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Example I: inversion in Antarctica ice sheet flow
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@ Model: nonlinear viscous, incompressible fluid flow.
@ Parameter: basal sliding field in boundary condition.
@ Data: (InSAR) satellite observation of surface ice flow velocity.

T. Isaac, N. Petra, G. Stadler, O. Ghattas, JCP, 2015
Ongoing with: T. O’Leary-Roseberry, U. Villa, O. Ghattas
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Example II: inversion in gravitational wave propogation

@ Model: Eienstein field equations, approximate models.
@ Parameter: mass ratio, location of black holes, etc.
@ Data: LIGO/Virgo observation of the gravitational waves on earth.

M. Fernando, D. Neilsen, H. Lim, E. Hirschmann, H. Sundar, SISC, 2019.
Ongoing with: B. Saleh, A. Leviyev, J. Chen, A. Zimmerman, O. Ghattas
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Example IlI: inversion in COVID-19 pandemic
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@ Model: ODE and network based compartmental models

@ Parameter: reproduction number, asymptomatic ratio,
transmission/incubation/hospitalization/deceased/recovery rates.

@ Data: daily update on confirmed infection, death cases, etc.

Ongoing with: K. Wu, D. Luo, |. Farcas, N. Alger, L. Gao, T.
O’Leary-Roseberry, O. Ghattas
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Example IlI: inversion in COVID-19 pandemic
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@ Model: ODE and network based compartmental models

@ Parameter: reproduction number, asymptomatic ratio,
transmission/incubation/hospitalization/deceased/recovery rates.

@ Data: daily update on confirmed infection, death cases, etc.

Ongoing with: K. Wu, D. Luo, |. Farcas, N. Alger, L. Gao, T.
O’Leary-Roseberry, O. Ghattas
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Example IlI: inversion in COVID-19 pandemic
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@ Model: ODE and network based compartmental models

@ Parameter: reproduction number, asymptomatic ratio,
transmission/incubation/hospitalization/deceased/recovery rates.

@ Data: daily update on confirmed infection, death cases, etc.

Ongoing with: K. Wu, D. Luo, |. Farcas, N. Alger, L. Gao, T.
O’Leary-Roseberry, O. Ghattas
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0 Bayesian inversion
e Stein variational methods
e Projected Stein variational methods

e Stein variational reduced basis methods
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Outline

0 Bayesian inversion
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Bayesian inversion

We consider an abstract form of the parameter to data model
y=0(00)+¢
@ uncertain parameter: § € © c R¢ @ observation data: y € R”

@ parameter-to-observable map O @ noise &, e.g., £ ~ N (0,T)

Bayes’ rule:
1
m(0) = —— 7(y0) (),
—— 7T(y) —— ——
posterior likelihood prior

with the model evidence
70) = [ #olo)mo(0)as.

The central tasks: sample from posterior and compute statistics, e.g.,

Ex, [s] :/Gs(e)ﬂ'y(Q)dG.
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Computational challenges

Computational challenges for Bayesian inversion:

@ the posterior has complex geometry:

non-Gaussian, multimodal, concentrating in a local region
@ the parameter lives in high-dimensional spaces

curse of dimensionality — complexity grows exponentially

@ the map O is expensive to evaluate:
involving solve of large-scale partial differential equations

complex geometry  high dimensionality large-scale computation
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Computational methods

@ Accelerated MCMC to increase the effective # samples

@ Langevin and Hamiltonian MCMC (local geometry using gradient,
Hessian, etc.) [Stuart et al., 2004, Girolami and Calderhead, 2011,
Martin et al., 2012, Bui-Thanh and Girolami, 2014, Lan et al., 20186,
Beskos et al., 2017]...

@ dimension reduction MCMC (intrinsic low-dimensionality) [Cui et.
al., 2014, 2016, Constantine et. al., 2016]...

© randomized/optimized MCMC (optimization for sampling)

[Oliver, 2017, Wang et al., 2018, Wang et al., 2019]...
@ Direct posterior construction and statistical computation

@ Laplace approximation (Gaussian posterior approximation)
[Bui-Thanh et al., 2013, Chen et al., 2017, Schillings et al., 2019]...

