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The Cheeger constant

The Cheeger constant of a manifold X is defined by

h(X) = inf {% : M compact C X, vol(M) < Vol(X)/Z} .
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The Cheeger constant

The Cheeger constant of a manifold X is defined by
. area(OM)
h(X) mf{ Vol(M) - M compact C X, vol(M) < Vol(X)/Z}

Given a collection C of subgroups of Isom(X) each of which acts freely
and properly discontinuously, let

h(XIC) = inf A(X/T).
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The Cheeger constant

The Cheeger constant of a manifold X is defined by

area(OM)

h(X) = inf{ =T

: M compact C X, vol(M) < Vol(X)/Z} .
Given a collection C of subgroups of Isom(X) each of which acts freely
and properly discontinuously, let

h(X|C) = r|2fc h(X/T).
Main Problem: Determine h(X|C) in some interesting cases.
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Real hyperbolic manifolds with free fundamental group

Example: What is h(H"|Free)?
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Real hyperbolic manifolds with free fundamental group

Example: What is h(H"|Free)?

@ h(H?2|Free) = 0.
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Real hyperbolic manifolds with free fundamental group

Example: What is h(H"|Free)?

@ h(H?2|Free) = 0.

@ h(H3|Free) = 0.
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Real hyperbolic manifolds with free fundamental group

Example: What is h(H"|Free)?

@ h(H?2|Free) = 0.

@ h(H3|Free) = 0.

@ h(IH*|Free) = 0?
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Motivation: the bass note of Schottky groups

A Schottky group is a subgroup I' < Isom(H") freely generated by

elements gy, ..., gm such that there are conformally round pairwise
disjoint balls By, ..., Bm, B;, ..., By, C 9H" such that g;B; = 0H" \ B;
for each i.
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Motivation: the bass note of Schottky groups

A Schottky group is a subgroup I' < Isom(H?") freely generated by
elements gy, ..., gm such that there are conformally round pairwise
disjoint balls By, ..., Bn, By, ..., B, C 0H" such that g;B; = 0H" \ B;
for each i.

Theorem (Philips-Sarnak, Doyle)

For every n > 3 there is a ¢, > 0 such that if I < Isom(H") is a finitely
generated Schottky group then X\o(H"/T) > cp.
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Theorem (Philips-Sarnak, Doyle)

For every n > 3 there is a ¢, > 0 such that if I < Isom(H") is a finitely
generated Schottky group then X\o(H"/T) > cp.

Cheeger: \o(X) > h(X)?/4.
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Motivation: the bass note of Schottky groups

A Schottky group is a subgroup I' < Isom(H?") freely generated by
elements gy, ..., gm such that there are conformally round pairwise
disjoint balls By, ..., Bn, By, ..., B, C 0H" such that g;B; = 0H" \ B;
for each J.

Theorem (Philips-Sarnak, Doyle)

For every n > 3 there is a ¢, > 0 such that if I < Isom(H") is a finitely
generated Schottky group then X\o(H"/T) > cp.

Cheeger: \o(X) > h(X)?/4.

Buser: \o(X) < ¢yh(X) + c2h(X)? where ¢;, ¢, > 0 depend on
dimension and a lower bound on Ricci curvature.
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Motivation: the bass note of Schottky groups

A Schottky group is a subgroup I' < Isom(H?") freely generated by
elements gy, ..., gm such that there are conformally round pairwise
disjoint balls By, ..., Bn, By, ..., B, C 0H" such that g;B; = 0H" \ B;
for each J.

Theorem (Philips-Sarnak, Doyle)

For every n > 3 there is a ¢, > 0 such that if I < Isom(H") is a finitely
generated Schottky group then X\o(H"/T) > cp.

Cheeger: \o(X) > h(X)?/4.

Buser: \o(X) < ¢yh(X) + c2h(X)? where ¢;, ¢, > 0 depend on
dimension and a lower bound on Ricci curvature.

