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Outline of talk

» Major player model and literature
» The limiting model of the mean field Stackelberg game

» A major player (leader)
» A representative minor player (follower from an infinite
population)

» Dynamic programming

> t-selves
» Time consistency

» Explicit solutions in LQ models
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The N + 1-player model

System model

1) Dynamics: N+ 1 players Ay, 0 < k < N,

Ao dX0 = £(X2, ™) u0)dt + oodW?,
AioodX] = (X0, X ™M uQ ul)dt + odW], 1< i <N,

Ap: major player A;: minor player

X € R™: state initial state: X§; uk € R™: control

| 4

>

» W/ € R™: independent standard Brownian motions

> ,ugN) = % Z,N:l dx;: empirical distribution of all minor players’ states
>

All initial states are independent with E|X}|?> < C for some fixed C
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The N + 1-player model

2) Costs:

JVFL: cost functional of player Ay

.
SOt u) = E/ e_ptLo(XtO,,ugN), u®)dt,
0
. . T . .
J,-NH(UO, uuT) = E/ e PL(X2, X, ugN), W0, ul)dt
0

> p>01<i<N
> = (. u T e )

» For simplicity, the terminal costs are taken as zero
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The N + 1-player model

Related literature

Major-minor player mean field models

» Nash equilibrium solutions

» Huang (2010), Nguyen and Huang (2012), Nourian and Caines (2013),
Firoozi and Caines (2015), X. Huang, Jaimungal and Nourian (2019),
Kordonis and Papavassilopoulos (2015), Carmona and Zhu (2016),
Carmona and Wang (2017), Ma and Huang (2020)

» Lasry and Lions (2018), Cardaliaguet, Cirant, and Porretta (2018) —
Master equations

» Leadership and Stackelberg equilibrium solutions
» Wang and Zhang (2014) — Use dynamic programming; simple model
> Bensoussan et al (2015a, 2016, 2017), Moon and Basar (2016, 2018), Elie
et al (2019), Fu and Horst (2018) — Mostly depends on the maximum
principle on a fixed horizon [0, T], no time consistency.

Two-player Stackelberg games

> von Stackelberg (1934), Basar and Olsder (1999), Yong (2002), Bensoussan et

al (2015)
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The N + 1-player model

P2(R"): Borel probability measures with finite second moment; endowed
the Wasserstein metric Wa(-, -).

CZ,: twice continuously differentiable functions with bounded second
derivatives.

Assumptions (for this moment):

» Given any Lipschitz full state (x) feedback u° and v, the drift
functions fy and f are Lipschitz in (x, p).
> 0 < Lo(x, p, 1), L(xO, ', p, u®, ) <
CIXOP + X2 + [0 + [u'[? + [ |y Pr(dy)].
These assumptions ensure well defined state processes and costs under

such strategies (if the control space is restricted to be compact, the
growth condition can be relaxed.)
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The limiting decision problem

The basic problem

» Develop a Stackelberg equilibrium solution of low complexity
Our plan

» Formalize a “right” mean field limit model

» Combine a notion of t-selves with dynamic programming

The notion of t-selves is useful for obtaining equilibrium solutions with
time-consistency (adopted by Ekeland and Lazrak (2006) for optimal
control with time inconsistent cost)

Error bounds of mean field approximations will be of interest, but will not
be discussed here.
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The limiting decision problem

Recall

Ao dX0 = f(X2, ™) u0)dt + oodW?,

AioodX] = (X0, X[, N W0 ulydt + odW), 1< i< N

The crucial issue here is how to describe a representative minor player in
a very compact manner.

