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InPnitesimally quasiconformal functions map disks into ellipsoids.

Homeomorphisnf : Q! C" W_*(Q) ig-quasiconformal if for almost

loc

everywh?&r\e thelassical Beltrami equation holds

N
S (D)= WD) f (), @ k<1 K=

%J ol @ﬁ

& _ .
21,8 (z) =1t (2)! 11y (2), z=Xx+1y




et (2) = W(2)!1.1(2), [u(@)]! k<1,

One can measurably preassign thj
eccentricity and angle of the ellipse

major axis |1, f |+ |1gf]
minor axis  [lu ! |lgf]

K

Every solutiory € Wlf)’f(! ) can be factorizeddss h! f where is anal
andf is a homeomorphic solution (Stoelow factorization).




QUASICONFORMAL FAMILY

071 (2) = W(2) 0;1(2)
Homeomorphic solutioh :C! C* Wkl)Cz(C) IS called normalized if

1(0)=0,! (1)‘

e b ﬁltow, o (/fon = <04'\0‘l e o b\ou@ou@r?bustﬁ)
There is a unlque homeomorphlc solution that ntalis 0, 11" a# C\{ O}
namelya! (z)

{al! (z):a! C}is aC -linear family of quasiconformal maps (and coBstant

Converselyf one has & -linear family of quasiconformal{adpsa! C}
one can associate to it a classical Beltrami equation, by setting”:

| f (2)
1,7 (2)

u(z) =

It is well-dePned (and unique), sihgle(z) £ 0O almost everywher.
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Families appear in the contextte€onvergence properties Bf -linear Beltra
operators,

B! @ @ @I @) k<

Giannetti, lwaniec, Kovalev, Moscariello, andSbordone (2004),
Bojarski, D'Onoffrio, Iwaniec, andSbordone (2005)

Homeomorphic solutions tR-linear Beltrami equation

et (2) = W(2) LT (2)+ " (2)!.1(2), M@+ ["(D)]! k<1

form anR -linear family of quasiregular mappings. Is their linear combinatio
Injectivé




Homeomorphic solutions t®-linear Beltrami equation

Lot (2) = W(2) .1 (2)+ " (2) 1.1 (2),

[n(z)] +

form anR -linear family of quasiregular mappings. Is t

Injective

“(2)|! k<1

neir linear combinatio

Yes(after normalization): Homeomorphic solution is uniquely debPned knowi
values at two distinct points. Moreover, the linear combination is either

homeomorphism or constant.

Idea! = F!" ,where homeomorphishm
Lot (2) = " (2) Im(!;f (2))

SO

" (2)

ves a reduced equation

| 2k/ (1 + k?)

The only homeomorphic solution to treducedequation that bxes two points
IS the identitystala, Iwaniec, andMartin (2009): - f(z)# tz

1# t

If we normalizeé (0)=0= " (0) ,the linear independence(@)," (1)
impliesthat ! (z)+ "" (z),!," ! R, Is8-quasiconformal, and we have an
R-linear family of quasiconformal mappings.




R-LINEAR FAMILY OF QC MA
Lol (2) = W(2) 1.1 (2)+ " (2)! .1 (2)
Converselyf we have aR -linear family of quasiconformal mappings
{11 (z)+""(z):!'," ! R}

can we debPng and so that every mapping of the linear family solves the
Rlinear equation given Ipy : —
_qeherdled )%{jﬁ)o Wopping s @\ecm@

Yeswe can!
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On the singular set, we set=0 .
Giannetti, lwaniec, Kovalev, Moscariello, andSbordone (2004),
Bojarski, D'Onoffrio, Iwaniec, andSbordone (2005)




R-LINEAR FAI\/IIIf_(Y)C())Ff(C)QC( )I\/!,(A)\

Converselyf we have aR -linear family of quasiconformal mappings

(11 (@)+""((@):!," ! R}

We depne I T | I_" I 1] I

H()"'

+ 7 D !(Z):i-zz--

(. 21 5) 2Im(! ;" ;)

UniquéYes by a Wronsky-type theore#riessandrini andNesi (2009) Astala and
Jddskeldinen (2009);Bojarski, D’Onofrio, Iwaniec, andSbordone (2005)k <1/2

e e

fy Theorem. Supposed, W WIOC (Q2) are homeomorp hic solutions to

0z f(2) = 1(2) 0. f(2) + v(2) 0. f(2),  |u(2)| +|v(2)| ! k<1,

for almostevery ! ! . Solutiods ard
only if complex gradients,® andV
everywhere, I.e.,




R-LINEAR FAMI If_(Y) C())Ff(C)QF\’( )M{A)’

Wronsky-type theorem/essandrini andNesi (2009) Astala and/ddskeldinen
(2009)Bojarski, D'Onofrio, lwaniec, andSbordone (2005) k < 1/2

