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Safety-Critical systems



Hamilton-Jacobi Reachability for Robotics

[ACC’17, TCST’17, TCST’19]

Safe Multi-Vehicle 
Trajectory Planning

Safe Monitoring of  
Learning-Enabled Systems

Safe Operation Around 
Humans

[CDC’19]
 [ICRA’20]
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Obstacles

Free space

·px = vcos(θ)+dx

·py = vsin(θ)+dy

·v = a
·θ = ω





ℒ = {x : l(x) ≤ 0}

V(T, x) = min
d[⋅]

max
u(⋅)

min
t∈[0,T]

l(ζ(t; x, u, d[u]))

Unsafe States

Value Function



H(x, ∇V) = max
u

min
d

∇V(t, x) ⋅ f(x, u, d)u* = arg max
u

min
d

∇V(t, x) ⋅ f(x, u, d)

V(0, x) = l(x)

Value Function

Dynamic Programming

HamiltonianOptimal Control

Backward Reachable Set
𝒱 = {x : V(T, x) ≤ 0}

min { ∂V
∂t

+ H(x, ∇V ), l(x) − V(t, x)} = 0

V(T, x) = min
d[⋅]

max
u(⋅)

min
t∈[0,T]

l(ζ(t; x, u, d[u]))

Related work: [Mitchell 2005, Lygeros 2005, Kress-Gazit 2009, Oishi 2010, Vasudevan 2011, Ames, Grizzle and Tabuada 2013, Egerstedt 2015…]



Dynamics
·px = vcos(θ)+dx

·py = vsin(θ)+dy
·v = a
·θ = ω

Slice : θ =
π
2

, v > 0

Related work: [Mitchell 2005, Lygeros 2005, Kress-Gazit 2009, Oishi 2010, Vasudevan 2011,  
       Ames, Grizzle and Tabuada 2013, Egerstedt 2015…]
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Safe Multi-Vehicle Trajectory Planning

How a group of robots can reach their goals,  
without colliding with obstacles or other vehicles 
despite the presence of external disturbances?

Vehicle
Goal
Obstacle
Danger zone



But….Curse of Dimensionality!

107 years
(For N=4) HJ Equation

Reachable set (States leading to target)

Optimal liveness controller

!̇ = $ !, &, '
( =	Avoid	Set
ℒ =	Target	Set



Sequential Trajectory Planning

Vehicle-1 Vehicle-2

Vehicle-3

…

Vehicle-1 

Vehicle-2

Vehicle 3
.
.
.

Vehicle-N

1 high dimensional 
problem

Years

Vehicle-1  

.

.

.

Vehicle-2

Vehicle-N

N low dimensional 
problems

Minutes



Large Scale Multi-Vehicle Trajectory Planning
Simulation Setup
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50 UAVs originating from the Blue star 

Going to one of the 4 destinations (circles)
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UAV ModelSimulation Setup

Reachable set computation 
(per vehicle)

200 seconds  
[Level Set Toolbox]

Trajectory planning time 
(for the system)

~3 hours 
[for 50 vehicles]

~half a day! 
[for 200 vehicles]

Computation Time
Algorithmic developments alone are not enough, 
computational advancements are also required!



BEACLS: Berkeley Efficient API in C++ for  
Level Set Methods

BEACLS Website: https://github.com/HJReachability/beacls 

200.00

33.00

3.00 2.00

helperO
C in

 M
ATLAB

C++ in
 BEACLS

CUDA in
 BEACLS, 1

 G
PU

CUDA in
 BEACLS, 2

 G
PUs

Software implementation

0

50

100

150

200

C
o

m
p

u
ta

tio
n

 t
im

e
 (

s)MATLAB  
Implementation

One-one

correspondance

BEACLS

𝑉𝑁

𝑉𝑘

𝑉1

∇𝑛𝑉𝑘

∇2𝑉𝑘
∇1𝑉𝑘

𝐻𝑘 𝑉𝑘 𝑡 − Δ𝑡, 𝑥

𝑉 𝑡, 𝑥
𝑉2

𝑉 𝑡 − Δ𝑡, 𝑥

Parallel Computation of Value Function

~3 hours 
[for 50 vehicles]

~half a day! 
[for 200 vehicles]

~2 minutes 
[for 50 vehicles]

~8 minutes 
[for 200 vehicles]
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Safety Critical systems need to update safety 
guarantees in real-time.