So we try mean field approximations.
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The limiting decision problem

Denote ( fg . For test function g € C%4(R™; R) and
constant vectors W, ue R”l by Ito's formula

N
1 ,
diu™, &) = 5 > dg(X{)

1 1 : . .
+ N Z{iTr[g”(Xt’)aaT]dt +g'(X})odW,}
i=1

:< (N) /(')f(XtOv ,,u( ) u u)

1
5Trle” § : Wi
+ 5 Telg" (Yoo T)dt + npa 1g {)od

—> Limiting dynamics
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The limiting decision problem

The limiting mean field dynamics

d<,utag> = <,utagl(')f(Xth 5 Mty u07 U) + %Tr[gll(')UUT]>dt’

where X? is driven by i instead of ",

Remark on extension: If the constant vector u € R™ is replaced by
individual feedback ¢(t, X2, X/, i;), the integration should also act on

¢(t7 Xtoa K ,ut)
Example (Trivial case): The major player has no effect on p;:
f(Xana H, uov U) = f()/a ,U)

Then d{u:, g) becomes the FPK equation of an underlying McKean
Vlasov SDE.
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The limiting decision problem

The limiting two-player model: Major player Ay and representative
minor player Aj;.

dX? = (X2, s, u)dt + oodWP,
d)<s1 = f(XsOvala ,U57 Ug, U;)dS + UdWs:L?

(& | 0mta) = [ (770¢ i)' )

1T (oo Ny,

where s > t, X2 = xo, X} = x1, e = p € Po(R"), and g € C54,(R").
> (X0, X2, us): system state
» s also regenerated from empirical distribution of infinite minor
players; in general we have neither us = £(X2) nor
s = L(X51|X[% 5)) due to arbitrary choice of x; (a further note later).

» The third equation essentially results from the second one. It is
informative to list it separately

» Look for feedback strategies (u?, ul) where Ay is the leader
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The limiting decision problem

Accordingly, define costs

;
ot 50,1 (). () = E [ €7 La(XC, e, ),
t
;
Jl(thOaxla H, uO(.)’ Ul(')) = E/ eip(57t)L(XsOa Xsla s, Uga Ui')dS.

t
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The limiting decision problem

Example (linear model)
f(x0, i, u®) = AS(s)x0 + FO(s) /zu(dz),
f(x0, ¥, i, u°, u) = Ag(s)xo + A(s)y + F(s) / zu(dz)
(which may have absorbed feedback like t°(s, xo, ) and u(s, xo, y, tt)).

Denote

(2 = /zu(dz) e R
Then we have the linear system for the major player
dX? = [AJ(s)X? + FO(s)(z),]ds + oodWY,
d(2), = [Ao()XS + A(s)(2) s + F(5)(2)p,]ds
with initial condition (xo, (z),.), for which we uniquely solve (X2, (z),.).
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The limiting decision problem

Recall
dX? = fo(XO,us, 2)dt+ aod Wy,
dX} = (X2, X2, ps, u°, ul)ds + od W2,

% [ emstan - /R 7Oy, s, . 0 ()

+ 3 Tr(g" (v)oo " )us(dy),
where s > t, X2 = xo, X! = x1, e = p € P2(R"), and g € CZ,(R").

Further remark:
» Here no constraint on the choice of X! at the initial time ¢.

» However, for performance analysis in the finite player model, the
initial empirical distribution of all minor players should match g, in
order for the latter to be relevant.

> Existence question (need more information on the two control laws);
then use a special McKean-Vlasov interpretation — fix random
measure flow (us,0 < s < T); specify a fixed point.
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Dynamic programming

Dynamic programming:

(t%,ﬂ)/__lﬂg__\ major player
t e T
(6%, ,,u)/_ _L_Ji___\ minor player "
t t+e T

» State feedback

> t-selves

> Two agents (one leader and one follower) optimize for one short
period [t, t + €]; after that, the game is taken over by other agents
due to the t-self notion.
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Dynamic programming

Value functions for t-Ap and t-A; agents:

Vo(t, x0, 1) = Jo(t, xo, 1, ™, u*),
Vl(t7X07X17,u) = Jl(t,Xo,Xl, H, uO*, ul*)'

Task below: determine the Stackelberg strategies (u®*, u'*)

Ref. Basar and Olsder (1999) — closed-loop feedback information and
dynamic programming in a two-player Stackelberg game
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Dynamic programming

The generators:

0 2
‘C'O ) :fOT(XOa Hy uo)aixo ’ +% Tr[(aa_g')aoag—]a

0 1 2
L8 =T (g, . 0 - 4 AT )0,

Yo
_|_
Nl
_|
=
—

Q
)
~
Q
Q
O

L5 =FT(x0, y, p, 12, )
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Dynamic programming