@ deterministic quadrature (sparse Smolyak, high-order quasi-MC)
[Schillings and Schwab, 2013, Gantner and Schwab, 2016,

Chen and Schwab, 2016, Chen et al., 2017]...

@ transport maps (polynomials, radial basis functions, deep neural
networks) [El Moselhy and Marzouk, 2012, Spantini et al., 2018,
Rezende and Mohamed, 2015, Liu and Wang, 2016,

Detommaso et al., 2018, Chen et al., 2019]...
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Computational methods

@ Surrogate models to reduce the large-scale computation

@ polynomial approximation (stochastic spectral, stochastic
collocation) [Marzouk et al., 2007, Marzouk and Xiu, 2009,
Schwab and Stuart, 2012, Chen et al., 2017, Farcas et al., 2019]...

@ model reduction (POD, greedy reduced basis)

[Wang and Zabaras, 2005, Lieberman et al., 2010,
Nguyen et al., 2010, Lassila et al., 2013, Cui et al., 2015,
Chen and Schwab, 2016, Chen and Ghattas, 2019]...

@ multilevel/multifidelity (MCMC, stochastic collocation) [Dodwell et.
al., 2015, Teckentrup et. al., 2015, Scheichl et. al., 2017,
Peherstorfer. et. al., 2018, Farcas et. al., 2019]...

Fast and scalable Bayesian inversion in high dimensions by exploiting
intrinsic low-dimensionality in both parameter and state spaces, using

@ projected transport map in parameter space
@ reduced basis approximation in state space
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e Stein variational methods
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Variational inference by transport

Variational inference: find density p* € P such that

p* = argmin D(p|my).
pPEP

by a variational method. Density class by transport P = {Tymo : T € T }.
Find 7: R — R?, such that § ~ my — T(0) ~ .

prior posterior
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Optimization for the transport map

@ Find a transport map 7 : R? — R?, such that
6 ~ my — T(0) ~ my,
by solving the minimization problem

in Dy (T .
min KL (Tymoly)

@ Kullback-Leibler (KL) divergence

Dy (mi|m) = /67T1(‘9) log (Z;EZ%) do.

@ T;is a pushforward map such that
Tymo(0) = mo(T~" (6))|detvT ' ()],

@ T is a tensor-product function space H' = H® --- ® H.
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Composition of transport maps

Instead of seeking one complex (highly nonlinear) transport map 7,
we look for composition of a sequence of simple transport maps

T=T,0T;_ y0---0TjoTy, L€EN,

@ perturbation of identity:
Ti(0) = 1(0) + Qi(0),

@ identity map 1(¢) =0
@ perturbation map Q; : R — R¢
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Optimization of each transport map

Ateach=0,1,..., we define

g1 = (Tjo -~ 0 Tp)ymy <= m1 = (T))sm
We introduce a cost functional

J110] == Dk (( + Q)gmi|my). (1)
One step optimization of 7;(Q) w.r.t. O leads to
Ty =1+ w0,

with step size a; > 0 (learning rate, line search).

Optimization methods

@ Gradient descent method: steepest descent [Liu and Wang, 2016]

Q0 = —-DJi[0].
@ Newton method: solve the linear system [Detommaso et al., 2018]

D> J[0)(V,0)) = —DJi[0)(V), VVeT.
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Reproducing Kernel Hilbert Space (RKHS)
k(0,0") = exp (—ﬁ(e — 0" TM(6 — 9’)) .

To account for the geometry of the posterior, [Detommaso et al., 2018]

M =H :=E,, [-Vjlog(m())], h=d, vs. M=I1eR™.

