1s time, x € R is position, v &€
R is velocity. Also consider the relativistic
version (RVP) with the same p and F,

of
— 4+ of, +Ef, =
6t-|—vf+ f 0
dg

o, AZE_E’U:
atJrvg g 0

’(A):i, vo = V' 1+ v2.
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The RELATIVISTIC Vlasov—Maxwell sys-
tem (RVM) is with z, v € R3

0
a—{+@-vxf+(E+@><B)-VUf:O
dg . .
a—l—v Veg— (E+9xB)-V,g=0

OF
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The 1.5D Version: z € R!, v € R?
E(t,x) = (E1(t,x), Ex(t,x),0), B(t,x) scalar

of A :
01 furt (Byt02B) fuy + (a1 B) fo, = 0
dg . . .
E“"/Ulg:v_(El_H]ZB)gm_(EQ_UlB)gm =0

(%El:p:/(f—g)dv,

8tE1 — _jl — —/?A}l(f —g) dv

atEQ — —8333 — jg, &gB — —8$E2

o= [ 52(7 ~ g) o



Consider 1D VP/RVP with Cg° data > 0.

Let
F(t,x):/f(t,x,v)dv

G(t,x) :/g(t,:c,v) dv.

Then p = F' — . Assume Neutrality:

/ o(t,z) dz = 0.

We will show for (VP)&(RVP) that

/ /E2(F+G)d:1:dt < 00.
0

Also for (VP)

/ /F4+G4 dx dt < oo

D



while for (RVP)

/OOO (/ (F(t.2)F +G(t,0)F) dx>4 5t < oo,

The local charges for solutions to both sys-
tems will satisty for any fixed R > 0

INK|

lim F(t,z)dxr =0
t— 00 lz|<R
lim G(t,z)dx = 0.

Finally, for solutions to (VP) or (RVP) we
have that

Jim [ E(t, )]l = 0.

Sketch of the proof: A new identity. Take
(VP):

Ft:—/(vfm—l—Efv)dv:—(?x/vfdv
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and thus

at/x F(t,y)dy:—/vf(t,:c,v)dv

— 0

with a similar result for g. Multiply the f
equation in (VP) by v- [*__ F(t,y)dy and
integrate over v and x:

S [ Pevayala
+/</vfdv> da:—/F(t,:v)/UQfdvdw

%/p(t’x) Um F(tay)dyr dx = 0.

— 0

Now repeat this calculation with f replaced
by g and add:



/vf/ F(L,y) dy dv
/Ug [ Gt aya)as
[ ([foran) ar [ pes) [sava
+/(/W)z e [ Gte.m) [y dvds
S o([[ra] - [[ ca])e

The first line is bounded when inte-
ograted in time. The second and third lines
are nonpositive. Call L the last term above.
Then because p = [(f —g)dv = F — G and
E=["_ptydy=["_(F-G)dy weget

1

L= —Z/EQ(F+G)da;.
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Thus in particular

/ /EQ(F—I—G)dazdt< 00
0

Il
Il

F/v2fdv— (/vfdv>2 dx dt < oo

2
G/ngdv— (/vgdv> dx dt < oo.

We can use these inequalities directly to es-
tablish the L* estimate. We can write

F(t,x)/vzfdv—</vfdv>2
// w— 02 () f(w )dvdw:%k



//f w) dv dw
= / / =1 + L.
lv—w|<R lv—w|>R

So Iy < R™2k(t,z) and in I;
v+ R
/ f(w)dw = / f(w) dw < cR.
lv—w|<R v—R

Thus
Il SCRF

Optimize on R: F* < ck
Uniform decay of E: from F, = p=F —G,

a%EB = 3E°p =3E*(F - G).
Q(t) == / T Bt [F(t,x) + G(t,x)} da

is integrable in time and it’s easy to show
that |@] is bounded. So [|E||cc — 0
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REMARKS
1. Proof is very 1 dimensional
2. Seems to work for only 2 species

3. No known rate of decay for || E||s

4. Does |E|l2 — 0?7 Known proofs in 3D of
Rein, Illner, Perthame fail.

In the following, we always assume C§° data
> 0 for f, g etc.
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Other Asymptotics

Consider the relativistic, monocharged case

(g = 0) in (RVP).

