LECTURE III
ENTROPY AND MOMENT CLOSURES



QUANTUM MECHANICS FOR MIXED STATES

The Schrodinger equation:

h2
thopp = —%Amw + ¢(x)

Mixed states and density matrices:
n

Y. Occupation probability of the state n.

The Heisenberg equation:

ihowp = {H.p} = H-p—p-H, Hpla,y,t) = [ H(z,2)p(z,9,0) dz



OUTLINE

» Macroscopic approximations. Moment closures and asymp-
totics using BGK operators,based on entropy principles.

» Relate moments (classical) to a quantum mechanical en-
tropy.

» [ he Wigner - Weyl formalism. Algebraic properties. Weyl
calculus.

» Applications: Extended quantum hydrodynamics and ef-
fective potentials



WIGNER TRANSFORM AND WEYL QUAN-
TIZATION

The Wigner transform:
Given any linear operator a with an integral kernel ( a density

matrix) ay(x,y), i.e. a(y)(xz) = [ay(x,y)Y(y) dy, we define
the corresponding Wigner function

Wl &) = [ale—y, o+ p)eV e dy,  f(@,66) = Wel(z,6,1)

Conversely, given any function g¢g(xz,&) we define the corre-
sponding density matrix and operator via the inverse Wigner
transform

W lgl(r,s) = (2m) [ ("2 )€ ag



Advantages

» Relates quantum mechanical transport picture to classical
picture.

» Allows directly (at least on a formal level) for the classical
limit h — O.

» Linear algebra.



Rules

1. Self adjoint operators and density matrices correspond to
real functions.

a(r,s) = a(s,r)* <= Wla](z,&) €R



2. Matrix products (operator composition) transform into
Wigner - Weyl products.

c=a-b clx,y) = /a(w,z)b(z,y) dz

Wl = Wial o W] = a(a+5 Ve, 62 Va)b(a, )

= bz~ Vet Va)a(a, )

Pseudo differential operator notation:
Wla]l o W[b] =

_ 1 1
(2m) 72 [ a(e—r, e+, €) explr-(6=€ ) +-(o—a")] da'nden
3. Traces of matrix products become L2 products

Tr(a-b) = /ad(r, s)by(s,r) drs = (27r)_3/W[a](af;,f)W[b](m,f) dx€
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4. The Wignher commutator

a(xag) — W[de], b(CC, g) — W[bd]7 {CL, b}W — W[{ad7 bd}]

(o.blw = 3 ocae+ TVe &~ T V)b(r,6)
o=-=+1

Example:

2 21¢12
Hey) = 0 Aoy +o(@)ie—y), win="""

+¢(x)

2m

, h2 1 10
thotf = [——1& -V + Z op(x + —Vg)]f
m oc=-—1 2
h§ = mv = p, V¢ = hV)

1 ho
= a¢<x+’7vp>]f

Ohf =~ Va+
m o==1



MOMENT CLOSURES
of +{H, f}w) = QLS

Q|[f] : Dissipative operator, models particle interactions.

Derive equations for function-
als (moments) of the kinetic density function f. Yields to
lower dimensional equations which are computationally more
feasible.

m = (mg,..,m ). Functionals of f; usually local moments;

m](w,t) — f’i](p)f(zmp) t) dp
L;,@Q; . Corresponding functionals of L, Q,

How to express L;,Q; in terms of the

moments m.
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THE CLASSICAL APPROACH

The (dissipative) collision operator Q drives the solution to-
wards the kernel manifold M of Q.

Close the moment hierarchy by parameterizing M in terms
of the moments.

QU1 =0 = f(5,6,) = M(m(z,0),8), [ KM(m,&) d¢ = m

Li(m) = [ m{H,M(m,©)} d¢,  Q;(m) = [ ;QIM(m, )] d (= 0)
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M (the local Maxwellian), parameterized by mass, momen-

_ . n |U u|2 — ﬁ€
tum and energy. f(x,€,t) = mexp[ ], v==>.
1
a2
m(n,u, T) = '“ “' ] de

T
m/ & O
2

Yields the compressible Euler equations (the hydrodynamic
model).
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BGK OPERATORS
1
0uf + {H, Fhawy = QU1 = ~[M(my,€) — /]

Gives the same moments.

Asymptotics for e — 0 (Chapman - Enskog expansion) =
Diffusive terms (Navier Stokes, diffusion equations).

The only information needed about Q on this level
is the shape of the local Maxwellian M.

