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Does there exist homeomorphisms with J; = 07

Consequence By area formula AN C Q, L,(Q2\ N) = L,(Q)

fQ\N Jr(x ff Q\N n(f(Q \ N))
= L,(N) = 0 but L‘,,,(f(N)) = E,,(f(Q))
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Does there exist homeomorphisms with J; = 07

Consequence By area formula AN C Q, L,(Q2\ N) = L,(Q)
fQ\N Jr(x ff Q\N n(f(Q \ N))
= L,(N) = 0 but L,,(f(N)) — £,(f(9))

Known: 3f: J; = 0 on a set of positive measure
HE ;
LI HBEH

lteration does not work. Cannot have Jr = 0 = |Df(x)| =0
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Does there exist homeomorphisms with J; = 07

Consequence By area formula AN C Q, L,(Q2\ N) = L,(Q)
fQ\N Jr(x ff Q\N n(f(Q \ N))
= L,(N) = 0 but L,,(f(N)) — £,(f(9))

Known: 3f: J; = 0 on a set of positive measure
HE ;
LI HBEH

lteration does not work. Cannot have Jr = 0 = |Df(x)| =0

Let 1 < p < n. There is a homeomorphism
f e WLP((0,1)",(0,1)") such that J¢(x) =0 a.e.

Reshetnyak: W'" homeomorphism = Lusin (/) condition
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Sharpness and Motivation

Theorem (R. Cerny)

There is a homeomorphism f € W1((0,1)",(0,1)") with
lim._oe [ |Df|"¢ < C such that Jr(x) =0 a.e.

Maly, Koskela, Kauhanen: lim._o¢ [ |Df|"¢ =0 = (N)

Stanislav Hencl (, Luigi D’Onofrio and Roberta Schiattarella) Sobolev (and Bi-Sobolev) homeomorphisms with zero Jacobia



Sharpness and Motivation

Theorem (R. Cerny)

There is a homeomorphism f € W1((0,1)",(0,1)") with
lim._oe [ |Df|"¢ < C such that Jr(x) =0 a.e.

Maly, Koskela, Kauhanen: lim._o¢ [ |Df|"¢ =0 = (N)

Motivation:

@ Nonlinear elasticity, MFD, far from W™ no results
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Sharpness and Motivation

Theorem (R. Cerny)

There is a homeomorphism f € W1((0,1)",(0,1)") with
lim._oe [ |Df|"¢ < C such that Jr(x) =0 a.e.

Maly, Koskela, Kauhanen: lim._o¢ [ |Df|"¢ =0 = (N)

Motivation:
@ Nonlinear elasticity, MFD, far from W™ no results

e H.+Maly: Homeomorphism cannot change orientation
n =2 or n = 3 sense-preserving in Wil — J; >0
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Sharpness and Motivation

Theorem (R. Cerny)

There is a homeomorphism f € W1((0,1)",(0,1)") with
lim._oe [ |Df|"¢ < C such that Jr(x) =0 a.e.

Maly, Koskela, Kauhanen: lim._o¢ [ |Df|"¢ =0 = (N)

Motivation:
@ Nonlinear elasticity, MFD, far from W™ no results

e H.+Maly: Homeomorphism cannot change orientation
n =2 or n = 3 sense-preserving in Wil — J; >0

e Distributinal Jr can be purely singular even for
homeomorphism
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Sharpness and Motivation

Theorem (R. Cerny)

There is a homeomorphism f € W1((0,1)",(0,1)") with
lim._oe [ |Df|"¢ < C such that Jr(x) =0 a.e.

Maly, Koskela, Kauhanen: lim._o¢ [ |Df|"¢ =0 = (N)

Motivation:
@ Nonlinear elasticity, MFD, far from W™ no results

e H.+Maly: Homeomorphism cannot change orientation
n =2 or n = 3 sense-preserving in Wil — J; >0

e Distributinal Jr can be purely singular even for
homeomorphism

Question (C. Sbordone): Is it possible that also f~1 € Wh1?
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Bi-Sobolev homeomorphism with Jr =0

Theorem (H., D'Onofrio, Schiattarella)

Let n > 3. There is a bi-Sobolev homeomorphism
f:(0,1)" — (0,1)" such that J¢(x) =0 and Jr-1(y) =0 a.e.

