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SUB-RIEMANNIAN METRIC SPACES

Let X = (Xy,...,X;;) be smooth, linearly indep. vector fields in R”".
A Lipschitz curve v : [0, 1] — R" is horizontal if
3(0) = S (0X(1(1) forae. 1€ [0,1].
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SUB-RIEMANNIAN METRIC SPACES
LetX = (Xl,

, X;m) be smooth, linearly indep. vector fields in R”
A Lipschitz curve v : [0, 1] — R" is horizontal if

i) = S0 (X (4(1) forae. 1 € [0,1].

The Carnot-Carathéodory distance between x,y € R”" is
de(x,y) = inf{éx('y) = [} |h(t)| dr :

v : [0, 1] — R” horizontal

’7(0) :x7’7(1) =Yy } ‘
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SUB-RIEMANNIAN METRIC SPACES
LetX = (Xl,

, X;n) be smooth, linearly indep. vector fields in R”
A Lipschitz curve v : [0, 1] — R" is horizontal if
V(1) =20

(0)X;(~(1))

fora.e.r€[0,1].
The Carnot-Carathéodory distance between x,y € R”" is
de(x,y) = inf{éx('y) = [} |h(t)| dr :

7 : [0, 1] — R" horizontal }
7(0) = x,9(1) =y '
condition

In general m < n (“sub”-Riemannian). If the bracket generating
rank Lie{X),

oy Xnt(x)=n VxeR"
holds, then d. is an actual distance.
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GEODESICS

An horizontal curve v : [0, 1] — R”" is a geodesic if

tx(7) = de(7(0),~(1))
Geodesics exist. Are they regular?
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GEODESICS

An horizontal curve 7 : [0, 1] — R" is a geodesic if

x () = de(7(0),7(1))
Geodesics exist. Are they regular?

Let v : [0,1] — R" be a geodesic such that 4 = > 77| #;X;(7) and
~(0) = 0. Then, there exist
fo € R?

¢ : [0, 1] — R" Lipschitz,
such that forany j=1,...,m

(§0, (1)) # (0,0)
Sohj + (£, X(7)) =0 ae. on[0,1]
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GEODESICS

An horizontal curve 7 : [0, 1] — R" is a geodesic if

x () = de(7(0),7(1))
Geodesics exist. Are they regular?

Let v : [0,1] — R" be a geodesic such that 4 = > 77| #;X;(7) and
~(0) = 0. Then, there exist
fo € R?

¢ : [0, 1] — R" Lipschitz,
such that forany j=1,...,m
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GEODESICS

An horizontal curve 7 : [0, 1] — R" is a geodesic if

x () = de(7(0),7(1))
Geodesics exist. Are they regular?

Let v : [0,1] — R" be a geodesic such that 4 = > 77| #;X;(7) and
~(0) = 0. Then, there exist
50 € R?

¢ : [0, 1] — R" Lipschitz, (&, &(1)) # (0,0)
such that forany j=1,...,m
Sohj + (€, Xj(7)) =0 ae. on|0,1]
Eohj + (O &idx', Xi()) =0 ae. on[0,1].
The function £(¢) is called adjoint curve; it satisfies a certain ODE.

[m]

We call extremal any curve satisfying the above necessary condition.

&
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NORMAL GEODESICS

If & # 0 we say that ~y is a normal geodesic and the equations
1
hj = ——

& (€, Xi(v)) ae.on|0,1]

yield C*°-smoothness. All Riemannian geodesics are normal; the
same holds in step 2 structures.

Geodesics in Riemannian and step 2 sub-Riemannian spaces are
smooth.
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NORMAL GEODESICS

If & # 0 we say that ~y is a normal geodesic and the equations
1
hj = ——

& (€, Xi(v)) ae.on|0,1]

yield C*°-smoothness. All Riemannian geodesics are normal; the
same holds in step 2 structures.

Geodesics in Riemannian and step 2 sub-Riemannian spaces are
smooth.

Normal extremals are also locally minimizing.



Sub-Riemannian geodesics
0000
:

ABNORMAL GEODESICS

If & = 0, ~y is an abnormal geodesic and satisfies

&X(7)=0 Vj=1,...,m.