Finite dimensional approximation of RKHS:
Hiy = span(ki(0),...,ky(0) C H,
where the basis functions are taken as
K (6) =k(0,60)), n=1,...,N,

where ¢/ ~ m; are particles transported from 69 ~ m, by

0 =(Tjo---0To)(6°), n=1,...,N.
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Stein variational gradient descent (SVGD)

[Liu and Wang, 2016]

@ For DJI[0](V) = (DJ[0], V)4, by the reproducing property
(DJN0], V)3a = —(Ex [V log(my(0))k(6,6") + Vok(6,6")], V(6")).
@ For gradient descent, we have (by notation &/ (6) = k(6,6"))
Q1(0,) = —DJ[0](6,) = Ex, [V log(,(0) )k (8) + Voky (0)]
@ Sample average approximation (SAA): 0! ~m,m=1,...,N

ICARS Z Vo log(m,(0,,) ey (63,) + Vaky (6,)-

m 1

@ Particle updates by the transport map

o = Ty(0L) =0, + oy Q)(0)), n=1,...,N.
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Stein variational Newton (SVN) [Detommaso et al., 2018]

@ We seek 0, € T} = (HL)4, where HL, = span(k(0), ...,k (6)),

N
Qi(0) = chki(6),
n=1
where the coefficients ¢/, € R?, with ¢! = (¢}, ..., c}) € R,

@ For the Newton system: find 0, € 7} such that
D2Ji[0)(V, Q) = —DJ[0)(V), VYV eETR,

which, by using the reproducing property, becomes

gl’adien’[: gl = (8117 . ’g5\1) c RdN, Hessian: H RdNXdN.
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Stein variational Newton (SVN) [Detommaso et al., 2018]

@ The gradientg’ = (¢!,...,g%) € R¥N, with g, € R? given by
= —— ng log (7, (09)kL,(6%) 4+ Vok., (6}
@ The Hessian H € RN*4N: with H,,, € R¥*? given by
Z — V7 log(my (00) kL, (O KL (0) + W okl (01 (Vakl,(61) .

@ Decouple dN x dN system to N systems of size d x d
Hmcﬁn = —g,ln, m=1,...,N,

with diagonal approximation (alternative — “mass lumping”)

N

'

Hn = > =V log(my(6)))k5, (61, (61) + Voky, (61) (Voky (6))
i=1
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SVGD vs SYNwithM =Tvs M = H

SVN-H -- 10 iterations SVN-H -- 50 iterations SVN-H -- 100 iterations

0
SVN-I -- 162 iterations

2 0 2 2 0

o
'
o

0
SVGD-H -- 328 iterations

)

-2 0 2 -2 0 2 -2 0 2
SVGD-I -- 30 iterations SVGD-I -- 146 iterations SVGD-| -- 291 iterations

-2 0

G. Detommaso, T. Cui, Y. Marzouk, A. Spantini, R. Scheichl. A Stein variational
Newton method. NeurlPS, 2018.

N
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e Projected Stein variational methods
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Computational challenges in high dimensions

Curse of dimensionality: d > 1

The number N of basis functions grows rapidly (exponentially) w.r.t. the
dimension d to achieve map representation with required accuracy.

—=— SVGD

o @ 00{ —— pSVGD
o o
s s e
e s
g g 02
5 s
I W 04
H =
< <
S S -06
o o .
S ° _

-0.8

4 5 6 7 8 9 10 4 5 6 7 8 9 10
loga(d — 1)

Log2(Dimension)

P. Chen, K. Wu, J. Chen, T. O’Leary-Roseberry, O. Ghattas. Projected Stein
variational Newton: A fast and scalable Bayesian inference method in high
dimensions. NeurlPS, 2019.

P. Chen, O. Ghattas. Projected Stein variational gradient descent. arXiv:2002.03469,
2020.
May 2, 2020 22/68
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Intrinsic low dimensionality

The posterior # the prior in a low-dimensional subspace.
@ high correlation in different dimensions;
@ forward map is smoothing/regularizing;
@ parameters are anistropic, e.g., Karhunen—-Loéve expansion.