= h(H"|Schottky) > 0 for n > 3.
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Motivation: fiber bundles

Problem: does there exist a finite-volume real hyperbolic 4-manifold
which fibers over a surface with a fiber a surface?
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[U. Hamenstadt : not if the fiber and the base are closed surfaces.]
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Motivation: fiber bundles

Problem: does there exist a finite-volume real hyperbolic 4-manifold
which fibers over a surface with a fiber a surface?

[U. Hamenstadt : not if the fiber and the base are closed surfaces.]

If so, the fundamental group of the fiber surface corresponds to a
subgroup I' < Isom(X) with a limit set which is all of 0.X.
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Motivation: fiber bundles

Problem: does there exist a finite-volume real hyperbolic 4-manifold
which fibers over a surface with a fiber a surface?

[U. Hamenstadt : not if the fiber and the base are closed surfaces.]

If so, the fundamental group of the fiber surface corresponds to a
subgroup I' < Isom(X) with a limit set which is all of 0.X.

Is it possible to deform such a subgroup so that it is geometrically finite
and has limit set with Hausdorff dimension close to 3?
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Motivation: fiber bundles

Problem: does there exist a finite-volume real hyperbolic 4-manifold
which fibers over a surface with a fiber a surface?

[U. Hamenstadt : not if the fiber and the base are closed surfaces.]

If so, the fundamental group of the fiber surface corresponds to a
subgroup I' < Isom(X) with a limit set which is all of 0.X.

Is it possible to deform such a subgroup so that it is geometrically finite
and has limit set with Hausdorff dimension close to 3?

If so then h(IH*|Surface) = 0.
(PS theory = \g(H"/I') = dim(LIN(n — 1 — dim(LI")) )
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Main results

Definition

Let G4 be the class of residually finite groups I' with
b&(M)y =0V <T.
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Main results

Definition

Let G4 be the class of residually finite groups I' with
b&(M)y =0V <T.

Theorem

Let X be a contractible smooth complete Riemannian manifold.
Suppose there is a residually finite cocompact lattice A < Isom(X) such
that b2 (A) > 0. Then h(X|G4) > 0.

v

Lewis Bowen (UT Austin) Cheeger constants 6/19



Main results

Definition

Let G4 be the class of residually finite groups I' with
b&(M)y =0V <T.

Theorem

Let X be a contractible smooth complete Riemannian manifold.
Suppose there is a residually finite cocompact lattice A < Isom(X) such
that b2 (A) > 0. Then h(X|G4) > 0.

v

Corollary
For any even number n > 2, h(H"|G,,/2) > 0.
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Main results

Definition

Let G4 be the class of residually finite groups I' with
b&(M)y =0V <T.

Theorem

Let X be a contractible smooth complete Riemannian manifold.
Suppose there is a residually finite cocompact lattice \ < Isom(X) such
that b2 (A) > 0. Then h(X|G4) > 0.

v

Corollary
For any even number n > 2, h(H"|Gp,/5) > 0.

Lemma

IfT is isomorphic to a subgroup of a fundamental group of a complete
finite volume hyperbolic 3-manifold then T € G4 for alld > 2. So
h(H2"|Free) > 0 for all n > 2.
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Benjamini-Schramm convergence
Let {K;} be a sequence of finite connected simplicial complexes.
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Benjamini-Schramm convergence
Let {Ki} be a sequence of finite connected simplicial complexes. Given
a finite connected simplicial complex L and a vertex v in L, let

pi(L,v) = #{w € V(K;) : Jembedding ¢ : L — K; with ¢(v) = w}.

Lewis Bowen (UT Austin) Cheeger constants 7/19



Benjamini-Schramm convergence
Let {Ki} be a sequence of finite connected simplicial complexes. Given
a finite connected simplicial complex L and a vertex v in L, let

pi(L,v) = #{w € V(K;) : Jembedding ¢ : L — K; with ¢(v) = w}.

We say {K;} is Benjamini-Schramm convergent if

m e~

exists for every (L, v).