Remark. A geodesic could be both normal and abnormal.
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ABNORMAL GEODESICS

If & = 0, ~y is an abnormal geodesic and satisfies

EX()=0 Vji=1,....,m.

Remark. A geodesic could be both normal and abnormal.

If -y is a strictly abnormal geodesic, then for any i,j € {1,...,m}

(€, [Xi, Xj] (7)) = 0.
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REGULARITY OF GEODESICS

The regularity of sub-Riemannian geodesics (in fact, of strictly
abnormal ones) is one of the main open questions: see the books by
Montgomery (2002) and Agrachev-Sachkov (2004),
Agrachev-Barilari-Boscain (forthcoming).
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REGULARITY OF GEODESICS

The regularity of sub-Riemannian geodesics (in fact, of strictly
abnormal ones) is one of the main open questions: see the books by
Montgomery (2002) and Agrachev-Sachkov (2004),
Agrachev-Barilari-Boscain (forthcoming).

It was believed for some time that only normal extremals could be
length minimizing (Strichartz 1986, corrected in 1989).

However, strictly abnormal minimizers do exist (Montgomery 1994,
Liu-Sussmann 1995, Sussmann 1996) even in stratified groups
(Golé-Karidi 1995). But all these examples are smooth!

On the contrary, abnormal extremals may develop singularities.
Leonardi-Monti (2008) prove that (under suitable assumptions on X)
extremals with corner-type singularities cannot be minimizers.
Monti (2012) excludes other singularities (“y = ]xP/ 27).
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STRATIFIED GROUPS

A stratified (or Carnot) group G is a connected, simply connected,
nilpotent Lie group whose Lie algebra admits the stratification

g=VioWVd -V

where V; = [V, Vi_1],i =2,...,s (s = “step”) and [V, V] = {0}.
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STRATIFIED GROUPS

A stratified (or Carnot) group G is a connected, simply connected,
nilpotent Lie group whose Lie algebra admits the stratification

g=VieWV,&---aV;

where V; = [V, Vi_1],i =2,...,s (s = “step”) and [V, V] = {0}.
Concretely: G = (R”, ). We endow G with the sub-Riemannian
structure induced by a left-invariant, bracket-generating basis

Xi,..., X
of the first layer V| (m = dim V| = “rank”)

The induced distance d, is left-invariant.
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STRATIFIED GROUPS

A stratified (or Carnot) group G is a connected, simply connected,
nilpotent Lie group whose Lie algebra admits the stratification

g=VioV,8---8V;
where V; = [V, Vi_1],i =2,...,s (s = “step”) and [V, V] = {0}.

Concretely: G = (R”, ). We endow G with the sub-Riemannian
structure induced by a left-invariant, bracket-generating basis

Xi,..., X
of the first layer V| (m = dim V| = “rank”).

The induced distance d, is left-invariant.

The “tangent space” (at “generic” points) to a sub-Riemannian space
is a stratified group.
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EXPONENTIAL COORDINATES OF THE SECOND KIND

Fix an adapted basis of g = TG

X, X, Xni 1 -y Xomys -+ o3 X -
—_——— —————
basis of V; basis of V»

We identify G = (R", %) through exponential coordinates of the
second kind

X = (X1, ., %) > exp(x,X,) * - - - x exp(x2X>) * exp(x1 X1)

— X1 g 2 X2 L X (O) ]

In particular, X; = e;.



Stratified groups
oce

EXPONENTIAL COORDINATES OF THE SECOND KIND

Fix an adapted basis of g = TG

X, X, Xni 1 -y Xomys -+ o3 X -
—_——— —————
basis of V; basis of V»

We identify G = (R", %) through exponential coordinates of the
second kind

X = (X1, ., %) > exp(x,X,) * - - - x exp(x2X>) * exp(x1 X1)

— X1 g exzxz 0-.-0 eann (O) ]
In particular, X; = e;.

