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Master equations with common noise

The master equation with common noise:

{
∂tV + 1+β2

2 tr(∂xxV ) + H(x , ∂xV ) + F +MV = 0,
V (T , x , µ) = G (x , µ),

(1)

where F ,G : Rd × P2(Rd)→ R and

MV (t, x , µ) :=

tr
(
E
[1 + β2

2
∂x̃µV (t, x , µ, ξ) + ∂µV (t, x , µ, ξ)∂pH(ξ, ∂xV (t, ξ, µ))

+β2∂xµV (t, x , µ, ξ) +
β2

2
Ẽ[∂µµV (t, x , µ, ξ̃, ξ)]

])
.

Purpose: To find a Nash equilibrium for a mean field game.
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Mean field game

Let r.v. ξ be such that Lξ = µ and let X ξ,α be

X ξ,α
t = ξ +

∫ t

0
αsds + Bt + βB0

t ,

Let (Y ξ;α′,α,Z ξ;α′,α,Z 0,ξ;α′,α) solve

Y ξ;α′,α
t = G (X ξ,α′

T ,L
X ξ,αT |B0)

+

∫ T

t
[F (X ξ,α′

s ,L
X ξ,αs |B0)]− L(X ξ,α′

s , α′s)ds

−
∫ T

t
Z ξ;α′,α
s dBs −

∫ T

t
Z 0,ξ;α′,α
s dB0

s .
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Mean field game

The cost functional

J(t, µ;α′, α) = E[Y ξ;α′,α
0 ].

The maximization problem:

V (t, µ;α) = sup
α′

J(t, µ;α′, α)

Definition (Nash equilibrium)

We say that (α∗, µ∗) is a Nash equilibrium for the above mean
field game problem if

V (t, µ;α∗) = J(t, µ;α∗, α∗) and µ∗t = L
X ξ,α

∗
t |B0 .
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Derivation of the master equation

By comparison principle for BSDEs and the definition of the
Nash equilibrium, we have

Xα∗

t = ξ + Bα
∗

t + βB0
t ,

Y α∗

t = G (Xα∗

T ,LXα∗
T |B0 ),

+

∫ T

t

F (Xα∗

s ,LXα∗
s |B0 ) + H(Xα∗

s ,Zα
∗

s )ds (2)

−
∫ T

t

Zα
∗

s dBα
∗

s −
∫ T

t

Z 0,α∗

s dB0
s .

where α∗t = ∂pH(Xα∗
t ,Zα

∗
t ) and dBα

∗
t = α∗t dt + dBt .
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Master equations with common noise

Derivation of the master equation

(2) is equivalent to the following FBSDE system

X ξ
t = ξ +

∫ t

0

∂pH(X ξ
s ,Z

ξ
s )ds + Bt + βB0

t ,

Y ξ
t = G (X ξ

T , µT ),

+

∫ T

t

F (X ξ
s , µs)− L(X ξ

s , ∂pH(X ξ
s ,Z

ξ
s ))ds

−
∫ T

t

Z ξs dBs −
∫ T

t

Z 0,ξ
s dB0

s .

where µt = L
X ξt |B0 .

Define Y ξ
t = V (t,X ξ

t , µt) and it can be shown that V
satisfies the master equation (1) in [0,T ]×Rd ×P2(Rd) with
V (T , x , µ) = G (x , µ).
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Mean field game system with common noise

Mean field game system

Define u(t, x) := V (t, x , µt) and it can be shown that (µt , ut)
solves the following SPDE system

dµ = [ 1+β2

2 tr(∂xxµ)− div(µ∂pH(x , ∂xu(t, x)))]dt − β∂xµdB0
t ;

du = −[tr( 1+β2

2 ∂xxu + β∂xγ(t, x)) + H(x , ∂xu(t, x)) + F (x , µt)]dt
+γ(t, x)dB0

t

u(T , x) = G (x , µ(T )), µ(0) = µ.
(3)

Remark:

The vector function γ is part of the solution of the stochastic
HJ equation.

