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Velocity of minimizing  γ → u(t,x)     (characteristics)

Global (bi-infinite-time) solutions:   t0→-∞

Related to semi-infinite minimizing paths γ: (-∞,t]→IR  s.t. γ(t)=x

(minimizes the action between (t0,γ(t0)) & (t,x)
А
t0<t)
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x|x|→∞

Translates to semi-inf. minimizer with asymptotic direction

Questions:

Also for certain F ’s (kick forcing):
Bakhtin, Cator, Khanin ’14 
Bakhtin ‘16

Yes, in compact & essentially compact space settings: Sinai et al 
Khanin et al

existence/uniqueness/stability of global sol. for a give v
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ωz has a continuous CDF

Passage Time:
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Geodesic: Maximizing path   (unique)

Semi-infinite geodesic: each finite piece is a geodesic
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Both G(x)=Gxy and Gx,(n)(h) satisfy
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Eg:IR2
+→IR  deterministic, concave, homogenous

limsup
|x|→∞

|G0x-g(x)|

|x|
=0   almost surely

{ξ:g(ξ)≤1}{x :G0x≤t}

t
→

t→∞
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U
h=-𝛻g(ξ)   (dual) Bn

h (x,y) global 
  solutions 

Licea-Newman ’96: for standard F PP

Strong curvature assumption on g

Existence, uniqueness, coalescence of 
ξ-directed semi-inf. geo. :  χn

|χn|
→ξ

Coalescence implies   Bxn(x,y)→B
ξ
(x,y)

ξ
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Conjecture: g differentiable, strictly concave, 
and satisfies the curvature assumption.

Euclidean F PP: Howard & Newman ’97, ‘01

LPP with ωz~ exp(1): Ferrari-Pimentel ’05,  Cator-Pimentel ‘12

Burgers equation with kick forcing:
Bakhtin-Cator-Khanin ’14 
Bakhtin ‘16
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cocycle+recovery imply that γ
x,ξ+- are geodesics

Theorem: x,ξ ,▢Є {-,+},  γ
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 is directed into {ζ : 𝛻g(ζ)=𝛻g(ξ▢)}

Uξ▢
Uξ-

Uξ+

ξ

А
a .s.
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ζ+ if

ζ
ξ

Then we can trap any geodesic between γ
x,ξ+- for some ξ

Corollary: a.s. all geodesics are directed into Uξ-UU ξ+ for some ξ

Corollary: If g is strictly concave then a.s. all geo. are ξ-directed  

for some ξ
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ξ”I.e. want to switch “
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ξЄ/ V
ω 
<==> uniqueness & coalescence of Uξ-directed geodesics

Size of  V
ω

V
ω 
is dense away from linear segments of g

Complement is a countable intersection of dense open sets

            g is differentiable at endpoints of linear segments 

(e.g. differentiable or strictly concave) (*)

Nice case:



Familiar members:



Familiar members:

Tree of geodesics from x:

x



Familiar members:

Tree of geodesics from x:

x

Under (*): the competition interface  

between subtrees rooted at x+e1 and x+e2 

has asymptotic direction ξ*(x) 



Familiar members:

x

ξ*-

ξ*+

x+e1

x+e2

Tree of geodesics from x:

x

Under (*): the competition interface  

between subtrees rooted at x+e1 and x+e2 

has asymptotic direction ξ*(x) 

Unique direction s.t.    



Familiar members:

x

ξ*-

ξ*+

x+e1

x+e2

Tree of geodesics from x:

Under (*): the competition interface  

between subtrees rooted at x+e1 and x+e2 

has asymptotic direction ξ*(x) 

Unique direction s.t.    



suppμx,y = isolated points = jumps of ξ→B
ξ
(x,y)

V
ω
={ξ*(x): xЄ Z

2
}  (countable) if:Lemma:



suppμx,y = isolated points = jumps of ξ→B
ξ
(x,y)

V
ω
={ξ*(x): xЄ Z

2
}  (countable) if:Lemma:

<==> γ
x,ξ-

 coalesce and γ
x,ξ+ 

coalesce



suppμx,y = isolated points = jumps of ξ→B
ξ
(x,y)

V
ω
={ξ*(x): xЄ Z

2
}  (countable) if:Lemma:

<==> γ
x,ξ-

 coalesce and γ
x,ξ+ 

coalesce



suppμx,y = isolated points = jumps of ξ→B
ξ
(x,y)

V
ω
={ξ*(x): xЄ Z

2
}  (countable) if:

Special case: ωz~ exp(1)

Lemma:

<==> γ
x,ξ-

 coalesce and γ
x,ξ+ 

coalesce



suppμx,y = isolated points = jumps of ξ→B
ξ
(x,y)

V
ω
={ξ*(x): xЄ Z

2
}  (countable) if:

Special case: ωz~ exp(1)

g(ξ)=(√ξ1+√ξ2)
2  (Rost ’81)  implies  (*) holds

Lemma:

<==> γ
x,ξ-

 coalesce and γ
x,ξ+ 

coalesce



suppμx,y = isolated points = jumps of ξ→B
ξ
(x,y)

V
ω
={ξ*(x): xЄ Z

2
}  (countable) if:

Special case: ωz~ exp(1)

g(ξ)=(√ξ1+√ξ2)
2  (Rost ’81)  implies  (*) holds

Fan & Seppäläinen ’19: suppμx,y = union of Poisson processes

Lemma:

<==> γ
x,ξ-

 coalesce and γ
x,ξ+ 

coalesce



suppμx,y = isolated points = jumps of ξ→B
ξ
(x,y)

V
ω
={ξ*(x): xЄ Z

2
}  (countable) if:

Special case: ωz~ exp(1)

g(ξ)=(√ξ1+√ξ2)
2  (Rost ’81)  implies  (*) holds

Fan & Seppäläinen ’19: suppμx,y = union of Poisson processes

Coupier ’11: E/ ξ s.t.
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. Vω
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. ξЄ/ V
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: E! ξ-dir. geo. out of x.  They all coalesce

. ξЄ V
ω
: Eexactly two ξ-dir. geo. out of x: γ

x,ξ+- 

γ
.,ξ- 

all coalesce   &   γ
.,ξ+

 all coalesce

. That’s it!  No other semi-infinite geodesics
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