Grayson-Grossmann (1990) explicitly write the horizontal vector
fields X1, . .., X, for free stratified groups. Such formulae are not
presently known for general stratified groups.
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Abnormal geodesics and algebraic
varieties in stratified groups
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DUAL CURVE IN STRATIFIED GROUPS

Let G be a stratified group and let & be the base of 1-covectors dual to
the basis X, ..., X,: ‘ .
¢ (X)) =4.

Given an extremal ~y(¢) with dual curve £(¢), define A(¢) by
G 4 Ll = M0 () - NO().
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DUAL CURVE IN STRATIFIED GROUPS

Let G be a stratified group and let & be the base of 1-covectors dual to
the basis X, ..., X,: . .
¢ (X)) =4.

Given an extremal ~(¢) with dual curve £(¢), define A(¢) by
G 4 Ll = M0 () - NO().

For abnormal extremals we have
A==\ =0
and for strictly abnormal ones the Goh condition reads as

)‘erl:"':)\szo, mZ:dimvlerisz.
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MAIN RESULT

Setv := A(0).

Let v be an extremal (either normal or abnormal) in a stratified group
G = R" with 7(0) = 0. Then, there exist polynomials P}, ..., P),

n
(=Ml
ORI e R e )
IeN" (=1 '
such that \;(#) = P} ((¢)) foranyj=1,...,n.

n
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MAIN RESULT

Setv := A(0).

Let v be an extremal (either normal or abnormal) in a stratified group
G = R" with 7(0) = 0. Then, there exist polynomials P,

n
P =Yy

P
Wt (i)
IEN" (=1 ’

such that \;(#) = P} ((¢)) foranyj=1,...,n.

Forj, ¢ € {1,...,n}and I = (I},

structure constants Cf ; are defined by

-~

,I,) € N", the generalized
[. .. [[‘Xj’Xl]7 .. ,Xl],gfz], ce

I, times

n
74
Xz]a"'] = ZCj,IXZ
I, times =1
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KEY PROPERTY OF THE POLYNOMIALS

Core of the proof: prove that the formulae
n
Xibj =) _ciFi
k=1

hold for any i,j = 1,...,nand v € R", where [X;, Xj| = >;_, cjiXk.

Due to Grayson-Grossmann result, the proof of the above formulae is
much easier in free stratified groups.
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A) Let v be an abnormal extremal in a stratified group. Then, there
exist polynomials PY, ..., P), such that

Pi(y(1) =0 Vj=1,.

and at least one of them is not the zero polynomlal

B) Let v be a strictly abnormal geodesic in a stratified group. Then
there exist polynomials Py, ..., Py, ..., P, such that
Pi(h() =0 Vj=1,.

and at least two of them are not the zero polynomial
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A) Let v be an abnormal extremal in a stratified group. Then, there
exist polynomials PY, ..., P), such that

Piy(1) =0 Vj=1,.

and at least one of them is not the zero polynomlal

B) Let v be a strictly abnormal geodesic in a stratified group. Then
there exist polynomials Py, ..., Py, ..., P, such that
Pi(h() =0 Vj=1,.

and at least two of them are not the zero polynomial

Remark. The “converse” of A) holds as well. In other words, we

provide a characterization of abnormal extremals in stratified groups
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COMMENTS AND FUTURE DIRECTIONS

Our results could provide a first step towards a “dimensional
reduction” argument to attack the problem of geodesics’ regularity.
Moreover, they could be useful to classify the possible singularities of
abnormal geodesics. One could also try to adapt the tecniques of
Leonardi-Monti (2008) to exclude certain singularities for minimizers.
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APPLICATIONS - 1

Every geodesic +y in a stratified group G of step 3 is C°°-smooth.
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APPLICATIONS - 1

Every geodesic +y in a stratified group G of step 3 is C°°-smooth.

Proof. Reason by contradiction: then +y is strictly abnormal and

contained in a vertical hyperplane

{x e R": P(x) = aix; + - -+ + amxm = 0}
Thus

v e {a1X1 -+ .- +ame}J' NV,

i.e., 7y is contained in a stratified group of step 3 and rank m — 1.
Use induction on the rank.

O]
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APPLICATIONS - 1

Every geodesic +y in a stratified group G of step 3 is C°°-smooth.