900 e

A

P. Chen, U. Villa, O. Ghattas. Hessian-based adaptive sparse quadrature for
infinite-dimensional Bayesian inverse problems. CMAME, 2017.
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@ We denote a basis of the subspace of dimension r < d as

U= (¢1,...,0) e R and U | = (y1,...,104) € R,

@ We project 6 to the low-dimensional subspace as

= iy 0= Tw.

i=1
@ As a result, we consider the projected posterior

1

w0 =20

7Tr(y‘gr) 770(9)7 (2)
with profile function 7,(y|6"), where the normalization constant

7 (y) = Enry [ (v]607)].
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Optimal profile function

@ We decompose the prior density for w € R and v, € R~
mo(Uw 4+ U vy ) = wh(w)my (vi|w),
@ where the marginal density
mo(w) = /Rd_r mo(Yw+ W vy )dvy,
@ and the conditional density
Ty (vi|w) = mo(Tw + U v ) /mh(w).
@ We define the profile function 7 as
w0 = [ IO+ Vi) (i
@ Optimal projected posterior [Zahm et. al., 2019]

Dy (my|my™) < Dy (my 7).
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Basis construction

The basis functions W for projection are obtained by
Hwi:)‘ic(;lqﬁia i=1,...,r,

which corresponds to the r largest (in | - |) eigenvalues, i.e.,
IA1] > -+ > |A]. Co: prior covariance. With n,(0) = —log(m(y|6))

@ Gradient-based subspace: —
—— # dimensions=289
= —e— # dimensions=1,089
H=EFE, |:V IV 0 ] . 3 —— # dimensions=4,225
977y( )( Gny( )) = —+— # dimensions=16,641
= 2
@ Hessian-based subspace: g
21
H=Er [Vgny(e)] : 0
@ Choice of the density : -1 ;

density at step /, i.e., 7. i
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Error estimates — Hessian based projection

Assume that the parameter-to-observable map O satisfies:
@ There exists a constant Co > 0 such that E.,[||O(-)||r] < Co.
@ Foreveryb > 0, there exists a constant C, > 0 such that

10(61) — O()l|r < Cp||61 — bafle,  for max{[|61]]e, [|6a]l0} < b. |

For Hessian-based projection, there holds

Dy (my | my) < C[|0 — 6']e,

C independent of d, r.
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Error estimates — gradient based projection

Assume that the prior density my(6) o exp(—V(0) — W(0)) such that
@ V c C*(RY), and there exists a s.p.d. T' € R?*? such that

IVV(0)z> Tz VzeRY 6 cRY.

@ W is bounded in R4,

v

For gradient-based projection, using [Zahm et. al., 2019], there holds
d

Diu(my|m) < C Y N,
i=r+1

C independent of d.
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Projected Stein variational methods

@ By decomposition § = 6" + 6+, we have

my(8) = m(y[67) mh(6") mo (67167,
@ With 6+ frozen, by 6" = Ww, we define

po(w) :=mo(0"),  py(w) :=my(0") = mr(y[0")mp(0").
@ Weseek T =TroT;_10---0T;oTy: R"— R’, such that
min Diz (Typolpy)-

@ Apply SVGD/SVN in R” for w, pPSVGD/pSVN where

Vi log(py(w)) = ¥ TV log(m/(6")),

and
V2 log(py(w)) = ¥ V3 log(} (")) V.
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Algorithm 1 pSVGD in parallel using MPI

1: Input: N prior samples, 69, ...,6%, in each of K cores, V.
2: Output: posterior samples 6}, ..., 65, in each core.
3: Perform projection to get 6, = ¢, + ;- and the samples w!~!.
4: Perform MPI_Allgather forw!=', n =1,... M.
5: repeat
6: Compute the gradient of the log-posterior.
7. Perform MPI_Allgather for the gradient.
8: Compute the kernel and its gradient.
9: Update the samples w', ..., wh.
10:  Perform MPI _Allgather forw', n =1,... N.
11:  Update the samples ¢, = Uw!, n=1,...,N.
12:  Setl«+1+1.
13: until A stopping criterion is met.

14: Reconstruct samples &, = 0" +60;-,n=1,...,N.
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Algorithm 2 Adaptive pSVGD

1: Input: N prior samples, 69, ...,6%, in each of K cores.

2: Output: posterior samples 6}, ..., 6y, in each core.

