
Stochastic homogenization of a class
of nonconvex viscous Hamilton- Jacobi
equations in one space dimension

Elena Kosygina
Baruch College and the CUNY Graduate Center

joint work with
Andrea Davini

Sapienza University of thome

if M Workshop IV
May 18-22 , 2020



We consider a viscous HS equation
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) t p VII. w) in lo ,
a) x IR ;

wtf guy , see IR

Random medium :

• (R ,
F
,
IP) probability space , D - Polish space , F- Borel

o-algebra on D ,
IP invariant under the

'

shifts by x
and ergodic with respect to the shifts .

• a .TT : Rxr → lo
,
I] are stationary with respect

to the shifts by ace IR and Lipschitz continuous en se
.

• essinf Tf Cx, w) = o and esssup V(x, w) = 1 a.s
.
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( an additional condition on Tt eater )
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• p Zo is a constant ;

• G continuous
, superliner ( precise conditions

later)
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• Cl ) homogenizes if F H a continuous coercive function
-

i

suck that w-p .
1 Age UC CIR) Usct, x. w) ⇒ Ect

,
x) as et O

loc
where it = IFCEE) in co,a) x IR , Ico, x) =glad in IR .



Remarks :
• It is known that (under conditions which we check)
it is sufficient to show that for each OE IR

UE (1,0, w) → IFCO) a.s
.

(2)
E→0

where neo is a solution of CI ) with gCx) =Ox .

Recall that t H'to) tax solves II = IT05h) with
Tito

,
x) = Aoc .

• neo Ct, x, w) = cuff, I, w) where u solves

quo = a ix. w) Queue t G (quo) tp V(x, co) in lo,a)xR
"Ott-E Oa

Tt fo ) = him e Uo (te , o, w) = thing I Holt, o, w) if L2 ) holds
{→ 0

Notation : when the limit in (2) exists it defines
a map : p . Gc. ) 1-HT

. ) ; IT -- Hp (G)



Conditions on F and Glo) :

• Valley & hill : the lo, I) Ky >o (KH)

IP ( l l-y,y] is a valley ( resp. hill) 3)
> 0

where an interval I a
- said - to be an h - valley (resp .

h-hill)
if Ula, w) E h ( resp . Vfx, w) > h ) HXEI .

T
-
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• Gcp) b and G± satisfy for some
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,
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theo Danni , K , 2020-1)
Under the above conditions on a

,
-V
,
and G ( t) homogenizes

and the effective Hamiltonian Hp CG ) is characterized
as follows :

• if p > Gcp) (strong potential) then

=

Hpc lol it a > et j
,
.

,

,

- Hp (G)
'te."" limit .is. iii:

- t

= com ftp.LGYnttpCG-D-Hplaenv/GtnG-) )



• if p s Gcp ) (
weak potential ) then

i b
*pianos -- (TEETH.
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Hp CG
- I it ooo - , i '

i Hpk)

X.
where Ot ( resp . O - ) is the C

- o
-Pot Ct P

unique solution in Cph , CA
( resp. [C- sp ] ) of the equation

Hp (Gt) = Gcp ) ( resp Hp (GI - Gcp))



Them ( Davinci , K , 20201-1

The last theorem generalizes to the case when
G is a minimum of n > z convex functions
with the same absolute minimum .

Illustration for a=3 :
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About proofs : for pzo , Gc . I let

HfcG) lol - liynsoupeuo II. aw) ; Hp4GHH= hemjmofeuolt, aw )
we need to show that HE (G) = tip ( G) .

• Hf CG) ⇐ ftp.CGYIHplGJ ; - uniform upper bound

←
uses the hill condition

• Show that p ⇐ Ttp (G) lot to e IR ; - uniform lower bound

• Hp ( Gt ) (Ctl Ep ; simple comparison : pttctx is a supersolution
since G±CC±) = O

• Hfs ( G ) to ) s p v Gcp ) for c
-

so e C+ - uses the valley
Case p > Gcp)

condition

HplGT HplGtl
\ # ✓ - upper bounds

-
lower bound
where HpCG )# can be



What happens in
" shaded areas

"

?
←
convex

Correctors for convex
"

pieces
"

.

