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Motivation for a Graphon Theory of Systems and MFG

In the contemporary designed environment and in nature networks
are ubiquitous. Moreover artificial networks are growing in size and
complexity. Consider: Online Social Networks, Brain Networks,
Power Grid Networks, Transportation Networks, loT, etc.
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Motivation for a Graphon Theory of Systems and MFG

States, costs, vector fields, disturbances, etc, are simply averaged
when, as a mass, they play a role in the behaviour of a large
population system.

This is equivlant to an implicit assumption that the individual
agents are distributed over the nodes of a very large scale network
(VLSN) which is completely connected (an edge for each node
pair) and all edges have equal weight (i.e. a uniform graph).

None of the network examples depicted earlier satisfy this
assumption globally, but some do so (approximately) locally.

So standard MFG theory is often applicable in large networks
locally (i.e. cluster by cluster), but is not necessaril valid globally.
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Motivation for a Graphon Theory of Systems and MFG

Complex networks characterized by:

Large number of nodes (millions, billions, etc )

Complex connections, typically non-uniform and locally
asymptotically dense. Density assumption adopted for current
work, but most natural and artificial systems are sparse.

Intrinsically capable of growth in size

The recently developed mathematical theory of provides
a methodology for analyzing arbitrarily complex networks.

Locally dense theory well established. Locally sparse theory is in
development in terms of basic theory and applications.
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Introduction to Graphons
Graphs, Adjacency Matrices and Pixel Pictures

Graph Adjacency Matrix Pixel Picture

o—0 0 1

o—o 0 1
I — |}

Graph, Adjacency Matrix, Pixel Picture

Pixel picture for N node graph on the unit square [0, 1] x [0, 1].

Square elements have sides of length N
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Introduction to Graphons
Graph Sequence Converging to Graphon

Uniform Attachment Graph Sequence (Each Cycle: N — 1 node graph; new node:
attached with prob. 1/N to each old N — 1 node, and for all old unattached pairs,
attach them with prob. 1/N.) Convergence to a Limit Graphon.

Graphons (Lovasz, AMS 2012) : bounded symmetric Lebesgue
measurable functions
W :[0,1]2 = [0,1].
Graphons may be interpreted as weighted edge graphs on the
vertex set [0, 1].
Classes of Graphon Spaces Wy := {W :[0,1)> — [0, 1]}
Wr = {W:[0,1]* - I}

37

~



Introduction to Graphons
Example’: Uniform Attachment Graphon

Uniform Attachment Graphon: U(z,y) = 1 — max(z,y),
x,y € [0,1].

(i) NV - node Weighted Graph Gy Generated from U by sampling
(i,j) locations for the weights, (ii) Corresponding Stepfunction,
(iii) Graphon Limit U



Introduction to Graphons
Metric in Graphon Space

Cut norm
IWilo = sup w<x,y>dxdy] 1)
M,TcC[0,1] |JMxT
Cut metric
do(W, V) := inf | W? - V]| (2)
dr2 metric
dp2 (W, V) i= inf [W? = V3 (3)

where W(z,9) = W(o(x), o(y)).

Since [|[W]||g < ||[W]||2 for any graphon W, convergence in d2
implies convergence in dg. Converse holds subject to symmetry
and common normed limit conditions.



Introduction to Graphons

Compactness of Graphon Space

Theorem (Lovasz and Szegedy, 2006; LL AMS2012)

The graphon spaces (Wy,dn), I any closed interval in R, are
compact.
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Basic Formulation of Nonlinear MFG Systems

Notation: Integer valued subscript for minor agents
{A4;:1<i< N}
A; : State : 2 € R" Control: u) € R™,

N
dal¥ (1) = 5 S0 S0 0,0 (0, )
1 N]
+ > otz (b), 2 (£))dwi(t), 1<i<N.

J=1
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MFG Nonlinear Formulation

IVl = IE/OT (3 Dottt (@), 0 (1), (1), 22 ()]

j=1

If there exists a major agent it would have non-negligible influence on the
mean field (mass) behaviour of the minor agents and so the mean field
would no longer be a deterministic function of time. Omitted in dynamics
and performance functions in current work.
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Information Patterns and Nash Equilibria

Information and Control Patterns: Complete
Decentralization

Controls are only functions of A;'s Observations and .A; can only
observe its own state history.