If the decoupling field V is smooth, it can be shown that

γ(t, x) = β

∫
Rd

∂µV (t, x , µt , y)µt(dy).
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FBSDEs

The mean field game equation (3) is equivalent to the
following forward backward McKean-Vlasov SDEs

X ξ
t = ξ +

∫ t

0

∂pH(X ξ
s ,Z

ξ
s )ds + Bt + βB0

t ,

Y ξ
t = G (X ξ

T , µT ) +

∫ T

t

F (X ξ
s , µs)− L(X ξ

s , ∂pH(X ξ
s ,Z

ξ
s ))ds

−
∫ T

t

Z ξs dBs −
∫ T

t

Z 0,ξ
s dB0

s ;

X x,ξ
t = x +

∫ t

0

∂pH(X x,ξ
s ,Z x,ξ

s )ds + Bt + βB0
t , (4)

Y x,ξ
t = G (X x,ξ

T , µT ) +

∫ T

t

F (X x,ξ
s , µs)− L(X x,ξ

s , ∂pH(X x,ξ
s ,Z x,ξ

s ))ds

−
∫ T

t

Z x,ξ
s dBs −

∫ T

t

Z 0,x,ξ
s dB0

s ;
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Well-posedness for FBSDEs

Known results

Potential Mean Field Game:
1. Degenerate: Bensoussan-Yam, Gangbo-Meszaros,
Gangbo-Swiech, Mayorga,...
2. Individual noise: Bensoussan-Graber-Yam, Pham-Wei,
Wu-Zhang,...
3. Common noise: Gangbo-Mayorga-Swiech,...

General Mean Field Game:
1. Degenerate: ???
2. Individual noise: Chassagneux-Crisan-Delarue...
3. Common noise: Cardaliaguet-Delarue-Lasry-Lions,
Carmona-Delarue...
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Well-posedness for FBSDEs

Known results

Assume that F ,G are smooth and satisfy some convexity
assumption, the master equation (1) admits a unique classical
solution for arbitrary long time T .

Assume that F ,G are smooth, the master equation (1) admits
a unique classical solution for short time T .
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Well-posedness for FBSDEs

An important open problem

Can we define a notion of ”weak” solution to the master
equation and show its well-posedness if the above assumptions
are not satisfied?
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Well-posedness for FBSDEs

Assumptions

H, ∂xH, ∂pH are Lipschitz in each DR and ∃εR > 0

∂ppH ≥ εR Id in DR = {(x , p) ∈ R2d : |p| ≤ R}.

F ,G , ∂xF , ∂xG are Lipschitz in x and µ (under W1)

F ,G are monotone.
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Well-posedness for FBSDEs

Monotonicity

Definition (Monotonicity)

We say that F : Rd × P2(Rd)→ R is monotone if
∀µ1, µ2 ∈ P2(Rd)∫

Rd

(F (x , µ1)− F (x , µ2)) (µ1(x)− µ2(x)) dx ≥ 0.
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Well-posedness for FBSDEs

Theorem (Mou-Zhang, 2020)

The forward backward McKean-Vlasov SDEs (4) is well posed.

Remark:

If F ,G ,H are smooth, the representation formulas for
∂µV , ∂xµV , ∂x̃µV and ∂µµV are given and V solves the
master equation classically.

The monotonicity is needed for keeping the Lipschitz constant
of V in µ.
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Well-posedness for master solutions

good solution

Definition (good solution)

We say that V is a good solution if ∀t0 ∈ [0,T ) and smooth Vn

such that LVn(t, x , ρ)→ 0 in L∞([t0 − δ, t0]×Rd ×PM
2 (Rd)) and

Vn(t0, ·, ·)→ V (t0, ·, ·) in L∞(Rd × PM
2 (Rd)) for some δ and any

M > 0. Then Vn → V in L∞([t0 − δ′, t0]× Rd × PM
2 (Rd)) for

some δ′.
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Well-posedness for good solutions

Theorem (Mou-Zhang, 2020)

The decoupling field V of the FBSDE (4) is the unique good
solution to the master equation (1) in [0,T ] for any T > 0.

