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Feedback Design

In control system design

‚ Physics laws, first principle models, empirical models are fundamental in
engineering designs.

‚ Design methods with guaranteed performance or properties are
invaluable.

X stability
X minimized cost
X bounded L2-gain
X output regulation and tracking
X ......

‚ Control theory and mathematical tools have been developed for decades.

X Lyapunov function
X Pontryagin maximum principle
X Riccati equation
X HJB equation
X FBI equation
X feedback linearization and normal form
X ......

Feedback DesignIn control system design‚ Physics laws, first principle models, empirical models are fundamental inengineering designs.‚ Design methods with guaranteed performance or properties areinvaluable.✓ stability✓ minimized cost✓ bounded L2-gain✓ output regulation and tracking✓ ......‚ Control theory and mathematical tools have been developed for decades.✓ Lyapunov function✓ Pontryagin maximum principle✓ Riccati equation✓ HJB equation✓ FBI equation✓ feedback linearization and normal form✓ ......



Feedback Design

However
‚ There are obstacles for which existing analysis and numerical methods

have been, in general, ineffective.

X the curse-of-dimensionality in solving the HJB equation
X finding Lyapunov function for nonlinear high dimensional systems
X finding the domain of attraction for nonlinear high dimensional systems
X finding reachable sets
X ......

Question: Can we use deep learning to overcome the bottleneck while
preserving the guaranteed performance in control theory?

Such approach must be

Data-Driven Approach in Model-Based Design
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Optimal Controller Design

A problem of optimal control
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minimize
uPU

ż tf

t0

Lpt, x ,uqdt ` ψpxptf qq,

subject to 9xptq “ f pt, x ,uq,
xpt0q “ x0.

The goal of control design is to find a feedback law

u “ u˚pt, xq

that minimizes the cost.

Optimal Controller DesignA problem of optimal control$’’&’’%minimizeuPUż tft0Lpt, x, uqdt` ψpxptfqq,subject to 9xptq“ fpt, x, uq,xpt0q“ x0.The goal of control design is to find a feedback lawu“ u˚pt, xqthat minimizes the cost.



Optimal Controller Design

Online optimization (e.g. some MPC design).

‚ Direct methods such as pseudospectral optimal control

‚ Hopf formula

‚ Minimization along characteristics

‚ ......

These methods require online optimization that converges in real-time.

Optimal Controller DesignOnline optimization (e.g. some MPC design).‚ Direct methods such as pseudospectral optimal control‚ Hopf formula‚ Minimization along characteristics‚ ......These methods require online optimization that converges in real-time.



Optimal Controller Design

Controller Design based on the HJB equation

Define the Hamiltonian

Hpt, x ,λ,uq “ Lpt, x ,uq ` λT f pt, x ,uq.

Solve the HJB equation to find the optimal feedback law

#

Vtpt, xq `min
uPU

H pt, x ,Vx ,uq “ 0,

V ptf , xq “ ψpxq,

u˚pt, xq “ arg min
uPU

H pt, x ,Vx ,uq .

The complexity of solving the HJB equation increases exponentially with
dimension - the curse-of-dimensionality.

Optimal Controller DesignController Design based on the HJB equationDefine the HamiltonianHpt, x,λ, uq“ Lpt, x, uq` λT fpt, x, uq.Solve the HJB equation to find the optimal feedback law#Vtpt, xq` minuPUHpt, x, Vx , uq“ 0,Vptf , xq“ ψpxq,u˚pt, xq“ arg minuPUHpt, x, Vx , uq .The complexity of solving the HJB equation increases exponentially withdimension - the curse-of-dimensionality.



Data-Driven & Model-Based Design

A data-driven method: Design the feedback based on the HJB equation,
which is solved using machine learning.

1 Initial data generation: For supervised learning, a data set must be
generated. It contains the value of V pt, xq at random points in a given
region.

2 Training: Given this data set, a neural network, V NNpt, xq, is trained to
approximate the value function.

3 Validation: The accuracy of the trained neural network is checked on a
new set of validation data computed at Monte Carlo sample points.

4 Feedback control law:

u˚pt, xq “ arg min
uPU

H
`

t, x ,V NN
x ,u

˘

.

Data-Driven & Model-Based DesignA data-driven method : Design the feedback based on the HJB equation,which is solved using machine learning.1 Initial data generation: For supervised learning, a data set must begenerated. It contains the value of Vpt, xq at random points in a givenregion.2 Training: Given this data set, a neural network, V NNpt, xq, is trained toapproximate the value function.3 Validation: The accuracy of the trained neural network is checked on anew set of validation data computed at Monte Carlo sample points.4 Feedback control law :u˚pt, xq“ arg minuPUH̀t, x, V NNx̆ , u.