A;'s set of control inputs f; consists of all feedback
controls w;(t) taking values in Uj,.;: U CC R™ and

Adapted to : F; :=o(zi(7);7 <t),1 <i<N

(Q, F, {FN}1>0,P): a complete filtered probability space
FN = o{z;(0),w;(s) : 1 <j < N,1 < s <t}
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Basic Formulation MFG Theory

Controlled McKean-Vlasov Equations
(when the limits exist):

dr; = lim —Zf (t, x4, ug, ( ))dt + odw,

N—oo N

= f[xm Uy, pe]dt + odwy
Flm,u, ] := Ef[zg, wp, ye) = / Fla,u, y)p(dy)
R

w(s) = of the state
of a generic member of the infinite limit population.
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Basic Formulation of Nonlinear MFG Systems

(If the limits exist) Infinite population limit dynamics
(Markovian jointly in (z, u)):

dry = flag, ug, p]dt + odw,  po = L(x0)
floup] 2 [ fo.updds)

(If the limits exist) Infinite population limit cost:

T
J<u7ﬂ) = E/ l[xtvutnut]dt
(0]

where 1;(-) =
of the state of a generic member of the population.
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Basic Mean Field Game HJB-FPK Theory

Assume:
(a) for any control law u for a generic agent the infinite popn. limits exist for
the given dynamics and performance functions,
(b) there exists an infinite popn. Nash equilibrium.
Then:
(i) the generic agent best response is generated by an HJB eqn, and
(ii) the corresponding generic agent state distribution (measure y, density p
assumed to exist) is generated by an FPK equation:
2 52
— aa—‘t/ = inf {f[x,u,u]%—z —l—l[ac,u,u]} 4 o OV

welU 2 0x?

V(T,z) =0, (t,z) €[0,T) xR

Opltx) __ oSl u,ulplt, ) | o Ot )
ot ox 2 Ox2
ur = p(t, ze|pe), (¢,z) € [0,T] xR
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Basic Mean Field Game MV HJB-FPK Theory

Subject to technical conditions:

(i) (HMC 06 LL 06) The MKV MFG Equations have a unique
solution with the best response control generating a unique Nash
equilibrium given by

(ii) Furthermore (HMC 06),
Ve >0 IN(e) s.t. VN > N(e)

JNW,ul,) —e< mfuJN(uz, D <IN, ub,),
u; €

forall 1 <i < N < oo, where u; € U is adapted to
FNi=A{o(z;(r);Tr <t,1<j < N}
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From Mean Field Game MV HJB-FPK Theory to Graphon
MFG Theory

(1) At every node in an asymptotically infinite
network system sequence {G™}:

(2) An asymptotically infinite population of
symmetric agents interacts locally as in classical
MFG.

(3) The local averaged dynamics and costs are
averaged globally over all network nodes.

(4) Averaging weights in finite graph case given by:
{GY:1< N < o}

Asymptotically by the limit graphon G*°.
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8Va(t,:c) _ 7l . 8Va(t7$)

[HJB](a) — 8t _Jgg{f[‘raua uGaga]T
~ a2 0%V, (t, )
+l[$aU,MG;ga]} t S o2

Vo(T,z) =0, (t,z) €0, T] xR", «€]0,1],

[FPK](a) 8%5?9:) _ Iz, v’ (za, gmc;ga)pa(t, )
2 92 T
82)5;2;)’ 1a(0,dx) = po(dz),

arginf H(xq, u, 4G5 ga)s
u

Q

+
[BR](O‘) UO(:EO“/Lg;ga)

[ENY

= (p(t, $o¢‘,UIG§ga)
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The e, the corresponding set of all the
local mean fields j1c = {p15;0 < 5 < 1}, and

go = {9(c, 8);0 < B < 1} are inter-related by the FPK
and the defining integral relation

M i ] = /[0 : /R Al e gl el

which gives the via the sum

FlTas Ya, 165 9a) = fo(Tas Ua) + fTas Ua, 15 Ga)-

The l[x,u, ug; go| are defined
similarly.
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Graphon to Classical Mean Field Games : GMFG to MFG

We retrieve the when the agents’
dynamics and costs are uniform, and, further, the network is totally
connected with giving the graphon

{9(e, ) = 1,0 < o, B < 1}

Since then GMFG equations equations have the

(see below) with all local graphon mean fields equal, i.e.
Mia =: fit, for all a.