Lewis Bowen (UT Austin) Cheeger constants 7/19



Benjamini-Schramm convergence

Let {Ki} be a sequence of finite connected simplicial complexes. Given
a finite connected simplicial complex L and a vertex v in L, let

pi(L,v) = #{w € V(K;) : Jembedding ¢ : L — K; with ¢(v) = w}.

We say {K;} is Benjamini-Schramm convergent if

I gy ALY

exists for every (L, v).
Lemma (G. Elek, 2010)

Suppose {K;} is BS-convergent and suppose there is a uniform bound
on the vertex degrees of {K;}. Then for every d > 0,

 by(K)
i ViR

exists.

v
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Lick Approximation

Theorem (W. Lick, 1994)

Let A be a finitely generated group, {\n}2° , a decreasing sequence of
finite-index normal subgroups of A\ with (), An = {e}. Then

jim 22n) _ ) )
n—co [A : Ap d AV
o
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Another view of Benjamini-Schramm convergence

A rooted simplicial complex is a pair (K, v) where K is a connected
simplicial complex and v € V(K).
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Another view of Benjamini-Schramm convergence

A rooted simplicial complex is a pair (K, v) where K is a connected
simplicial complex and v € V(K).

Let RSC(A) be the space of all root-isomorphism classes of rooted

simplicial complex with vertex degree bound A. There’s a natural
topology on RSC(A).
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Another view of Benjamini-Schramm convergence

A rooted simplicial complex is a pair (K, v) where K is a connected
simplicial complex and v € V(K).

Let RSC(A) be the space of all root-isomorphism classes of rooted
simplicial complex with vertex degree bound A. There’s a natural
topology on RSC(A).

Given a finite connected simplicial complex K, define

pK = Z Ok V-

veV(K)

Lemma

{K:} is BS-convergent < g, converges in the weak™ topology on
M (RSC(A)).
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Metric measure spaces

A metric measure space is a (proper separable complete) metric
space with a (Radon) measure: M = (M, distyy, voly).
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pe M.

Let M denote the set of isomorphism classes of pointed mm-spaces.
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Metric measure spaces

A metric measure space is a (proper separable complete) metric
space with a (Radon) measure: M = (M, distyy, voly).

A pointed mm-space is a pair (M, p) where M is an mm-space and
pe M.

Let M denote the set of isomorphism classes of pointed mm-spaces.

A sequence [M;, pj] € M converges to [M., p] iff there exist a
complete separable metric space Z and isometric embeddings
i Mj— Z (1 <i< o) such that

@ (pi(M;), pi(pi)) converges to (poo(Mss ), poo(Poo)) in the pointed
Hausdorff topology;

@ (pj)«voly, converges to (¢« )«voly,, in the weak* topology.
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A variation on Elek’s Theorem
Let M(M) = the space of Borel probability measures on M.

Theorem

Let M; be a sequence of path-connected finite-volume mm-spaces. Let
i be the push-forward of voly, under the map p — [M;, p]. Suppose p;
is converges in M1(M) (weak™). Suppose also that there exist
constants e, vg, vy, A > 0 such that

im _Pa(M)

exists for every d > 0.
i—00 VOlM,(Mi) f £
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A variation on Elek’s Theorem
Let M (M) = the space of Borel probability measures on M.

Theorem

Let M; be a sequence of path-connected finite-volume mm-spaces. Let
i be the push-forward of voly, under the map p — [M;, p]. Suppose ;
is converges in M1(M) (weak™). Suppose also that there exist
constants e, vg, v1, A > 0 such that

@ volyy, is purely non-atomic and fully supported;

@ every sphere in M; has measure zero;

e0< < VOIMI.(BMi(,D, €/2)) < VOZM,-(BM,-(pa 10¢)) < vy Vp € M;;
@ By (p, r) is strongly convex for every r < 10e;

@ the max. cardinality of an e-separated subset of By, (p, 20¢) is
< A.
Then b(M
im _Pa(M)

—————— exist d> 0.
A ol (M) exists for every
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Proof Sketch of the Main Theorem

Definition
Let G4 be the class of residually finite groups I with
bP(M)y =0V <T.
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Proof Sketch of the Main Theorem

Definition
Let G4 be the class of residually finite groups I' with
bP(M)y =0V <T.