Learning-based modules can make errors 

that lead to safety violations




Learning-based modules can make errors 

that lead to safety violations
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Online Safety Updates

Hardware experiments

Approach



Key Idea: 
Monitor the output of learning module  
and provide a corrective safe action 

whenever necessary.



Assumptions 
1. Static environments 
2. Occupancy perception is 

perfect within FoV



[Bajcsy*, Bansal* et al, CDC 2019]



Any planner can be used 
within the red boundary.
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Key Idea: 
Only locally update the safe set  
based on the new information 

about the environment.



Local Update of the BRS
High Value 

(Safe)

Low Value 
(Unsafe)

while	'	()	*+,	-./,0	do:

'	 ← *-5	67--	),8,-)	8*9	*-(:ℎ<+7)

=!"#$%& ← >/98,-	='(# 	6+7	∆@

∆= = | =!"#$%& − ='(# |

'	 ← 7-.+D-	),8,-)		5(,ℎ	∆= = 0

'	 ← 899	*-(:ℎ<+7)

='(# ← =%(0, ')

='(# ← =!"#$%&



Local Update of the BRS

Slice θ = 0 Slice θ =
π
2

Guaranteed under-approximation!

[Bajcsy*, Bansal* et al, CDC 2019; Herbert, Bansal et al, CDC 2019]

Computation time for BRS (seconds)

Full HJ Reachability Local Update Method

51.7 0.9



Local Update Beyond Obstacles…

Unknown obstacles Unknown environment conditions Unknown behavior of  
other agents



Local Update For Safe Human Motion Prediction

[Bansal et al, ICRA 2020]
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Control

Mapping

Perception Planning

Learning Enabled Planner

Sample

Safety Verifier

Autonomy StackSafe



With Safety Controller
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Appendix 



Navigation in Human-Centric Environments

An active dataset for navigation in human-centric environments.   





Training Data !!∗ = #$%&'(# )
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Robust Interfaces Between Perception and Control

Control

Mapping

Perception Planning

Learning Enabled 
Planner

Prediction Error 
Δ

Robust Control



Problem Setup

Data Generation Using Optimal Control

Cost Goal Cost Collision Cost

= +

       Cost Function         
High 

Low 

J(x)

min
x,ŵ

subject to x = FitSpline(x0, ŵ)

xT = ŵ

x0 − Given

Cost of the trajectory

Vehicle dynamics

Current state

Waypoint

J (xi)
T

∑
i=0

max
Δ

+Δ

Robust

[Li, Bansal et al, arXiv 2020]
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Joint Dynamics
The dynamics are the Bayesian 
update and the ‘input’ is the 
human’s action observation

[Vinod, Oishi, 2018]
[Abate, Amin, Prandini, Lygeros, Sastry, 2007]
[Kaelbling, Littman, Cassandra, 1998]
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"̇! = $!("! , '!)

"!"

'! ∈ *

Joint Dynamics

!!" ~ # !!" $!" ; &")
Stochastic reachability à highly intractable!

Deterministic reachability 

≈ !!" ∈ )#$% ⊆ )

)#$% = {!!" ∶ # !!" ." ≥ 0}

Balanced approximation between stochastic 
reachability and full forward reachable set 

!
!!"#

The dynamics are the Bayesian 
update and the ‘input’ is the 
human’s action observation
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Deterministic Reachability Problem

"̇! = $("!, '"! )#!"

'" ∈ *$%&
'"())

)

+,- ", . ≔ {"+: ∃'"(3), "+ = 4(", ., '"(3))}

https://www.youtube.com/watch?v=iWsfc107nRc

Hamilton-Jacobi 
Reachability Analysis 

*$%& = {'"! ∶ 7 '"! "! ≥ 9}







NASA Ames

Air Traffic Control UAV Applications

[Amazon]
Bansal et alNASA Ames

RRT+Reachability-based Planning

Planned path

Actual path

Robust Planning

Herbert et al
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Safe Learning

Fisac et al

Safe Bipedal Walking

Ames et al 
Vasudevan et al

Safe Anesthesia Delivery

Kaynama et al