Theorem: Consider (RVP) and assume fy >
0 € Cj(R?) is £20. Then 3 C > 0 s.t.

lp@®)lp = C

for all t > 0,p € [1, 00].

[Contrast to Batt, Kruse, Rein: the charge
density decays in sup—norm like t~! for the
classical, monocharged system (VP)|. This
remains true for the 1.5D relativistic (VP):

Ouf +010:f + F10,, f =0

p(t,x) = /f(t,:z:,v) dv

N )
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Here f = f(t,z,v1,v2) depends on two com-
ponents of momentum. Why is this of on-
terest? Consider 1.5D (RVM). Assume that
Ey = B = 0 initially and that f is initially
even in vy9. Then these properties persist
for all ¢ > 0, and the system reduces to
the “one and one-half” dimensional (RVP)
system. Hence p does not decay in any LP
norm for certain solutions of 1.5D RVM.
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Growth of the momentum support

Theorem: Let f(f,z,v) be a solution of
monocharged 1.5D (RVP) and define

Q1(t) = sup{|v1| : dz,vs € Rs.t. f(t,z,v) # 0}.

Then for large t

Cit < Q1(t) < Cat.

True for classical (VP) as well.

Theorem: Let f, g satisfy neutral 1.5D
(RVP). Define

Q1(t) =sup{|v1| : Jz,vs € Rs.t.f+g # 0}.

Then, 3 C > 0 such that for any t > 0 we
have

0.(t) < OVI T+ 1.

True for classical neutral (VP) as well.
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Growth of momentum supp 1.5D RVM

The Cauchy problem: specify compactly sup-
ported data for E5(0,x), B(0,z), neutral

{£,9}(0,z,v) = {f°(z,v), ¢"(z,v)} > 0

Theorem On supp(f + g) as t — o0,

)

INT®

va] = O(t2),  |vi| = O(t

Conservation Laws:
pr +0:51 =0 Mass

0ie + 0, m =0 Energy

where with vy = /1 + |v]?

e:%{]E’2+B2} _|_/v0(f—|—g)dv

m:—/vl(f+g)dv—BE2.
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hence

/p(t, x) dx = const.; / e(t, x) dx = const.

Assume neutrality:

/p(O, x)dx = 0.

Bito) = [ C plty) dy

— o0
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Computing 0;(F-2 + B) we find that F5, B
are given (mod data terms) by integrals like

¢
/ jo(m,x £t F7)dr
0

To get bounds on the fields Fy, B, integrate
the energy identity over a cone to find

t
/ (e Fm)(T,x £t F 7)dr < const.
0
Now
1
etm = §(Ef+(E22|IB)2)+/(UOZFvl)(f+g) dv

and

1 + v3 >\v_2

2?]0 Vo

so the fields Fy, B are bounded and

vg F U1 = 02|

t
/ B} + (Fy F B)?] (1,2+tF7) dr < const.
0
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The characteristic ODE’s for f are solutions
X(s,t,x,v), V(s,t,z,v) to