3: Setlevel b, =1,0>"1'=60" n=1,...,N.

4: repeat

5. Perform the eigendecomposition and form the bases V.

6:  Apply Algorithm pSVGD to update the samples
[02,...,60%] = pSVGD([97 ", ..., 027", K, Uh).

7. Setlh «+ I, +1.

8: until A stopping criterion is met.

Advantages:
@ Avoids/alleviates the curse of dimensionality.

@ Largely reduces computational cost with r < d.

@ Converges faster in low-dimensional space.

@ Parallel computation with reduced communication.
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pSVGD: Accuracy

We consider a nonlinear Bayesian inverse problem with
OB) =0(5(0)), u=S50), —V-("Vu)=0,in(0,1)>
Gaussian prior N'(0, Cy), where C, is a discretization of (1 — 0.1A)~2. We test

the accuracy using a dimension-independent likelihood informed (DILI)
MCMC method with 10,000 samples as reference.

—=— SVGD 2
—— pSVGD :

3.0 35 4.0 4.5 5.0 5.5 6.0
loga(Vd — 1)
RMSE of pointwise sample variance in L,-norm, with 256 samples, SVGD
and pSVGD both terminated at ¢ = 200 iterations, parameter dimension
d=(2"41), withn =3,4,56.

| 1
o ©
P

|
o
o

log10(RMSE of variance)
Los
o

|
-
N
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pSVGD: Scalability

5 -1
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4 S
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Scalability w.r.t. the parameter dimension d by decay of eigenvalues )\,
w.r.t. 7 (left), and decay of the averaged step norm mean,,||[w4H — wt ||
w.r.t. the number of iterations (right).
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pSVGD: Scalability

logio([Ar])
logz(averaged step norm)

0 10 20 30 40 50 0 25 50 75 100 125 150 175 200
r # iterations

Scalability w.r.t. the number of samples N by decay of eigenvalues )\,
w.r.t. 7 (left), and decay of the averaged step norm mean,,||[w4H — wt ||
w.r.t. the number of iterations (right).
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pSVGD: Scalability

8
- —— total
10 RNy —e— gradient
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= —a— update
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Scalability w.r.t. the number of data points s by decay of eigenvalues A\,
w.r.t. r (top), and the number of processor cores K by decay of CPU
time for different parts of pSVGD (bottom).
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PSVN: Accuracy

We consider a nonlinear Bayesian inverse problem with
OB) = 0(8(0)), u=S5(0), —V-(Vu)=0,in(0,1)*

Gaussian prior N (0, Cy), where C, is a discretization of (1 — 0.1A)~2. We test
the accuracy against a dimension-independent likelihood informed (DILI)
MCMC method with 10,000 samples as reference.

0.0 0.0
— o
) 2
Q| g AR Ly Y ey | 2
E 04 T SUN32 g
Y —— pSVN32 | %
£-06 —— SUN512 | W
%—0.8 —— pSYN512 | 2
=S B NS S —0.81 — pSYN 32 -
-1.0 o =] MH_.
. Pttty | Sov0] T SYNS12 T
1 SEF e e PSVN 512 - e U
0 5 10 15 0 5 10 15
# iterations # iterations

Decay of the RMSE of the L2 of the mean (left) and pointwise variance (right)
of the parameter with dimension d = 1089 and N = 32 and 512 samples.
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PSVN: Scalability

We consider a nonlinear Bayesian inverse problem with

OB) =0(5(0)), u=S50), —V-("Vu)=0,in(0,1)>

Gaussian prior N'(0, Cy), where C, is a discretization of (1 — 0.1A)~2. We test

the accuracy against a dimension-independent likelihood informed (DILI)

MCMC method with 10,000 samples as reference.

0.0

Log10(step norm)

104

—— # samples=8
—e— # samples=32 8-
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# samples=512 | £
]
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o
o
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—
-2
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- O(N’l)

2

4 6 8
# iterations

0

1 2 3 4 5
Log2(# processor cores)

Left: Decay of the averaged norm of the update w'*! — w! w.r.t. the iteration
number [, with increasing number of samples. Right: Decay of the wall clock

time of different computational components w.r.t. increasing # cores.
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Take away message: pSVGD/pSVN

@ effectively alleviates the curse of dimensionality;

@ is scalable w.r.t. # parameters, samples, data points, CPU cores.