Impossible if f € W11 especially if n = 2
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Bi-Sobolev homeomorphism with Jr =0

Theorem (H., D'Onofrio, Schiattarella)

Let n > 3. There is a bi-Sobolev homeomorphism
f:(0,1)" — (0,1)" such that J¢(x) =0 and Jr-1(y) =0 a.e.

Impossible if f € W11 especially if n = 2

R. Cerny: f,f~1 € WP forp< 2
also minors of k-th order can be zero a.e.
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Bi-Sobolev homeomorphism with Jr =0

Theorem (H., D'Onofrio, Schiattarella)

Let n > 3. There is a bi-Sobolev homeomorphism
f:(0,1)" — (0,1)" such that J¢(x) =0 and Jr-1(y) =0 a.e.

Impossible if f € W11 especially if n = 2

R. Cerny: f,f~1 € WP forp< 2
also minors of k-th order can be zero a.e.

Open problems:

e find optimal p, g such that there is homeomorphism
fe Wbt f~1 ¢ Wh9 with Jr =0 and Js-1 a.e.
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Bi-Sobolev homeomorphism with Jr =0

Theorem (H., D'Onofrio, Schiattarella)

Let n > 3. There is a bi-Sobolev homeomorphism
f:(0,1)" — (0,1)" such that J¢(x) =0 and Jr-1(y) =0 a.e.

Impossible if f € W11 especially if n = 2

R. Cerny: f,f~1 € WP forp< 2
also minors of k-th order can be zero a.e.

Open problems:

e find optimal p, g such that there is homeomorphism
fe Wbt f~1 ¢ Wh9 with Jr =0 and Js-1 a.e.

e n>4, fec WhH(Q, R") homeomorphism,
N Je>0ae or JF <0 a.e.
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Key ingredients of the construction (n = 2 only)

A. f not MFD Jf(x) = 0 = |Df(x)| = 0 - not symmetric

Construct F1: J;, =0o0n G, |G| = %
Construct F: F,=Fon G, J, =00n G, |G| =1
Construct F3Z F3 = Fl on Cl U C2, JF3 =0on C3, ’C3‘ = %

Foi squeeze Coi in X, Foiqq squeeze Coppq iny, F =IlimF;
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Key ingredients of the construction (n = 2 only)

A. f not MFD Jf(x) = 0 = |Df(x)| = 0 - not symmetric
Construct Fi: Jr, =0on G, |G| =3

Construct F: F,=Fon G, J, =00n G, |G| =1
Construct F3Z F3 = Fl on Cl U C2, JF3 =0on C3, ’C3‘ =
Foi squeeze Coi in X, Foiqq squeeze Coppq iny, F =IlimF;

B. Matrices almost diagonal - key estimate

(4 0) (3 )] <matan o
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Key ingredients of the construction (n = 2 only)

A. f not MFD Jf(x) = 0 = |Df(x)| = 0 - not symmetric

Construct Fi: Jr, =0on G, |G| =3

Construct F: F,=Fon G, J, =00n G, |G| =1
Construct F3Z F3 = Fl on Cl U C2, JF3 =0on C3, ’C3‘ = %
Foi squeeze Coi in X, Foiqq squeeze Coppq iny, F =IlimF;

B. Matrices almost diagonal - key estimate

(4 0) (3 )] <matan o

C. Basic building block

<0 =) tw(1-==
D(p:(a 1)7D@:((105) W(]_ 15))
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Jr, =00n G and f € Wtp

_ _k+1 _1_ 1 /I k
Parameters wy = 57, sk =1 — ;7 and 5 = SkTyT
A 1-s, + 1-s,
Sk we (1 —
DSO = Sk 0 , Dgp = (1_5k k 1—sk
0 1 0 1
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Jr=00n G and F; € WP

Parameters wy = 3%, s, =1 — 5 and SLZSkkLH-
k K2+ k
-7 O BCER(< th) +1

Do = kf1 Do = k+1 \=

o= (R 2) op=(IEW A
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Jr, =00n G and f € Wtp

Parameters wy = 3%, s, =1 — 5 and SLZSkkLH-
k K2+ k
-7 O BCER(< th) +1

Do = kf1 Do = k+1 \=

o= (R 2) op=(IEW A

G =Neei(U ). |G| = |Qols152-.. = |Qo| [[721 5 >0

% k0 00
onCl,DF1:Hk<56 1):Hk(k61 1):(0 1>
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Jr=00n G and F; € WP

k+1
tk2—1"