Image of a
graphon with function

g(a, B) = 1 — max(a, B),
a, B €[0,1]
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Graphon Mean Field Games : GMFG Conditions |

We need to restrict pg(-) to a specific class.
{ua(t),0 <t < T} is from the admissible set Mg 7y if

(M1) for each fixed t, / pa(t,dy) is a Lebesgue measurable
B

function of j;
(M2) there exists 1 € (0, 1] such that for any bounded and
Lipschitz continuous function ¢ on R,

sup | [ o(y)us(ty,dy) — / d(y)pp(ta, dy)| < Chlty — ta]”
geo.1] Jr R

where C, may be selected to depend only on the Lipschitz
constant Lip(¢) for ¢.

Condition (M1) ensures integrations with respect to d3 are well
defined. By condition (M2), the drift term in the HJB equation
has a certain time continuity, which facilitates the existence
analysis of the best response.
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Graphon Mean Field Games : GMFG Conditions [l

(H1) U is a compact set.

(H2) f(z,u,y) and l(z,u,y) (fo(x,u) and lp(z,u), resp.) are
continuous and bounded functions on R x U x R (R x U, resp.),
and are Lipschitz continuous in (z,y) (in z, resp.) unif. in u.
(H3) For fo, f and lo, !, their first and second derivatives with
respect to x are all uniformly continuous and bounded.

(H4) f(z,u,y) (fo(x,u), resp.) is Lipschitz continuous in u,
uniformly with respect to (x,y) (to z, resp.).

(H5)

and the resulting u as a function of (x,q), is

Lipschitz continuous in (z,q), uniformly wrt ug and a. e



Graphon Mean Field Games : GMFG Conditions Il

(H6) For any bounded and measurable function i(/3), the function
1
/ g(a, B)R(B)dp is continuous in a € [0, 1].
0

(H7) The best response as a bounded and continuous function of
(t,x) depends continuously on « € [0, 1] (by the norm of
C([0,T] x R;U)), where x stands for the state of the a-agent.

(H8) All agents have i.i.d. initial states with distribution po(dz)

(H9)

1
i Y |orskie, — [ onnads| =0
pin X lsgstc, = [ oo

where I means the midpoint of the interval I;.
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Theorem: Existence and Uniqueness of Solutions to the
GMFG Equation Systems (PEC, Huang, CDC 2018)

Subject to conditions (H1)-(H5), and a parameter dependent
contraction gain condition, there exists a unique solution to the
graphon dynamical GMFG equations which

(i) gives the feedback control best response (BR) strategy
o(t, x¢|ua; go) depending only upon the agent’s state and the
graphon local mean fields (i.e. (x¢, ug;ga)), and

(ii) generates a Nash equilibrium.

26
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Theorem: e-Nash Equilibria for GMFG System (PEC, Huang,
CDC 2019)

Let the conditions of Theorem 1 hold together with conditions
(H6) - (H9).
Assume the “mid-point rule” is used to generate finite graph-finite

population control laws from the GMFG infinite graph-infinite
population solutions.

Then the joint strategy {uf(t) = o(t, z¢|nc; 90)} yields an e
Nash equilibrium for all €, namely,

Ve >0 IN(e), K(e) s.t. VN > N(e), k > K(e)

T2 ~ € < inf Y (g 0y) < I ).

where u; € U is adapted to FV := {o(zj(r);7<t,1<j<N)}L
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LQG-GMFG Example - Finite Population (1)

dz; = (Az; + Dz; + Bu;)dt + Xdw;, 1<i<N.

x;: state of the ith agent

u;: control

wj: disturbance (standard Wiener process)
Vi: set of vertices {1, ..., Ni}

Cy: set of agents in the (th cluster

For i € C;; and adjacency matrix M = [my] :

1 1
2= — E Mgy —— E T;
Y T1C| &=
J€C,

LEV),
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LQG-GMFG Example - Finite Population (2)

where Q, Q7 > 0, R > 0, and v; = ~(z; +7) is the tracked process.

Main features in finite population finite graph case:

Agents are coupled via dynamics and costs over a finite
bidirectional of clusters
Agent i's tracked process v;:

stochastic
depends on other agents’ control laws
depends on the location in the graph of z;'s cluster

29 /37



LQG-GMFG Example - Infinite Population (1)

: The Uniform Attachement Graph (LL2012)

a, B €0,1]
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LQG-GMFG Example - Infinite Population (2)

Assume the LGQ GMFG Equations have a unique solution. [Need
contraction method modified from general nonlinear GMFG case.]

dre = (Azo + Dz + Buy)dt + Xdw,s, « € [0,1].