The Stackelberg equilibrium (u%*, u'*), if it exists, is characterized by the
Hamilton-Jacobi-Bellman (HJB) equation system for
(t,x0,x1, 1) € [0, T] X R" x R" x Po(R"),
pvl = 8\/1 + L(XOaXIa /1‘7 *7 ) + (’C(l)ll),K + ’CS.IU*7U1*)V1
+ f]Rn 'Cu ,Ll 8 Vl(t XOv X1, y)/‘l“(dy)a
%+ Lo(Xo,Ma W) + L8 Vo
+fRn L5 8, Vo(t, X0, 1y )u(dy),

where Vi, =0 and Vo =0 at time T.

Vo

Here ﬁif’ul acts on 9, V;, i = 0,1 via the y variable, with (t, xo, x1, 1)
fixed. Note that 0, V; has the extra independent variable y.

Assumptions: smoothness and growth conditions on Vi, V4, and
8;,L Vl(tv X0, X1, s ')v 8;,L VO(tv X0, Ly )

For ref. on differentiation w.r.t.  and the master equation of MFGs, see
e.g. Cardaliaguet, Delarue, Lasry, and Lions (2015)
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Dynamic programming

(LK,,N)/FEQJ\ major player
t ot T
(t1>%,>$:ﬂ)ﬁlﬂ . minorplayer "
t the T

How to formally derive the dynamic programming equation

» Assume some smoothness and growth conditions for the value
functions; do local expansion on [t, t + €]

» Choose two optimizers on [t, t + €]
Vo(t, x0, 1) = {Loe + e P EVo(t + ¢, X°(t + e), Ut+6)}optimizeu0,u1’
Vi(t, x0, x1, 1) = {Le + e " EVi(t + ¢, Xo(t +€), X (t +e), /‘f+6)}optimize w0, ul

» Below we explain the choice of the optimizers directly based on the
HJB equations
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Dynamic programming

The minor player’s optimizer:

Given 1%, denote the minor players' best response by 1! as a feedback
parametrized by u°.

For the minor player, denote

Hl —L XO,X]_,,LL,U u ) (LO +L )Vl(t,XO,X]_,,U)

/ L5 9, Vi (t,x0, x1., 115 y ) p(dy).

We determine

S| : LY
o = argmin Hy =p1(x0, x1, p1, u°, 1)

Question: Why u! in ﬁf:;”l does not contribute to selecting the
optimizer §'?

Denote h(y) = 0, Vi(t, xo, ft; y). The integral term in H; arises from
(pese — iy by = LS [h(XEL) — h(XE)], which is nearly unaffected by
the control of player A; on [t,t + €].
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Dynamic programming

The major player’s optimizer: Recall we have specified

~1 0 9V
0" = p1(x0, X, U, ).

Denote
HO :LO(X07 122 uO) + ‘Cgo Vo(ta X0, :u)

UO ﬁl
L Lo 9, Vo(t, xo, 5 y)u(dy).

Let the minimizer of Hy be

u®* = argminHy

= SDO(XOa 1, ?)_ng 8u Vo(t,Xo,M; ')a ?9_2(th0’ * /1')) (31)

Substituting (3.1) into 4 gives

1x 0x OV
u _(pl(xoaxlvluau ’ axll)'
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Dynamic programming

We summarize the above procedure.
Given (t, xp, X1, [1),
UO c Rnl [}1 uO* ul*
» For nonlinear dynamics and costs where the control enters the

dynamics linearly and the cost in a quadratic form, these optimizers
can be explicitly computed.
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Dynamic programming

The closed loop dynamics

dX%* = fo (X0, pt, u®*)dt + oodW2,

)

dX}* = F(XO, X2, pt, u®, ul*)ds + odW2,
gWui(dy) = | [FT(XO*,y, pt, ud*, ul*)g' (v)

+ 3 Tr(g"(y)oo T )lui(dy),

ds Rn

where the initial condition is (xo, X1, ft).
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Discrete time model

Explicit solutions in LQ cases

Continuous time LQ model

The drift terms in dynamics
fo(XY, e, 1) = AoX? + Bouf + Foly) .,
FX2, X2 e, 02, ut) = AXE + Bul + DU® + F(y),, + GX2.
Quadratic cost integrands
LO(XtOMufv u?) = |Xto - F0<Y>#:|%Qo + |u?|$?oa
L(Xtovxtlv:ufa u?, ut.%) = |Xt1 - FlXLP - F2<Y>,ur|20

+ |uplR + U7, + 20T Rauy.