» Scattering on a quantum mechanical level is not very well
understood.

» Various models. None render themselves to macroscopic
asymptotics.
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MAXIMUM LIKELIHOOD CLOSURES
Given a dissipation property (an entropy) the kernel of the
collision operator has to maximize the entropy, while con-

serving a certain set of quantities.

The quantum VVon Neumann entropy

p(z,y) = Un(x)mn(y)®

Slp] = Z’Yn(l —Inyn) =Tr[p(1 —Inp)]
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THE LOCAL MAXWELLIAN

Given a certain set of conserved observables (moments) m,
the local Maxwellian M[m] maximizes entropy, given the mo-
ments.

Find M[m] = W{pm]

Trlpm(1—Inpm)] — max constraint: //i(f)W[pm] dé = m(x)
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USE:

» Close the moment system with M[m)].

» Use
QUI = ~IMlmy] — 71, mp= [ nf de

as phenomenological (BGK) collision operator. (compu-
tation, Chapman - Enskog, diffusion approximations)

» Effective energies:

(&, fyw = {&€[m], f} for f = M[m]
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THE CONSTRAINED OPTIMIZATION PROB-
LEM

S[pm] — max, constraint: /R(S)W[pm] dé = m(x)

Slpm] = Tr[om(1 — In pm)]

Maximize

Sloml + [ A@)TR(OW o] dag — [ M) m(z) da

Theorem: (Degond, CR, 03)

Given a function ¢(z) : R — R. This induces an operator
d(p) on the space of self adjoint Hilbert - Schmitt operators.
In the same way ¢'(2) induces @®'(p).

Tr[D®(p)(Ap)] = Tr[d'(p) - Ap]
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~Trlinpm - Al + [ A@TROWIA] dag, VA

[ mOWlpm] d¢ =m(a), Va
—

pm = exp(WHA(2)-x(£)]),  M[m] = Wlexp(W ™ [A()-r(£)])]

Ma) = Am(@) [ sWIexp(W ! (@) - (D) d§ = m(a), Va
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HOW TO COMPUTE THE EXPONENTIAL
OF A MATRIX

Compute the matrix exponential involving Am such that it
satisfies the local moment relations. = M/|[ml].

» To compute e”*?: Solve dgu = —Au, u(0) =1, z =u(l)

» To compute exp(—a): Solve

8511’ — %(—CL"U,—’UJ-GJ), u(xayaﬁ — O) — 5(.’13—y), e_a — u('xayaﬁ — 1)

» To compute Wle™%]: Solve

1
869 — 5(—goW[a]—goW[a]), g($7£76 — O) — 17 W[e_a] — g(x7y76 = .
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APPLICATIONS

» Use M[m] to close moment hierarchy = extended quan-
tum hydrodynamics (equivalent of the Levermore closures
in the g.m. case). (Degond, CR, Jiingel, Milisic).

» Use M[m] in a BGK operator, Chapman - Enskog expan-
sion = quantum diffusion equations (Gallego, Mehats).

» Use M[m] to construct effective energy corrections to
classical kinetic equations. (Heitzinger, Nedjalkov, Vasileska,
CR).
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MULTI SCALE QUANTUM CORRECTIONS
TO MC METHODS

p-type substrate

« Oxide thickness = 1.2 nm

« Channel length = 25 nm

« Source/Drain length = 50 nm

* Channel width = 0.5 pm

« Junction depth = 30 nm
 Substrate thickness = 64 nm

* Substrate doping: N,=10"9 cm
« Doping of the source-drain
regions: Ny = 10" cm3

» Idea: Approximate quantum effects by using a classical
transport picture with a modified energy (— modified
particle trajectories).

» Compute effective energy by minimizing entropy for a
given density function.
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Algorithm

>

Given f(=,&,t) = >p 6(z — yn)d(€ — un)
Compute n(z,t) = [ f(x,&,t) d€ by a cloud in cell method.

Compute fégf; — M|[n]: the entropy minimizer for the
particle density n(z,t).

fla(@,€) = DEsp(E)(L-A(2)),  n(x) = [ flas(w,€) de

E(z,€)oflog

Compute the effective energy |E.rr = Floc
equ

Move the particles according to the classical commutator
with geff'
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» Given flo¢ = M][n], the effective potential £¢// can be

equ

computed efficiently using FFTs.

» Incorporate nonlocal effects, due to discontinuous con-
finement.
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Electric Field Contour For jg =1
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