= Kkt = k+1 \=
Dy < 0 1 >, Dy ( 0 ) )

G =Neei(U ). |G| = |Qols152-.. = |Qo| [[721 5 >0

/

* = 0 00
onCl,DF1:Hk<56 i’):nk(kal 1):(0 1>

— _ 1 /o k
Parameters w;, = sk =1— gz and s, = 577

1—s/ P 1—g/ P '\ P
Jana IDRP = (1=s0)(12) + 50— =) (52) (2) + ..
<Y (th)P s = P10, e < o0
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Fr € WP and Fr € Wwtp

_ k41 1 1 r_ K
Parameters wy = 55, sk =1 — 7 and s = SkiqT

after k squeezing

k(< th) 41 19 t +1
pe= () (6 9)~ (0 )
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Fr € WP and Fr € Wwtp

_ k41 1 1 r_ K
Parameters wy = 55, sk =1 — 7 and s = SkiqT

after k squeezing
0 t +£1
1 0 1

2
po— (W 21 (
+1 1 0
1 +1 t

|DF, — DF;|P <

O x|

fQo\ClUcz

< Zij Iq:l(]' - Skz)(l - skl)
< Zkz,kl 1 tk2 tk2 CtP < CeP™ ?

P

~

o
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Fr € WP and Fr € Wwtp

_ k41 1 1 r_ K
Parameters wy = 55, sk =1 — 7 and s = SkiqT

after k squeezing

0otk (< th) 41 10 t +1
_ k+1 k ~
D90_<+o 1><01> (o 1)
|DF, — DF|P <
t +1 1 0
0 1 +1 t

fQo\QU..uQ, |DF2i - DFQ,‘ 1"’ <
< Xh ke (1= 5)--(1 = 50)[| DD ||| D24

< (Shaddcr) < () < (1)

fQo\ClUcz

< Zij Iq:l(]' - Skz)(l - skl)

< Zkz,kl 1 tk2 tk2 CtP < Gt ?

P
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Notes for n > 3 and f~! € W1

n = 3 we have to squeeze in 3 directions

d 0 0 1 00 100
0 10 0 d 0 01 0 ||| < min{d,d,ds}
001 00 1 00 ds

Stanislav Hencl (, Luigi D’Onofrio and Roberta Schiattarella) Sobolev (and Bi-Sobolev) homeomorphisms with zero Jacobia



Notes for n > 3 and f~! € W1

n = 3 we have to squeeze in 3 directions

d 0 0 1 00 100
0 10 0 d 0 01 0 ||| < min{d,d,ds}
001 00 1 00 ds

f,f~t € W homeo = (J¢(x) =0 = |adj Df(x)| = 0) we
have to squeeze in two directions
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Notes for n > 3 and f~! € W1

n = 3 we have to squeeze in 3 directions

d 0 0 1 00 100
0 10 0 d 0 01 0 ||| < min{d,d,ds}
001 00 1 00 ds

f,f~t € W homeo = (J¢(x) =0 = |adj Df(x)| = 0) we
have to squeeze in two directions

t ct +£1
ct t =+1 | we rotate diamonds (QR decomposition) -
0 0 1

upper diagonal - then f € W! but =1 ¢ W1
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Notes for n > 3 and f~! € W1

n = 3 we have to squeeze in 3 directions

d 0 0 1 00 100
0 10 0 d 0 01 0 ||| < min{d,d,ds}
001 00 1 00 ds

f,f~t € W homeo = (J¢(x) =0 = |adj Df(x)| = 0) we
have to squeeze in two directions

t ct +£1
ct t =+1 | we rotate diamonds (QR decomposition) -
0 0 1

upper diagonal - then f € W! but =1 ¢ W1
we squeeze three times in domain, then three times in the
target, this gives also f~1 ¢ Wi!
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Notes for n > 3 and f~! € W1

n = 3 we have to squeeze in 3 directions

d 0 0 1 00 100
0 10 0 d 0 01 0 ||| < min{d,d,ds}
001 00 1 00 ds

f,f~t € W homeo = (J¢(x) =0 = |adj Df(x)| = 0) we
have to squeeze in two directions

t ct +£1
ct t =+1 | we rotate diamonds (QR decomposition) -
0 0 1

upper diagonal - then f € W! but =1 ¢ W1
we squeeze three times in domain, then three times in the
target, this gives also f~1 ¢ Wi!

Thank you for your attention.
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