The matrices Ag, A, By, B, Fo, F, D, G, Iy, I, I3, @, @, R > 0,
Ro > 0, Ry and R, have compatible dimensions.
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Discrete time model

Explicit solutions in LQ cases

Denote D = D — BR™!R] .
The Stackelberg equilibrium strategy is

W = — LRSYBT 3¥° + DT/]R g(a,tvo)ﬂ(d)/)]a

ul* - _ 1R 1[BT8V1 RT 0*]
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Discrete time model

Explicit solutions in LQ cases

The HJB equations
pVo =92 + (8\/0) (Aoxo + Bou® + Foly),.)

+/ (Gxo + Axq + F{y), + Bu* + Du®)|]
@QL Vou(dy) + Lo(xo, 1, u®)

+ 2 Tr[(a Vo)aoooT"'/ 88_;5MVOUUT“(dY)]’
]Rn

xi=y’

pVi =G + (52)7 (Aoxo + Bou™ + Fo(y),)
+(82)7(Gxo + Axs + Fy), + Bu™ + Du®)

|x1:y'

—|—/ (Gxo + Axy + F(y), + Bu"™ + Du®)|]

%ap, Vlﬂ(d}/) + L(X07 X1 iy Uo*a ul*)

+3 Tr[a Vlaoao + 2 Vloo —|—/ g—;@uvlaaTu(dy)].
]Rn
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Discrete time model

Explicit solutions in LQ cases

Assume Vj and V; take the form

Vo(t, x0, 1) = xg Po(t)x0 + {y),s PL(£){(¥)
+2xg PoL(t){(y)u + ro(t),
Va(t, %0, x1, 1) = X3 Po(t)xo + x| P1(t)xa + ()} Pa(t)(y),.
+2(xg Po(t)x1 + xg Poa(t)(y) + 1 Pra(t){y)u)
+ n(t).
The feedback Stackelberg strategies are given by
uo* = KgXo + K](.)<.y>lta
u™ = Koxo + Kixi + Ka{y) s

where the coefficients can be determined (see next page).
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Discrete time model

Explicit solutions in LQ cases

Ks = =Ry *(By P+ DT PG/),
KP = —Ry (Bg Po, + DT PY),
Ko=—-R YR} KO+ BTPRy),
Ki=—-R'BTP,

Ko = =R YR} K? + BT P1,).
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Discrete time model

Explicit solutions in LQ cases

Denote [Y]2, = YTMY. And we have the Riccati equations:

Po = pPo — Po(Ao 4+ BoKY) — (Ao + BoKS)T Py
— (Po1 + Po2)(G + BKy + DKY)
— (G + BKo + DKO) T (Po1 + Po2) ™
— Kg " RaKo — Ko Ry K3 — [Kollk — [KolR, — [11],

Pl = pPl — Pl(A + BKl) — (A + BKl)Tpl — [[Kl]ﬁ? — Q,

Py = pPy — PL(BoK? + Fo) — (BoK? + Fo) T Poa
— PL(BKy + DK + F) — (BKy + DK? + F)T Py,
— (A4 BK, + BK; + DKY + F)T P,
— Py(A+ BKiy + BK> + DK? + F)
— [Kalk — [KPTR, — KY T RaKa — Ky R KT — 1],
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Discrete time model

Explicit solutions in LQ cases

Po1 = pPo1 — (Ao + BoK®)T Poy — Por(A + BKy)
— (G + BKo + DK))T(P1 + PL)
— Ky RKy — K{TRo Ky + I Q,