Consider G± and
check that the assumptions of Cardaliaguet and
Souganidis 12017 ) hold . Argue that to such that

Hpl Gt) lol > B and that Ro of full meaning
corrector

there is a unique sublunar solution ro of

(3) aca ,wive
"
t G±(vfto-I-pvlx.co)=HpCG± ) in IR

satisfying Vasco , w ) = o twerp . HplG±)
Moreover

, a ←a

• Do is shift invariant .

• vo is a cot - Lip ,
where

"
se is locally founded;

• Vo
'
is stationary ( not used )



• We establish bounty which allow us

to conclude that the same Vp are correctors
- X H

for G when a is in appropriate intervals .

Case p > Gcp)

HplGT r HpcGtl
\ ✓ - upper bounds

-
lower bound¥up . •

"

appropriate#t÷%"nbwvaes" for a

• We conclude that on there
"

appropriate intervals
"

HMG ) = HI (G) = Hp CG ) and this common
value coincides with Hp ( G

-

Ho ) if o -F
and with

'

Hp (Gt ) lol if a >I



• The"f" ( same as in

www.Z-eiteuni#2o91HplG) in the Ied 't ftp.HTCGHE/--GCp )

\
interval

HflG ) i 1 :
G i i

#!

LT

Glp ) - His CGHEIEHPYGHEKHPCGHE) ← Gcp )
--
monotonicity upper bound for
in p ⇐ E Ect

Conclusion : for a in the red interval Hp (G) to )=GCP)
DMB



• Broadening

que = etr f -A (E , w) D.Ii) t H (Dau , E , w) in lo , a) x Rd
(4)✓ I⇐f g (

x) , ace IRD

When H Cp , x, w) is not convex in p there are
co for d ⇒2 .

• Ziti otto (2017) : D= 2
,
A = 0

, Hcp ,
x

, w) = Gcp) + V(x, w)
#

, -

Generalization byF7) : d >2 .

If Gcp ) has a strict local saddle point then it is possible
to construct a random environment (very slowly mixing)
and a potential Tf so that homogenization fails .

• fedmm.tt#Zih-*9t) : A = I , D=2 .

Hcp , x , w) = Gcp) t V ( x, w) ; extension to the viscous case .



• Stochastic homogenization for nonconvex Hamiltonians

indie (A-=o) Viscous case ( A >O)
d-
- 1 : Danni , Srconolfi (Loog) D= I DakChoH)
- levitan) Tpined

"

Hamiltonians , such as

Glx ,w) I pit - Glx , w) Ipl , 8>1
Armstrong,Tran2) L.ES, b E Lo , doElo. D

Glp)thx , w ) t.r.h.MG 'P ) yemaz.zeitou.ru#2077;A---1
-p discrete case 9

Gao ,
extension to Hcp , a, w) If-clpltpVG4wlwnumdwdihkmttddzi.AE#s(2oz)K.tl#ZeitmniC2020)iA---1

Continuous case .

level set convex HCP , ai w ) ( d>I will be continued on the next pase )
• : prove homogenization for a
sufficiently general class of non- convex H in the viscous case

•• Homogenization for level set convex H ,
d > 1

,
in the viscous case ?



• Stochastic homogenization for nonconvex Hamiltonians
I
Invrsiedcase (Azo) Viscous case ( A >O)

DIE AtE) cdzg.es, armstronqcardahaguetGcp) = ( Ipt- t )' -

i finite range of dependence
If> 1 : HCte, x, w) -=t8HCe,x, w) V-E 70

¥¥Ms(2oI7) the 11=1 (homogeneity )
H with strictly star- shaped Cardahaguet , Sangamdis (2017 )sub - level sets .i.

.

'

Acp , x. w) , Hcp , x. w) with radiallyQiYu27 (
symmetric law !

Gcp) =/ Fcp) I where F is

even , coercive , eerie set convex
A is O - homogeneous in p

with min F co .

Of H ( xp ,
so ,WIEXHCP , x , w)
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