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Sierpiński carpets

Figure: The standard Sierpiński carpet S3.
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Sierpiński carpet—

planar continuum

topdim=1

locally connected

no local cut points

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiński carpet Julia sets April, 2013 3 / 22
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Figure: http://www.math.harvard.edu/ctm/gallery/

diam(Bi )→ 0—automatic
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Standard Sierpiński p-carpet

Figure: Sp, p = 5.

Sp homeomorphic to S3
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Standard Sierpiński carpets

Theorem (M. Bonk, S. M.)

Quasisymmetry group of S3 is its symmetry group.

Theorem (M. Bonk, S. M.)

The quasisymmetry group of Sp is finite dihedral.
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Theorem (M. Bonk, S. M.)
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Schottky sets

Theorem (M. Bonk, B. Kleiner, S. M.)

S , S̃—Schottky sets
f : S → S̃—quasisymmetry
|S | = 0⇒ f ∈ Möb.
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Julia sets

Figure: fλ(z) = z2 + λ
z2 , λ = − 1

16 .

Quasi-self-similarity:

∃ f :
1

r
(J ∩ B(p, r)) ↪→ J − L-bi-Lipschitz.
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Theorem (M. Bonk, M. Lyubich, S. M.)

f , g : Ĉ→ Ĉ—postcritically finite rational maps

Assumptions:

I Julia sets J (f ) and J (g)—Sierpiński carpets

I ξ : J (f )→ J (g)—quasisymmetry

Conclusion: ξ ∈ Möb.
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G —Kleinian group
⇒ J (f ) � Λ(G )

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiński carpet Julia sets April, 2013 14 / 22
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⇒ QS(J (f ))—finite

Corollary

f —postcritically finite rational map
J (f )—Sierpiński carpet
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Outline of the proof

hn = ξ−1 ◦ gm(n) ◦ ξ ◦ f −n : J (f ) ∩ D → J (f )

D—does not contain postcritical points of f
May assume:
D—Jordan domain
∂D ⊂ J (f ), disjoint from the closures of Fatou components
hnk ⇒ h—homeomorphism

Theorem (M. Bonk)

f —postcritically finite, J (f )—carpet
⇒ ∃ β : J(f )→ S—quasisymmetry,
S—Schottky set.
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Outline of the proofhn =ξ−1◦ g m(n)◦ξ◦ f−n :J (f )∩ D→J (f )D—does not contain postcritical points of fMay assume:D—Jordan domain∂D⊂J (f ), disjoint from the closures of Fatou componentshnk⇒ h—homeomorphismTheorem (M. Bonk)f —postcritically finite,J (f )—carpet⇒ ∃β : J(f )→ S—quasisymmetry,S—Schottky set.Sergiy Merenkov (UIUC) Quasisymmetries of Sierpi´ nski carpet Julia sets April, 2013 15 / 22



Outline of the proof

hn = ξ−1 ◦ gm(n) ◦ ξ ◦ f −n : J (f ) ∩ D → J (f )

D—does not contain postcritical points of f
May assume:
D—Jordan domain
∂D ⊂ J (f ), disjoint from the closures of Fatou components
hnk ⇒ h—homeomorphism

Theorem (M. Bonk)

f —postcritically finite, J (f )—carpet
⇒ ∃ β : J(f )→ S—quasisymmetry,
S—Schottky set.

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiński carpet Julia sets April, 2013 15 / 22
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Relative Schottky sets

D ⊆ C—domain
S = D \ ∪i∈IBi—relative Schottky set
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Conformality

Theorem (S. M.)

D, D̃ ⊂ C—Jordan domains
S ⊂ D, S̃ ⊂ D̃—relative Schottky sets

Assumptions:

I |S | = 0

I f : S → S̃—quasisymmetry

Conclusion:
f —conformal in S:

∀p ∈ S , f ′(p) = lim
q∈S , q→p

f (q)− f (p)

q − p
∃, 6= 0.

Moreover: f —locally bi-Lipschitz in S;

f ′—locally Lipschitz in S.
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ConformalityTheorem (S. M.)D, ˜D⊂C—Jordan domainsS⊂ D, ˜S⊂ ˜D—relative Schottky setsAssumptions:▶ |S| = 0▶ f : S→ ˜S—quasisymmetryConclusion:f —conformal in S:∀p∈ S, f′(p) = limq∈S, q→pf (q)− f (p)q− p ∃,̸= 0.Moreover: f —locally bi-Lipschitz in S ;f′—locally Lipschitz in S.Sergiy Merenkov (UIUC) Quasisymmetries of Sierpi´ nski carpet Julia sets April, 2013 17 / 22



Conformality

Theorem (S. M.)

