LECTURE I
MEAN FIELD THEORIES



GENERAL IDEA
A system of N particles (objects) is in general described by
a density function

F(W) = F(wi,..,wy,t)

with w;, the states of the objects. (particles: wyn = (zn,vn)
the positions and the velocities.)

» [ he evolution of F' is, in general, described by a linear
equation.

» T hisis, in general, too complex an object to handle.

» Goal: Reduce to an equation in wi,t (nonlinear).



The BBGKY hierarchy
(Bogoliubov-Born-Green-Kirkwood-Yvon )

F(Nw,t) = F(W,t), VI permutations of (wq,..,wy)

PF(a,b) = [(a)g(®), [ ¥ ~ PF dab=0, V¢ = 1(a), (b)

=

£(a) =/F(a, b) db,  g(b) =/F(a,b) da



THE HIERARCHY

Use the product of the projections Pp..P; with
PnF = f(w17 "7wn)g(wn—|—17 "awN)
P F = f1(w1)g1(wa, .., wy)

PoP1F = R(wy,w2)go(ws, .., wy)

/¢(”¢U1,”w2)392 dW = /¢(W1,w2)f1(’w1)91(wz,--,’wN) dW

[ ¥ws, wn)Rgo dW = [ (w3, . wn) f1(w1)g (wo, - w) AW
=

g1(wo, .., wy) = fo(wz)go(wa, .., wy)

PoP1 F = f1(wy) fo(w2)ga(ws, .., wy)



Pyn..P1F = f1(w1)..fn(wy)

Decompose F':

N 1 1 N .
F=I[[Pa+U-P)F= 3 . > [[[ PI"(—Pa)'7"F]

n=1 J1=0 Jny=0 n=1

Identical particles: P,(I — P,) = 0 Vn,k
—

N N
F= 1] PoF+ [[ U -P)F

n=1 n=1



T heorem:

Identical particles = correlations vanish for N — oo.

N 1
nl;ll(f — Pp)F = O(N)

weakly.



The linear N— body equation:

O.F + L[F] =0

This gives asymptotically for N — oo

N N
n=1

n=1

Integrating out wo, .., wy:

atf(w17t) + Lf[f](’UJ]_,t) = 0,

N
Litf(wr,t) = [ L1 (w1, 8) T fCwn, O] dup.wy
n=2



The kKinematic case (Poisson’s equation)

W =(X,V) with X = (21, ..,z)) the positions and
V = (vq,..,vn) the velocities.
LF=Vx -(VF)=Vy- - (FVx®) =
> Van - (0nF) =V, - (FVg,P)
n
with @ = ®(xq,..,z)) the many body potential
—

Lf[f] — Vxl . (’Ulf) _vvl : (fEf)a

Ef: the mean field force:

N
E¢(z1,v1,1) =/ 1] f(zn,vn, t) Ve, P(z1, .., 2N) doo..zyvo. VN
n=2



BINARY FORCES:

1
‘DZE Z ¢($j—$k):>
J,k,g7Fk
If the two - body interaction scales like % then Ef can be
written as Vg ¢|p]

N

—1 I/ / /.7
[ 1@ OVab(a1 —a) da's! = Vay (a1, )

By = N

with
orlpler,t) = [ @ar—a)p(a' ) do',  p(ast) = [ £ ,0,t) v



COULOMB FORCES AND POISSON'’S EQUA-
TION:

¢: Green’s function of the Laplace operator or Vo(zx) = |71|

dxp=AT1p= Adslp]l =p

Yields an effective one body Liouville equation 4+ Poisson

0f + Vo (vf) = Vo (fV26) =0, Adp=p=[fdv



OTHER CASES:

» Molecules with a finite size:

1

|:1:—2r|’

Vo(r) =

r: size of the particle

» Van der Waals potentials:

change in the sign of V¢ (x) (different interaction for long
and short range).

» piecewise definition of ¢(x).
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A NOTE ON MOLECULAR DYNAMICS
Suppose N is not so large

Start at ¢t = 0 with an ensemble of particles

N
F(X,V,0) = [] 6(zn — y2)8(vn — q)

n=1
Solving the Newton equations
d d
—Yn = qn, —qn = —Vq,P(y1, ..,
dty" dn dth Y (yl yN)

yields an exact solution of the many body problem

N
F(X,V,t) = H 6(xn — yn(t))6(vn — qn(t))

n=1
Now we have to evaluate

k#n

O(N?) operations in each time step!
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PARTICLE 3 MESH METHODS

Compute the N— particle force E(X) = V,® approximately
as

E = Enear 4 Efar

|
—

Ept =  Vélyn—uyr), n . N

[y —yn| <R

EL (y1, .yn) = A7V [o(yn) — o2 (yn)]
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Algorithm:

Given N particles

Compute E™" with O(N) operations.

Compute p(yn) — p"* (yn), n =1 : N on a mesh.

Solve the Poisson equation N times with the right hand side
p(yn) — p""(yn), n=1: N

Compute the forces E, = E% 4+ E;* n=1: N by inter-
polation and move the particles.

This requires that we solve the Poisson equation on a mesh
exactly to give an O(NN) algorithm.
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QUANTUM MECHANICS

Instead of F'(X,V,t) the behavior of the system is described by
a wave function W (X,t), satisfying the N— particle Schrodinger
equation
h2
zh@t\U= —%AX\U—I—CD(X)\U, X = (CBl,..,ZIS‘N)

Same methodology:

N
W(X,t) — [[ v(zn,t)

n=1
Gives an effective on - particle Schrodinger equation + Pois-

son.
2

h
1thop) = —%Axw + ?bp(x)?»ba

ooz, t) = [ pla =/, o) da',  p(al,t) = (s, 1))
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QUANTUM MOLECULAR DYNAMICS

The Schrodinger equation has no characteristics
(Heisenberg - principle).

N
Y(z,t) = ] 6(zn —yn(?))
n=1

is not a solution.
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