Remark:

The monotonicity assumption is only needed to construct the
decoupling field.
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Well-posedness for master solutions

A main ingredient

We construct smooth mollifiers for functions on Wasserstein space.

Theorem

Let U ∈ C 0(P1(Rd)). Then ∃Un ∈ C∞(P2) ∩ C 0(P1(Rd)).

limn→∞ ‖Un − U‖L∞(M) = 0 for any M⊂⊂ P1(Rd).

If U ∈ Lip(P1(Rd)) with Lipschitz constant L, then
Un ∈ Lip(P1(Rd)) with Lipschitz constant CL, where C is
independent of n.

If U ∈ C 1(P2), and ∂µU is uniformly continuous in
(M∩P2(Rd))× K under W1, where M⊂ P1(Rd) and
K ⊂⊂ Rd , then

lim
n→∞

sup
µ∈M∩P2(Rd )

∫
K
|∂µUn(µ, x)− ∂µU(µ, x)|dx = 0.

Remark: Our smooth mollifier does not keep monotonicity.
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Well-posedness for master solutions

Weak solution

Definition (Weak solution)

We say that V ∈ C 0,1,0([0,T ]× Rd × P2(Rd)) is a weak solution
if for any 0 ≤ t0 ≤ t1 ≤ T and any initial condition µ0, the SPDE
on [t0, t1]{

dµ = [ 1+β2

2 tr(∂xxµ)− div(µ∂pH(x , ∂xV (t, x , µt)))]dt − β∂xµdB0
t ;

µ(t0) = µ0.

has a weak solution µ; moreover, for such µ, u(t, x) = V (t, x , µt)
is a weak solution to the BSPDE on [t0, t1] du = −[tr( 1+β2

2 ∂xxu + β∂xγ(t, x)) + H(x , ∂xu(t, x)) + F (x , µt)]dt
+γ(t, x)dB0

t

u(T , x) = G (x , µ(T )).
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Well-posedness for weak solutions

Theorem (Mou-Zhang, 2020)

Any function is a weak solution of master equation (1) if and
only if it is a good solution.

Consequently, the decoupling field V of the FBSDE (4) is also
the unique weak solution of the master equation.
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Nash systems

Nash systems

The Nash system with common noise
∂tv

N,i + 1
2tr(∂~x~xv

N,i ) + β2

2

∑
j ,k tr(∂xjxkv

N,i ) + H(xi , ∂xi v
N,i )

+F (xi ,m
N,i
~x ) +

∑
j 6=i ∂pH(xj , ∂xj v

N,j)∂xjV
N,i = 0,

VN,i (T , ~x) = G (xi ,m
N,i
~x ),

(5)
where

mN,i
~x =

1

N − 1

∑
j 6=i

δxj for any ~x = (x1, ..., xN) ∈ RdN .
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Convergence of solutions to Nash systems

Known results

Cardaliaguet-Delarue-Lasry-Lions, Carmona-Delarue,
Delarue-Lacker-Ramanan, Lacker...
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Convergence of solutions to Nash systems

Theorem

For any i ∈ {1, ...,N} and (t, ~x) ∈ [0,T ]× RdN

|V (t, xi ,m
N,i
~x )− vN,i (t, ~x)| ≤ C

N
(1 + |xi |2 +

1

N

∑
j

|x j |2)
1
2 .
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Propagation of chaos

Let ξi are i.i.d. such that Lξi = µ.

Xi ,t = ξi +
∫ t

0 ∂pH(Xi ,s , ∂xV (s,Xi ,s ,LXi,s |B0)) + B i
t + βB0

t .

XN
i ,t = ξi +

∫ t
0 ∂pH(XN

i ,s , ∂xi v
N,i (s,XN

s ) + B i
t + βB0

t .

Theorem

For any η > 0, there exists a constant Cη > 0, independent of N,
such that for any i{1, ...,N}

E[ sup
t∈[0,T ]

|Xi ,t − XN
i ,t |] ≤

Cη
N1/max{d ,2+η} .
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Propagation of chaos

Thank you for your attention!
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