 —

Theorem. Suppose>, ¥  1V,>(Q) are-homeomorphic solutions to

 0:f(2) = w(2) 0. f(2) + v(2) 0. f(2),

for almostevery ! ! . Solutions ard
only if complex gradients,.®  andVw
everywhere, I.e.,

Im(!,! 1

— — — —




BELTRAMI EQUATIONS

C-linear R-linear Nonlinear

.= u(2) fo +v(2) f. fo=H(z,f,)

H(z,w):CxC—C

z — H(z,w) measurable

qw — H(z,w) k-Lipschitz
/ H(z,0) =

Difference of two solutionsAsquasiregular

0-1(2) — D:0(2)| = [H(=,9(2) ~ (= D-g())\<

Constants are solutions—




C-linear R-linear Nonlinear

fz=u(z) f- fr=u2) fo+v(2)f. fo=H(z,f.)

There Is a unique There Is a unigue Not uniquein general,
homeomorphic homeomorphic Astala, Clop, Faraco,
solution!  such that solution!  such that |ddskeldinen, and

0)=0,d(1) = 1 0)=0,d(1) =1 Székelyhidi Jr. (2012)

2+ H(z,w) measurable w— H(z,w) k-Llpschltz H(z,0) =0

1Theorem If imsup k(z) < 3' 2 2=0.17157... then the nonlinear
equaﬂon | 2[1"

L 2f(2) = H(z, ! 2 f(2)) ‘

admits a unique homeomorphic solutionC! C" Wz22(C)  normalizgd
by®(0) = 0,P(1) =1. |

furthermore, the bound dn Is sharp.

_




COUNTEREXAMPLES

Astala, Clop, Faraco, |ddskeldinen, andSzékelyhidi |r. (2012)
2+ H(z,w) measurable w— H(z,w) k-LipSChitZ H(z,0)=0

iTheorem If imsup k(z) < 3' 2 2=0.17157... then the nonllnear
equaﬂon 2]

2 f(2) = H(z,! . f(2)) ‘

admits a unique homeomorphic solutionC! C* Wl(l)CZ(C) normalizgd

by®(0) = 0, ®(1) = 1. \‘

furthermore, the bound dn

__ — _

fz)=

0:(2) =

X
(-
(
Z







C-linear R-linear Nonlinear

fz = n(2) f- fo=p(z) £+ v(2) T fo=H(z,f.)

There Is a unigue There Is a unique There Is a unique
homeomorphic homeomorphic homeomorphic
solution! such that solution!  such that solution!  such that
®(0)=0,¢(1) =1 ®(0)=0,9(1) =1 ®(0)=0,¢(1) =1
when near the inPnity

k(2) <3—2V2

Homeomorphic solution Is uniquely debPned by its values at two distinct pol
Difference is homeomorphism or constant.

{D, Py K — - qC; OHO 1Ha}

T inis

C-linear family of R—Ilnear famlly of famlly of
qguasiconformal guasiconformal guasiconformal
mappings mappings mappings




FROM FAMILY TO EQUATION

{<I> Py K — - q¢, 0— 0, 1Ha}

Glinear family of R-linear family of family of
guasiconformal guasiconformal guasiconformal
mappings mappings mappings
{al (z):a! C} (1 (2+""(2):"!,
1 (0)=0,!'(1)=1 1 (0)=0,!'(1)=1

L 0)=0,' D=1 A

unique and  s.t. every mapping of the famlly
the Beltrami equation (Wronsky-type theore

f;zu(z)fz fz=u(z) f2 +

(Mear(%‘/ihie{ahieﬂ] Thus Their couﬂ?l@( jraiteﬂ? afe (Me,ar(%‘/mie:?evdﬂ




HOW TO DEFINE EQUATION’

We have a family of quasiconformal mapgdiftgs ¢, K — qc,0+— 0,1 — a}
I a(z) — ! b(2) isK-quasiconformal.

We want nonlinear equatinzf(z) = H(z,!,f(?))

Debnepointwisel ,! ,(z) =\H(z,!,! » UZ; : 7?:[[8 3 zfi)sstérﬁiozle

Not overdetermined: H(2,0) = 0

1202(2) ! a0 ! Kl 8a(2) ! ! 10u(2)

One canextend w — H(z,w) to whole plane as a Lipschitz map by Kirszbra
extension theorem. Hence there exists a nonlinear Beltrami equation.