Further investigation:

@ Correlation and dimension reduction in data space.
@ Convergence analysis w.r.t. # parameters, samples.

@ Practical applications.

P. Chen, K. Wu, J. Chen, T. O’Leary-Roseberry, O. Ghattas. Projected Stein
variational Newton: A fast and scalable Bayesian inference method in high
dimensions. NeurlPS, 2019.

P. Chen, O. Ghattas. Projected Stein variational gradient descent. arXiv:2002.03469,
2020.
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e Stein variational reduced basis methods
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PDE-constrained Bayesian inversion

@ We have the data model
y=Bu(?))+¢
where u is the solution of the PDE (in weak form)
A(u(0),v;0) =F(v) vevV

B :V — Y is a vector of observational functionals.
@ Examples: linear diffusion, elasiticity, Stokes flow, acoustic, etc.,

-V - (k(0)Vu) =f, inD,
with suitable boundary conditions, which leads to
A(u,v;0) = / K(x,0)Vu(x,0) - Vv(x)dx, F(v /f
D

@ With Gaussian noise £ € AV/(0,T'), we define the potential

my(0) = %(y = B(u(9)))' T~ (y = B(u(9))) = m(y/0) = log(~n(0))-
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High-fidelity approximation of the potential 7,

E.g. finite element, we consider: find u;, € V,, C V such that
A(up, vy, 0) = F(vy) Vv, € V. 3)
Then the data model is given by
y = B(un(9)) + &,
then for £ ~ A/(0,T") the likelihood function is given by
m(y[6) = exp(—ny(un(0))),
where the potential 7, (u;(6)) (nonlinear w.r.t. uy)

1 _
my(un(0)) = 5 (v = B(ux(6)))' T~ (y — B(un(9)))-
For SVGD, and the projected SVGD, we also need
Vomo(0)

mo(0)

—Vylog(my(6)) = Vony(un(0)) +
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High-fidelity approximation of the gradient Vg,

We form a Lagrangian
L(up, pn, 0) = ny(un) + A(un, pn, 0) — F(pn),
O,Lwy, = 0 to obtain the adjoint p,, i.e., find p;, € V such that
A(Wp,pn; 0) = —0uny|uw,(Wn)  Ywy, € Vp,

where
31,¢77y|u,7 (Wh) = *B(Wh)TF_l(y - B(uh))
Then the gradient is given by

Vony(un(0)) = 0gL(un, pn; 0) = OpA(un,pn, 0).
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Model reduction

High-fidelity approximation

Finite element space V,

dim(V,) = N,
Given 6, find u, € Vj, s.t.
A(up,vi; 0) = F(vi) Yvi € Vi
The algebraic system is

An(O)un = £

Reduced basis approximation
V=1[%,--»¥y] Reduced basis space Vy C Vi,

Viuy = uy B S

Given 0, find uy € Vy s.t.
VI AL0)V = Ay(0)  Aun,vn;0) = F(vy) Yon € Vi

The algebraic system is
Vify =1/

An(Q)un = f)

Peng Chen (Oden Instit
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Model reduction: Building blocks

POD/SVD Greedy algorithm Offline-Online

Training samples Training samples Affine assumption/approx.
S ={0"n=1,...,N} S ={0"n=1,...,N} A=32 0,00)4,
Compute snapshots Initialize Vy for N = 1 as Offline computation once
U= [un(6"), ..., un(6™)] Vv = span{u,(6')} A% = VTAIY
Perform SVD Pick next sample such that | Online assemble
U= VW’ OV = argmax,.z, An(0) An(0) = 32, 0,(0)A%
Extract bases V[1 : N, :] Update bases Vv as Online solve
N = argmin, &,(X) > 1—¢ ] Wwe span{u, (0"} ) Ay(0)uy = fy
Goal-oriented a-posteriori error estimate Ay(6) — dual weighted residual
An(8) = A(un, pn, 0) — F(pw)
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Reduced basis approximation of the potential 7,