Al

T
Jo (U, Vo) = QE/O [[(:pa —Va)" Q20 — Vo) + ul Rug]dt

+(2a(T) = va(T))"Qr (2a(T) — va(T))]

where Q,Q7 > 0,R > 0 and v, = Y(za + 7).

2q = / [(1- max(oz,ﬂ))/ zgps(dzg)]ds, a, B €10,1].
[0,1] Rn
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LQG-GMFG Example - Infinite Population Summary (3)

Ua(t) = —R BT [ILza(t) + sa(t)]
—1II; = ATI; + IGA — IL,BR™'B'IL +Q, Iy = Qr
—5a(t) = (A= BR™'B™IL,) 54 (t) + ;D20 (t) — Qua(t),
sa(T) = —Qrva(T)

va £Y(zat1m), a€[0,1] za= | M(a,p)TpdB
[0,1]

7 T x (dzg)
7 & wwcﬁ,zg | ass(das)

To = (A— BR'B'I})Zy + Dzo, — BR™'B"s,, a€[0,1].
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First Steps Towards the Master Equation for LQ-GMFGs

. In dimension n =1, Vt € [0, T]
dzo(t) = (aza(t) + bua(t) + cza(t))dt, € ~N(0,1), a€]0,1].
clet g, g > 0,7>0

r

T
Toltasze) 2 B[ [ [£(wa(t) = 2a(®)? + lua(®P)at
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First Steps Towards the Master Equation for LQ-GMFGs

Theorem: Existence of Solutions to the LQ-GMFGs
(Foguen-Tcheundom, PEC, Huang)

There are solutions (ua,o(t), fta,o(t)) (a,t)e(0,1]x[0,7] to LQ-GMFGs,
if and only if, there are solutions (2a,0(t), Ya,0(t))(a,t)e[0,1)x[0,7] tO
the following Forward Backward Stochastic Differential Equation
(FBSDEs) :

2
dTa,0(t) = (aza,0(t) — %ymo(t)—l—cE[:imqg(t)])dt, (4)

dya o(t) (aya o(t) + qxa,o(t) —qE [Ea,o,g(t)] )dt (5)
Yo, o( ) — qma o( ) — CYE [i'a,o,g(T)] xa,o(o) — ga
where, for all (a,t) € [0, 1] x [0, T,

1
xa’w(t):/o g(a, Bz o(t)dp, and

Na,o(t) — £($a7o(t)), uOé,O(t) — —éymo(t). 34 /37

r



First Steps Towards the Master Equation for LQ-GMFGs

Theorem: Existence of Solutions to the Master Equation for
LQ-GMFGs (Foguen-Tcheundom, PEC, Huang)

Let (%a,0(t); Yao(t)) (a,t)e0,1]x[0,7] b€ the unique solution to the
above FBSDEs, then there exists a unique Master Field

U:[0,1] x [0,T] x R x P2(R) — R ©)
(a,t,z,m) — U(a,t,x,m)

such that V(«, t) € [0,1] x [0,T7,

Ya,o(t) = U, t, Tao(t), L(Tao(t)))- (7)
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First Steps Towards the ME for LQ-GMFGs (cont’d)

Theorem (cont’d): Existence of Solutions to the ME
LQ-GMFGs: Form of the Master Equation

The Master Field U satisfies the LQ-GMFG Master Equation:
U (a, t,z,m) + (aU(a,t,w, m) + qr — q/ vdm(v))
R
b2
+ (am — —U(a,t,z,m) + c/ vdm(v))@xU(a,t, x,m)
r R
b2 1 1
+ [ (aw [ e pus tamids+e [ go,p)
R T Jo 0

/vdm(v)dﬁ)@uU(a,t,x,m)(w)dm(w) =0, (8)
R
with the terminal condition,

U, T, z,m) = gz — q/ vdm(v).
R

36
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Future Directions and Open Problems

Directed Graphons and Sparse Graphons of infinite networks:
graphenes and graphomes.

The Master Equation formulation of GMFG theory.
LQG GMFG case: Foguen et al.

Estimation methodology for VLSNs and graphon limits:
especially for epidemiology (initiation: FLUTE travel data for
epidemiology, Salii et al.), power grids and finance.

Implications for GMFG properties of Global and Local
geometry and topology, and of standard classes of finite
graphs and their limits.

Solvability: role of spectral and eigenspace information, low
rank graphon operators following (linear) Graphon Control
theory work (Gao et al).
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