D, D̃ ⊂ C—Jordan domains
S ⊂ D, S̃ ⊂ D̃—relative Schottky sets

Assumptions:

I |S | = 0

I f : S → S̃—quasisymmetry

Conclusion:
f —conformal in S:

∀p ∈ S , f ′(p) = lim
q∈S , q→p

f (q)− f (p)

q − p

∃, 6= 0.

Moreover: f —locally bi-Lipschitz in S;
f ′—locally Lipschitz in S.

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiński carpet Julia sets April, 2013 17 / 22
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Rigidity

D ⊂ C—domain
S ⊂ D—relative Schottky set
U ⊂ D—open

Theorem (S. M.)

f : S ∩ U → S—local homeomorphism
Assumptions:

I S—locally porous

I S ∩ U—connected

I f —conformal in S ∩ U

I f ′—continuous in S ∩ U

I f (p) = p and f ′(p) = 1

Conclusion: f = id.
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RigidityD⊂C—domainS⊂ D—relative Schottky setU⊂ D—openTheorem (S. M.)f : S∩ U→ S—local homeomorphismAssumptions:▶ S—locally porous▶ S∩ U—connected▶ f —conformal in S∩ U▶ f′—continuous in S ∩ U▶ f (p) = p and f ′(p) = 1Conclusion: f = id.Sergiy Merenkov (UIUC) Quasisymmetries of Sierpi´ nski carpet Julia sets April, 2013 18 / 22



Rigidity

D ⊂ C—domain
S ⊂ D—relative Schottky set
U ⊂ D—open

Theorem (S. M.)

f : S ∩ U → S—local homeomorphism
Assumptions:

I S—locally porous

I S ∩ U—connected

I f —conformal in S ∩ U

I f ′—continuous in S ∩ U

I f (p) = p and f ′(p) = 1

Conclusion: f = id.

Sergiy Merenkov (UIUC) Quasisymmetries of Sierpiński carpet Julia sets April, 2013 18 / 22
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Idea of proof

Suppose ∃ (pk), pk ∈ S ∩ U
pk → p
f (pk) 6= pk

Define λk = f (pk)− pk 6= 0, → 0

S ∩ U
z−pk
λk
��

f // S

z−pk
λk��

Sk(U)
fk // Sk

Sk(U),Sk → S∞—contains arbitrarily large peripheral circles

fk(zk) =
f (pk + λkzk)− pk

λk
=

f (pk + λkzk)− f (pk)

λkzk
zk + 1→ z∞+ 1.
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Pointwise convergence

Lemma (S. M.)

Assumptions:

I S—locally porous at p

I ∃ f : S ∩ U → S—Schottky map (conformal, continuous derivative)

I f (p) = p and f ′(p) 6= 1

I h : S ∩ V → S—L-bi-Lipschitz, Schottky

Conclusion:
Either h(p) = p or |h(p)− p| ≥ δ
∃ δ = δ(V , L) > 0.
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Stabilization

Theorem (S. M.)

Assumptions:

I S—locally porous

I S ∩ U—connected

I f : S ∩ U → S—Schottky

I f (p) = p and f ′(p) 6= 1

I hk : S ∩ U → S , k ∈ N,—Schottky homeomorphisms

I hk ⇒ h—homeomorphism

Conclusion:
hk ≡ h, ∀k ≥ N.
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Functional equation

Recall: hk = ξ−1 ◦ gmk ◦ ξ ◦ f −nk

hk = hk+1 ⇒ gn ◦ ξ = gm ◦ ξ ◦ f l in an open set of J (f )

Rigidity ⇒ gn ◦ ξ = gm ◦ ξ ◦ f l globally

Passing to iterates, counting degree ⇒

gm+l ◦ ξ = gm ◦ ξ ◦ f l , ∀l ,m ∈ N, m ≥ N

Böttcher coordinates ⇒ ξ—extends conformally into every periodic Fatou
component

Functional equation ⇒ conformal extension of ξ lifts into every Fatou
component

⇒ ξ has a quasiconformal extension, conformal a.e. ⇒ ξ—Möbius.
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Böttcher coordinates ⇒ ξ—extends conformally into every periodic Fatou
component

Functional equation ⇒ conformal extension of ξ lifts into every Fatou
component

⇒ ξ has a quasiconformal extension, conformal a.e. ⇒ ξ—Möbius.
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Böttcher coordinates ⇒ ξ—extends conformally into every periodic Fatou
component

Functional equation ⇒ conformal extension of ξ lifts into every Fatou
component

⇒ ξ has a quasiconformal extension, conformal a.e. ⇒ ξ—Möbius.
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