RB approximation for the adjoint problem: find py € Wy s.t
A(wn,pN, 0) = —0uny|uy(Wy)  Ywy € Wy.
The goal-oriented a-posterior error estimate is given by
An(0) = A(un,pn,0) — F(pn).
RB approximation for the potential 7, (6):

ny,N(H) = ﬁy(uzv(9))-

Dual-weighted residual correction:

o (0) = nyn(0) + Ay(0).
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Reduced basis approximation of the gradient Vyn,

With the RB state uy and adjoint py, the gradient is given by
Vony(un(0)) = 0pA(un, pn; 0).
For the modified potential nyA’N(H), we form the Lagrangian
L(un,py. iy, py; ) = 0y (0) + Alu, iy; 0) — F(ay)
+ A(ﬁNapN; 9) + Vu’?y|uN(f7N)7
and solve the variational problem: find py € Wy

A(pn,wn; 0) = F(wy) — A(uy, wn; 0),  Vwy € Wy,
and the variational problem: find ity € Vi
A(vns iin; 0) = —A(n, py; 0) = Ounlyluy (W) = Vi luy (BN, vv), Vow € Vi,
which leads to the gradient

v977yA,N(‘9> = OgL(un,pn, itn, pn; 0).
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Error estimates for the state and adjoint

Assumption: Well-posedness

The bilinear form A(-,-;0) : V x V — R and linear form F(-) : V - R
satisfy

A1 Atany 6 € O, there exist a coercivity constant «(6) > 0 and a
continuity constant () > 0 such that

a(B)[Iwlli; < A(w,w; 6) and A(w,v;8) < (0)wllv|[v|lv, Yw,v € V.
The linear functional F(-) : V — R is bounded with norm
IF()llv < oo.

A2 Moreover, A(-,-; 0) is continuously differentiable w.r.t. 6 at every
6 € ©,and foreachj=1,...,d, there exists p;(#) < oo such that

By A(w,v;0) < @) wllvIIvlly, Y, v € V.
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Error estimates for the state u and adjoint p

Let ¢4(9) and €/ () denote the RB state and adjoint errors
e4(0) == un(0) — un(0),  (0) == pu(0) — pn(0).

Let R,(un, -; 0) denotes the residual of the state equation
Ry(un,vp;0) = A(un, vp; 0) — F(vy; 0) Vv, € Vy,

and R, (pw, -; #) denotes the residual of the adjoint equation

Ry,(Wi,pn; 0) = Awp, pn; 0) 4+ Vurlyluy(Wa) - Ywy, € V.

Lemma: Error estimates for the state u and adjoint p

Under the well-posedness assumption, for any 6 € ©, there holds

1
and 1

2Oy < 5 IRoCowi )+ %He;‘(mnv.
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Error estimates for the potential n, and gradient Vyn,

Lemma: Error esstimates for 1, y(0) and 75y (0).

There exists constant C(#) > 0 for each 6 € ©, independent of N, s.t.
|€7(0)] := Imy(0) = myw(6)] < C(O)ller (O)]]v-
There exists constant C;(0) > 0 for each 6 € ©, independent of N, s.t.

e (0)] = [my(8) — m5 (8)] < Clles (B)l1v(llef (8)llv + l1eZ(8)lIv)-

Lemma: Error esstimates for Vyn, y(6) and Vgn_fN(@)

There exist C;(6), C»(9) > 0 for each 6 € ©, independent of N, s.t.
IV6e?(@)l1 < C1(8)][Voe(8)lve + Ca(B)|Voun(8)lval ()]l
There exist C;(0),, C>(0), C3(0), C4(0) > 0, independent of N, such that

IVoer Ol < CillVoer (0)]lvaller(O)lv + C2l[Voel (8)l]valler (8)]v
+ Cslef (@)llv1e(O)[lv + Cal[Voe (0)]Ival lef (O)]lv-
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Error estimates for the posterior ,

Theorem: Error estimates for the posterior 7,

Dy (my|my) < Eqp [le?l] + Eqyl] exp(el) — 1],

and
Dyt (my|my) < Eny [lef 1] + Engll expler) — 1.