Unique when one has a full ranfje,! 5(z) :a! C}=C for almost every

In the case of linear famifed ,®(2)},{"! ,®(z) +#!,¥(2)}
couﬂ?(&( jraitet'([? e (l't'\wt‘(%/f V\cte:FeV\cLeN' Mrotxsg;@ﬁe Tﬁeoretﬁ)




PROPERTIES OF THE FAMI

Astala, Clop, Faraco, and/ddskeldinen
We have a family of quasiconformal mapgdiftgs ¢, K — qc,0+— 0,1 — a}
l a(2) — ! v(2) isK-quasiconformal.

What other properties does the family have? For instance, when do we ha
full rangg! ;! a(z) :a! C} = C for almost every ?

It turns out that!" ;! 2(z) exists for almost evary (exceptional set migh
depend orz ; and this causes difpculties). Note tfiat ;! 4(2) exists for

almost every (by quasiconformality). The exceptional set depesds on
We need some relation between and

What more can we say about the family, if we know more about the nonline
Beltrami equation ; f(2) = H(z,!.f(z) ?




| _f(2) = H(z,! ., F(2)) {®,: P, K —qc,0—~ 0,1+ a}

2 — H(z,w) measurable | a(2) — ! b(2) isk-quasiconformal.

w — H(z,w) C*
k-LipschitZ(z) < 3 — 2v/2 near the inbnity
H(z,0) =0
Astala, Clop, Faraco, and/ddskeldinen Tales care Aéﬁe%rd‘ e{ce:{)ﬁnal sel

1Theorem For each bxerle C , the mapping> ®,(2) is continuoush
differentiable. Further, the convergence of derivatived 2) IS locally
inz .

In fact, the directional derivatives
D,+ic(2)! D, (Z
0:®,(2) = lim +t()t 2)
tl Of

, e" C,

are quasiconformal mappings of all satisfying thé&kdamaar Beltrami

equation
h 0-f (2) = Ha(2)0;f (2) + v4(2)0;f (2)

Ha(Z) = lwH z,1,! a(z) | "a(2) = Liffl 2,15 a(z)




| f(2) = H(z,) . f(2) {®,: P, K —qc,0—~ 0,1+ a}

2z — H(z,w) reasdrabl€| l a(z) — ! v(z) isK-quasiconformal.
w — H(z,w) C*
k-Lipschit(z) < 3 — 2v2 near the inbnity
H(z,0) =0

loc

Schauder estimate®, ! C-' (C) fides care o The second exceglional set

\/\Zronsg;@;e Theorey ‘{"T‘;@m“t abod” directional derivatives

Astala, Clop, Faraco, and/ddskeldinen:
Fixingg , Jacobian@of—!,! 3(z) : C - C
J(a,a— 0,P,(2)) =1Im(0,[07 Pu(2)] 0. [08Py(2)]) # O a.e. z

Hencea — 0,®,(%) is locally injective (locally homeomorphic, by invarianc:
domain); in particular, apen mapping




| f(2) = H(z,) . f(2) {®,: P, K —qc,0—~ 0,1+ a}

2z — H(z,w) reasdrabl€| l a(z) — ! v(z) isK-quasiconformal.
w — H(z,w) C*
k-Lipschit(z) < 3 — 2v2 near the inbnity
H(z,0) =0

Schauder estimate®, | C' (C) fides care o The second exceglional set

\/\Zronsg;@;e Theorey ‘{"T‘;@m“t abod” directional derivatives

Astala, Clop, Faraco, and/ddskeldinen:
Fixingg , Jacobian@of—!,! 3(z) : C - C
J(a,a— 0,P,(2)) =1Im(0,[07 Pu(2)] 0. [08Py(2)]) # O a.e. z

Hencea — 0,®,(%) is locally injective (locally homeomorphic, by invarianc:
domain); in particular, apen mappingCan be extended as a continuous
mapping between Riemann sphétes .Thus Othe covering map stuff® give
a+— 0,P,(z) : C— Cis actually Bomeomorphisnfior almost every . (We

get more than the full ran§@,®,(z) :a € C} =C )




| f(2) = H(z,) . f(2) | {®,: P, K —qc,0—~ 0,1+ a}

2 s H(z,w) measurabl€? | a(2) —! b(2) isK-quasiconformal.

w— H(z,w) C* | K(z) < V2 near the inbnit
k-LipschitZ(z) < 3 — 2v/2 near the inIDnity( ) » 1 cL (@)y
H(2,0) =0 o
(2,0) [0.0,(2):a€C)=C

+ some regularity 1

{®,: P, K —qc,0— 0,1 a} L2 f(2) = H(z, ! . f(2)
| a(z) —! b(2) isK-quasiconformal. | 2 5 H(z, w) measurablE?,

. 1 w— H(z,w) C*
¢, 1 Ci. (C) | k-Lipschitz,
H(z,0)=0

a— 0,P,(z) : C — C a homeomorphism
in particular, the full rang8.®,(z) : a € C} =C

+ some regularity 1