Proof. Reason by contradiction: then +y is strictly abnormal and
contained in a vertical hyperplane
{x e R": P(x) = aix; + - -+ + amxm = 0}
Thus
v e {a1X1 + -+ ame}J' NV,
i.e., 7y is contained in a stratified group of step 3 and rank m — 1.

Use induction on the rank.

Remark. Tan and Yang prove that abnormal geodesics in step 3
groups are “lines” t — exp(zX)(P) for suitable X € V|, P € G.
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POLYNOMIALS AND TANAKA PROLONGATION

Assume one can extend g to a graded Lie algebra

g=- BV 1 dVodV1iD - DV

in such a way that [V;, V;] C Vi;. The biggest (possibly infinite) such
extension is Tanaka prolongation; it is never trivial (Vy # ().
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POLYNOMIALS AND TANAKA PROLONGATION

Assume one can extend g to a graded Lie algebra

g=- BV 1 dVodV1iD - DV

in such a way that [V;, V;] C Vi;. The biggest (possibly infinite) such
extension is Tanaka prolongation; it is never trivial (Vy # ().

Extend the basis X, ..., X, to a graded basis ..., X_1,Xo, X1,..., X,
of g, then one can formally define

no il
P =y

ng’l vex! Vi<n.
IeN" (=1

Again, X;P}] = > iy ESP,Z foranyj<nand1<i<n.
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POLYNOMIALS AND TANAKA PROLONGATION

Assume one can extend g to a graded Lie algebra
g=---dV eV Vie---aV,

in such a way that [V;, V;] C Vi;. The biggest (possibly infinite) such
extension is Tanaka prolongation; it is never trivial (Vy # ().

Extend the basis X, ..., X, to a graded basis ..., X_1,Xo, X1,..., X,
of g, then one can formally define

o=~
P =y

Cje’IVgx[ Vi<n.
IeN" (=1

Again, X;P} = Y}_, ¢iP} forany j <nand 1 <i<n.

If 7 is an abnormal extremal, then P} () = 0 forany j < 0 (v := A(0)).

o F = E RN Ge
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Abnormal geodesics and algebraic varieties in stratified groups

APPLICATIONS - 2

Let G = R3 be the free group of rank 2 and step 4. Then the set

{p € G : there exists an abnormal extremal from 0 to p}
is contained in an algebraic variety.
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Abnormal geodesics and algebraic varieties in stratified groups

APPLICATIONS - 2

Let G = R3 be the free group of rank 2 and step 4. Then the set

{p € G : there exists an abnormal extremal from 0 to p}
is contained in an algebraic variety.

Pi(3) =0,

Proof. If 7y is an abnormal extremal, then there exists v such that
—3<j<3.
Since P} (x) = S84 viQik(x), one has

(Qia(7)s- -+ Qs(7)) L (va,...,vs)

Vji=-3,...,3,
i.e., the 5 x 7 matrix (Qj())jx has rank at most 4, and the 21
determinants of its 5 x 5 minors vanish along .
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APPLICATIONS - 2

Let G = R3 be the free group of rank 2 and step 4. Then the set
{p € G : there exists an abnormal extremal from 0 to p}
is contained in an algebraic variety.

Proof. If 7y is an abnormal extremal, then there exists v such that
Pi(v) =0, -3<j<3.
Since P} (x) = S84 viQik(x), one has
(Qj4(7)a ) QJS(V)) 1 (V4a cee 7V8) VJ =-3,...,3,

i.e., the 5 x 7 matrix (Qj())jx has rank at most 4, and the 21
determinants of its 5 X 5 minors vanish along . O
This improves some results by A. Agrachev and has some applications
related to the smoothness of the sub-Riemannian distance.

[m] = = =
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AN OPEN QUESTION

Roughly speaking: rich algebraic structure = “long” prolongation
= alot of polynomials = a few abnormal extremals.

Assume that g is “long enough” (e.g., if G is non-rigid). Is it true that
the set

{p € G : there exists an abnormal extremal from O to p}

is contained in an algebraic variety?
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