X =Vi; X(t, t,z,v) =x
V1:E1—|—‘723; Vi(t, t,x,v) = v,

VQ :Ez—‘//\le; Vg(t,t,x,?}) = U9

f is constant on these:
f(s, X(s,t,x,v),V(s,t,x,v)) = const.
so that
f(t,z,v) = fUX(0,t,z,v),V(0,t, z,v)).
Support Property: assume f°(z,v) = 0 for

lz| > k, |v|] > k. Then f(t,z,v) = 0 for
x| > k+t, |v|] > k+ Bt. Same for g.
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Asymptotics: introduce a potential A(t,x)
s.t. B = —A;, B= A,. The last Maxwell
equation holds and

d

dS(VQ—I-A) EQ—‘/}lB—I—At—I—AmX:O

Vo + A = const. along characteristics:
is bounded by assumption. Now A satisfies

Att — Axa: — j2

Represent A as an integral over a backward
cone:

x+t—T1
A(t,x) = data+— / / (7,y) dy dr.
rx—t+T1

then A = O(t): too weak. Rewrite as
O Ay — Op Ay = J2
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integrate over the cone and use the diver-
gence theorem. Then

c+t—T1
/ / (7,y) dy dt
rx—t+T1

is bounded by integrals like

t
/ (Eo F B)(t,x £t F 7)dT
0

which are O(v/t). Thus A and therefore v
are O(v/t). Using the support property we
can strengthen this: on supp(f + g),

lva| < 1 + o/t — || + 2k.
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Estimate on the growth of V;(t)

We’ll show that Vi (t) < ct3/4. From the en-
ergy we have

/ fdv < 3(ck)? where

k:/vofdv; 0:/(vo—v1)fdv.

Take characteristic X (t), V (t) with Vi (t) >
0 and f(¢t, X(t),V(t)) # 0. WLOG Vy(t) >
1. Define

A= Sup{T c [0,t] : Vi(s) > %Vl(t)

Vs € [t—T,t]}.

Define X¢(s) = X(t) —t+ s. Then for s €
it — ALt

d
ds

(X(s) ~ Xo(s)| =1-
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d (14 Va(s)?)
SX(s) = Xe(s)| < St
d 1+ s
SX(6) = Xo(s)| < eqris
c(l14+1t)A
X ()~ Xo(o)] < S

Now write the characteristic integral for Vi (¢):

t

Vi(t) = Vit — A) + /t_A By (s, X(s)) ds

+ /t_A Va(s)B(s, X (s)) ds.
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For the E; term

I = /: By(s, X(s)) ds =

—A

/t " By(s. Xo(s)) ds

—A

_I_/tiA (El(st(S)) — El(S,Xc(S))) ds.

The first term is O(A'/2) by the cone in-
tegral and Schwarz. The “f-part” of the
second term is

t X(s)
/ / / fdvdxds.
t—A Xc(S)

Use here
/fdv < 3(ck)Y/?
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The result is
I < cAY?2 1 eA(1+0)Y2(Vi(t) !

How we should treat the magnetic term?

J = /t_A Va(s)B(s, X (s))ds.

For this recall |B(t, x)| < c everywhere. Also
Vi(s) < c(l+s)andon [t —A,t], V(s) >
=V (t) by the definition of A. Thus on this
interval

% Va(s)]
V14 Vi(s)? + Va(s)?

c(1+8)72  c(1+5)1/?
AR ACEE

So we have

c t c(1+t)/2A
J < / 1+5)/2ds < .
AON/ N Vi)
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(*)
Vl(t) < Vl(t — A) —I—CAl/2 + C

(Vi(?))

The last term in this estimate is dominant
so since Vi(t) > 1

cA(1 +t)1/2

Vi (t) < Vi (t — A) —+ v, (t)

cA(1 4 t)/?
1+ Vi(t)

Let Q(t) = V" (¢t) + 1.
Then (2) yields

(2) sWit-4A)+

cA(1 +t)1/2
Q(t)

Q(t) <Q(t—A)+

Q) -~ Q(t—1) _ (1+1)'V

C

A - Q)
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A continuous analogue of this is

(1+1)L/2
Q(t)

Q<c
or . )
QQ <c(l1+1)=.

So for large ¢, Q2(t) < ct?/? and it follows
that
Vi(t) < ct3/?

Use of the support property gives in fact

N

v1(t) < etz (t — |z| + 2k)

on the support of f + g.
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