Theorem

Let X be a contractible smooth complete Riemannian manifold.
Suppose there is a residually finite cocompact lattice A < Isom(X) such
that b2 () > 0. Then h(X|Gy) > 0.

v
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Proof Sketch of the Main Theorem

Definition
Let G4 be the class of residually finite groups I' with
bP(M)y =0V <T.

Theorem

Let X be a contractible smooth complete Riemannian manifold.
Suppose there is a residually finite cocompact lattice A < Isom(X) such

that b2 (A) > 0. Then h(X|G4) > 0.

v

It suffices to show that if I'; < Isom(X) is a sequence of residually finite
subgroups which act freely and properly discontinuous and

h(X/T;) — 0 then there exist subgroups I'; < T; s.t. bff)(l’j-) > 0 for all
but finitely many /.
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A very rough idea
Let M; C X/I'; be a compact connected submanifold with
im area(OM;)

UTTY R
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A very rough idea
Let M; C X/I'; be a compact connected submanifold with

im area(OM;)

UTTY R

Let us pretend that {M;} Benjamini-Schramm converges to X. Then

i DaM) _ BY(N)

i—oo vol(M;) ~ vol(X/N) >0
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A very rough idea
Let M; C X/I'; be a compact connected submanifold with

im area(OM;)

UTTY R

Let us pretend that {M;} Benjamini-Schramm converges to X. Then

i DaM) _ BY(N)

i—oo vol(M;) ~ vol(X/N) >0

Let us also pretend that =1(M;) — T; is injective. Then by(M;) = by(T*)
for some I'; < T;.
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A very rough idea
Let M; C X/I'; be a compact connected submanifold with

. area(OM;)
:Ilg]o vol(M;) 0

Let us pretend that {M;} Benjamini-Schramm converges to X. Then

i DaM) _ BY(N)

i—oo vol(M;) — vol(X/N) >0

Let us also pretend that =1(M;) — T; is injective. Then by(M;) = by(T*)
forsome I, < T;.
By Llick Approximation, we may pass to a finite-index subgroup
7 < T such that
by(I7)

~ b2(I).
[rr.ryp 79 !

It follows that b2 () > 0 for all but finitely many .
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Let M; C X/I'; be a compact connected submanifold with

im area(OM;)

i—00 VOl(M,‘) =0

Lewis Bowen (UT Austin) Cheeger constants



Let M; C X/I'; be a compact connected submanifold with

. area(OM;)
im ey

Buser’s Hair-cutting Lemma — we can choose M; so that

lim vol(N(0M;))

am ey 0 V=0
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Let M; C X/I'; be a compact connected submanifold with

im area(OM;)

i—o0 VOI(M,') =0

Buser’s Hair-cutting Lemma — we can choose M; so that

lim vol(N(0M;))

am ey 0 V=0

Let I, < I'; be the image of 1 (M;) under the inclusion M; — X/T;.
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Let M; C X/I'; be a compact connected submanifold with

im area(OM;)

i—oo  vol(M;) =0

Buser’s Hair-cutting Lemma — we can choose M; so that

im vol(N;(0M;))

ey 0 =0

Let I'; < I'; be the image of 71(M;) under the inclusion M; — X/T;.
Lift M; to a subset M; C X/TI';. We still have

im vol(N;(OMY))

M ey 0 o
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3 finite-index subgroup I'/ < I'; such that
o if M is the lift of M} to X/T'} then M’ has no short
homotopically-nontrivial loops.
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3 finite-index subgroup I'/ < I'; such that
o if M is the lift of M} to X/T'} then M’ has no short
homotopically-nontrivial loops.

We still have
im vol(N;(0M!"))

oo voI(MY)

So {M} Benjamini-Schramm converges to X.

=0 VvVr>0.
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3 finite-index subgroup I'/ < I'; such that
o if M is the lift of M} to X/T'} then M’ has no short
homotopically-nontrivial loops.