Corollary: Error estimates for the posterior 7,

LetO®, =: {0 € ©: ¢/ () < 1}, if
En@enll exple)) — 1] < 0Eq [le}]
for some constant § > 0, we have

Dy (my|my) < (3 + 0)Eqy [lef[] -

The same holds for Dy, (7/|72) < (3 + 6)E o [le2]].
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Algorithm 3 Adaptive greedy algorithm with Stein samples

1: Input: samples 09 ~ w9, m = 1,..., M, tolerance €%, update step .

2: Output: Stein samples 6,,, m=1,..., M.

3: Initialization: at # = 69, solve the high-fidelity state and adjoint prob-
lems for u;, and py, set V, = span{u,} and W, = span{p;}, compute
the reduced matrices and vectors for once.

4: while at step [ = 0,k, 2k, . .., of the SVGD algorithm do

5. Compute the error indicator Ay(6.,) form =1,..., M.

6: while maX,—1,...mM |AN(0,111)| > €£ do

7

8

Choose 0 = argmaxy .1y |On(xy,)]
Solve the high-fidelity problems for u, and p;, at 6.
9 Enrich the spaces V, = V. @ span{u}, W, = W, span{p,}.
10: Compute all the reduced matrices and vectors for once.
11: Compute the error indicator Ay(6.) form =1,..., M.

12:  end while

13:  Perform SVGD update with RB approximations.

14:  Update the tolerance <. according to gradient in SVGD algorithm.
15:. end while
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Numerical example

We consider the diffusion problem
~V - (a(0,x)Vu) = f(x), xeD=(0,1)
where f = 1, the coefficient

1
a(0,x) =5+ Z ﬁgl}i cos(imxy ) cos(jmxz).
1<itj<a VI TJ
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Numerical results: Comparison

3 3
1.20

2 2 2
1 1 dk 1 »
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(a) Samples at step I = 0,9, 99 (b) marginal posterior

Figure: Comparison of (128) sample distribution driven by SVGD high-fidelity
approximation (blue) and reduced basis approximation (red).
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Numerical results: Accuracy

2
0 0
= 2 = 72
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E error(;) E —e— error(vn,)
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(a) adaptive construction n,  (b) adaptive construction Vyn,
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Numerical results: Adaptive greedy algorithm

04
501
1
= = 40
= 27 n
g 2
L 30 4
8 3 b
H] =]
5 i
2 4y % 20
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_5 4 104 —e— £2=0.1
—— £’=001
0 2 a 6 8 0 2 a 6 8
update step update step

Figure: Tolerances for adaptive greedy algorithm (left);
# reduced basis functions for difference initial tolerances (right)
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Numerical results: Cost

FE adaptive RB fixed RB
initial tolerance &° n/a 1 0.1 001 | 0.00001
DOF (N, N,) 16641 20 31 49 62
M= 64 time to build RB n/a 44 7.1 12.2 15.8
time for evaluation | 1.8 x 10° | 44 48 538 7.3
speedup factor 1 203 148 98 62
DOF (N, N,) 16641 19 30 53 87
M<128 time to build RB n/a 45 73 143 26.3
time for evaluation | 3.5 x10® | 83 95 11.8 19.2
speedup factor 1 267 212 137 78

Table: Comparison of high fidelity and reduced basis approximations on
degrees of freedom (DOF), CPU time for different tolerances and # samples

P. Chen, O. Ghattas. Stein variational reduced basis Bayesian inversion, 2019.
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Take away message:

@ Reduced basis methods reduce the computational cost while
preserving physical structure with certified accuracy.

@ Leverage goal-oriented adaptive construction of RB.
Ongoing:
@ RB for SVN.

@ Parameter and state reduction by projected SV + RB.
@ Extension to nonlinear and nonaffine problems.

Thank you for your attention!
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