Poa = pPoa — 2Po(BoK? + Fo) — (Ao + BoKS) T Poa
— Po1(BKa + DK? + F)
— (G + BKy + DK))T (P13 + P,)
— Py2(A+ BKi + BKy + DK? + F) — K{ RK>
— KTRK? — KT Ry Ky — K R KO — I QI

Piy = pPia — P (BoK? + Fo) — Pi(BKy + DK? + F)
— P12(A+ BK1 + BK + DKY + F)
—(A+ BK1) Py — K] RKy — K RJK? + QI%,
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Discrete time model

Explicit solutions in LQ cases

PO = pP — P(Ao + BoK®) — (A + BoK®)T PO
— PG + BKo + DK®) — (G + BKo + DK®)T PO
— [[KSHQRU - QO)

PL = pP{ — Py (BoKg + Fo) — (BoKg + Fo) T PGy
— (A+ BKy + BKy + DKY + F)T P?
— PY(A+ BKi + BKz + DK + F) — [KP], — [To] %,

P& = pPG — PY(BoK? + Fo) — (Ao + BoKg) T PO,
— PS,(A+ BKi + BKy + DK? + F)
— (G 4 BKy + DKQ)TP? — KOTRyK? + Qolp.

All 9 equations have 0 terminal conditions at T.
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Discrete time model

Explicit solutions in LQ cases

Recall the feedback strategies (at time t):

u® = KEXO(t) + K2 (Y)
ut = KoXO(t) + KiX'(t) + Koy ).,

where (y), = [ yu(dy).

Theorem
If the Riccati ODE system of (Po, Py, - -+ , P3;) has a solution on [0, T],
then (u®*, u*) is a feedback Stackelberg equilibrium on [0, T].
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Discrete time model

Explicit solutions in LQ cases

A set of equilibrium strategies determined for [0, T] is time-consistent if
it has been applied up to time t € (0, T) and is still an equilibrium
solution for the remaining period [t, T] for any t.

Related literature

» Ekeland and Lazrak (2006), Ekeland and Pirvu (2008), Bjork and
Murgoci (2008), Yong (2017), ...
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Discrete time model

Explicit solutions in LQ cases

Theorem
If the Riccati ODE system of (Po, Py, - -+ , P§,) has a solution on [0, T],
then the set of strategies is time consistent.
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Discrete time model
Explicit solutions in LQ cases

The major player Ag, a representative minor player A;, and the mean
field state X have the dynamics:

X2 =AcX? + Bou? + Fo X+ WP, t=0,---,T -1,
X2 1 =AX} + Bul + Du? + FX, + GX2 + W},
Xep1 =(A+ F)X; + Bt + Du + GX?,
where Wti, 0<t<T-—1arei.id. with zero mean and finite variance.

. _ . N : .
The control mean field T; = limy_— oo ﬁ > ieq ur, where each uy is a
minor player’s control. Cost functionals are

E[Z (IX? = ToXelg, + lug IR,
=0

-1
Jl(uo,ul):E[ (6% (|Xt1 _FIXtO_F27t|2Q
t=0
+ |ug[& + [0 1R, + 202" Rou)],
where a € (0, 1) is the discount factor.
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Discrete time model

Explicit solutions in LQ cases

Main result on the discrete time LQ model

» The Stackelberg strategies are determined from dynamic
programming and Riccati equations.
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Discrete time model

Explicit solutions in LQ cases

Difference of the continuous and discrete LQ models:

» To maintain leadership, the continuous time case requires the cross
term 2007 Ryul.

» The discrete time case may still have leadership even if the
coefficient R, = 0.
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Discrete time model

Explicit solutions in LQ cases

Riccati equations

Continuous time LQ model

The parameter values are given by Ag =1, By =2, Fp, = 0.5, A= 0.5,
B=1,D=1 F=02 G=04,1I,=08,1I1=03,1,=05, Q =2,
Q0:1, R:l, R020.5, Rlzl, R2:0.5, T:12, andp:O.l.
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Discrete time model

Explicit solutions in LQ cases

Summary:
» Mean field Stackelberg games and dynamic programming
» Explicit solutions in LQ models
» To do: performance estimates with finite players

Thank you!
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