We still have
im vol(N;(oM'))

i—oo  vol(M')

So {M} Benjamini-Schramm converges to X.

=0 VvVr>0.

By Luick Approximation, we can also choose '’ so that

(2) r
by(I7) ()
it oI 'Hoi'f vol(M!)’
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Benjamini-Schramm convergence implies:

im DeM) B
i—oo vol(M[") ~ vol(X/A)

If by(M[") = bg(T"}) then we're done.
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Benjamini-Schramm convergence implies:

lim ba(M) - bé/Z)(A) >0
ioo vol(M") ~ vol(X/N) '

If by(M[") = bg(T"}) then we're done.

The Mayer-Vietoris sequence
-+ = Hg(OM]") — Hy(M}") & Ha(X/T7 — M[') = Ha(X/T7) = ---

implies
bg(M") < bg(T}) + ba(OM/').
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Benjamini-Schramm convergence implies:

% (2 A
b))

A Sol(M7Y ~ vol(XJA) ~ O

If by(M[") = bg(T"}) then we're done.

The Mayer-Vietoris sequence

-+ = Hy(OM!') = Ho(M}") & Ho(X/T{ = M[') = Ho(X/T]) = ---

implies
ba(M}") < by(T7) + ba(OM/).

But bg(OM") < Cvol(N,(0M}")) for some r, C > 0.
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Benjamini-Schramm convergence implies:

i DaM)) BN

A Sol(M7Y ~ vol(XJA) ~ O

If by(M[") = bg(T"}) then we're done.
The Mayer-Vietoris sequence
-+ = Hg(OM]") — Hy(M}") & Ha(X/T7 — M[') = Ha(X/T7) = ---

implies
ba(M') < ba(T7) + ba(OMY).

But bg(OM") < Cvol(N,(0M}")) for some r,C > 0. So

ba(OM!)
S
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Benjamini-Schramm convergence implies:

(2) r/ 1/ {I b(2) /\
I|m|nfb () = liminf ba(I7) > lim bg(M) _ by (N)

i—oo vol(M)) M Vol(M”) ~ imoo vol(M) — vol(X/N) > 0.

If by(M]") = by(T'}) then we’re done.

The Mayer-Vietoris sequence
- = Hy(OM]') = Ha(M]") & Ha(X/T] = M") — Hg(X/T}) — -

implies
ba(M[') < by(7) + ba(OM).

But bg(OM") < Cvol(N,(0M}")) for some r,C > 0. So

ba(OM;")

vol(ny
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Open Questions

@ Is h(H"|Free) > 0 when n > 3 is odd?
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Open Questions

@ Is h(H"|Free) > 0 when n > 3 is odd?
@ Is h(IH*|Free) attained? by a finitely generated free group?

o If I' < Isom(H") is the fundamental group of a fiber in a fiber
bundle over an (n — 2)-manifold, does h(H"/I') realize
h(H"|deformations(fund. gp. fiber))?
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Open Questions

@ Is h(H"|Free) > 0 when n > 3 is odd?
@ Is h(H*|Free) attained? by a finitely generated free group?

o If I' < Isom(H") is the fundamental group of a fiber in a fiber
bundle over an (n — 2)-manifold, does h(H"/I') realize
h(H"|deformations(fund. gp. fiber))?

@ Suppose I' < Isom(H*) is discrete, properly discontinuous with
infinite covolume and b2 (") > 0. Is h(H*|deformations(I")) = 0?
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Open Questions

@ Is h(H"|Free) > 0 when n > 3 is odd?
@ Is h(H*|Free) attained? by a finitely generated free group?

o If I' < Isom(H") is the fundamental group of a fiber in a fiber
bundle over an (n — 2)-manifold, does h(H"/I') realize
h(H"|deformations(fund. gp. fiber))?

@ Suppose I' < Isom(H*) is discrete, properly discontinuous with
infinite covolume and b2 (") > 0. Is h(H*|deformations(I")) = 0?

@ What is h(H*|G>)?
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