Data-Driven & Model-Based Design

An example of optimal attitude control

State variables:
v “

`

φ θ ψ
˘T

Euler angles

ω “
`

ω1 ω2 ω3

˘T
angular velocity

Define

Epvq :“

¨

˝

1 sinφ tan θ cosφ tan θ
0 cosφ ´ sinφ
0 sinφ{ cos θ cosφ{ cos θ

˛

‚, Spωq :“

¨

˝

0 ω3 ´ω2

´ω3 0 ω1

ω2 ´ω1 0

˛

‚,

Rpvq :“

¨

˝

cos θ cosψ cos θ sinψ ´ sin θ
sinφ sin θ cosψ ´ cosφ sinψ sinφ sin θ sinψ ` cosφ cosψ cos θ sinφ
cosφ sin θ cosψ ` sinφ sinψ cosφ sin θ sinψ ´ sinφ cosψ cos θ cosφ

˛

‚.

B “

¨

˝

1 1{20 1{10
1{15 1 1{10
1{10 1{15 1

˛

‚, J “

¨

˝

2 0 0
0 3 0
0 0 4

˛

‚, h “

¨

˝

1
1
1

˛

‚.

Data-Driven & Model-Based DesignAn example of optimal attitude controlState variables:v̀ “φ θ ψ˘TEuler anglesὼ“ω1 ω2 ω3˘Tangular velocityDefineE̋̈pvq :“1 sin φ tan θ cos φ tan θ0 cos φ ´ sin φ0̨ sin φ{ cos θ cos φ{ cos θ‚̋̈, Spωq :“0 ω3 ´ω2´ω3 0 ω1ω̨2 ´ω1 0‚,R̋̈pvq :“cos θ cos ψ cos θ sin ψ ´ sin θsin φ sin θ cos ψ´ cos φ sin ψ sin φ sin θ sin ψ` cos φ cos ψ cos θ sin φc̨os φ sin θ cos ψ` sin φ sin ψ cos φ sin θ sin ψ´ sin φ cos ψ cos θ cos φ‚.B̋̈“1 1 {20 1 {101{15 1 1 {101̨{10 1 {15 1‚̋̈, J“2 0 00 3 00̨ 0 4‚̋̈, h“111̨‚.



Data-Driven & Model-Based Design

The optimal control problem is
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minimize
up¨q

ż tf

t

Lpv ,ω,uqdτ `
W4

2
}vptf q}2 `

W5

2
}ωptf q}

2,

subject to 9v “ E pvqω,
J 9ω “ SpωqRpvqh ` Bu.

(1)

Here

Lpv ,ω,uq “
W1

2
}v}2 `

W2

2
}ω}2 `

W3

2
}u}2,

and

W1 “ 1, W2 “ 10, W3 “
1

2
, W4 “ 1, W5 “ 1, tf “ 20.

Data-Driven & Model-Based DesignThe optimal control problem is$’’&’’%minimizeup¨qż tftLpv ,ω, uqdτ` W42 }vptfq}2` W52 }ωptfq}2,subject to 9v “ Epvqω,J 9ω“ SpωqRpvqh` Bu.(1)HereLpv ,ω, uq“ W12 }v}2` W22 }ω}2` W32 }u}2,andW1“ 1, W2“ 10, W3“ 12 , W4“ 1, W5“ 1, tf “ 20.



Data-Driven & Model-Based Design

Domain in State Space

X0 “

!

v ,ω P R3
ˇ

ˇ´
π

3
ď φ, θ, ψ ď

π

3
and ´

π

4
ď ω1, ω2, ω3 ď

π

4

)

,

Initial Data Set: Solving TPBVP using time-marching

x piq “ pv piq,ωpiqq
V p0, x piqq, for i “ 1, 2, ¨ ¨ ¨ ,Nd “ 64.
λpiqp0q,

Loss function:

L “
1

Nd

Nd
ÿ

i“1

”

V piq ´ V NN
ptpiq, xpiq; θq

ı2
`

µ

Nd

Nd
ÿ

i“1

›

›

›
λ
piq
´ V NN

x ptpiq, xpiq; θq
›

›

›

2
,

Data-Driven & Model-Based DesignDomain in State SpaceX0“!v ,ωP R3ˇˇ´ π3 ď φ, θ, ψď π3 and ´ π4 ď ω1, ω2, ω3ď π4),Initial Data Set: Solving TPBVP using time-marchingxpiq“p vpiq,ωpiqqVp0, xpiqq, for i“ 1, 2,¨¨¨, Nd “ 64.λpiqp0q,Loss function:L“ 1NdNdÿi“1”Vpiq´ V NNptpiq, xpiq; θqı2` µNdNdÿi“1›››λpiq´ V NNx ptpiq, xpiq; θq›››2,



Data-Driven & Model-Based Design

First Neural Network: Train a neural network,

V NNp0, xq « V p0, xq, 3 hidden layers, 64 neurons

Additional data set: Warm start using V NNp0, xq to speed up data generation.

Validation: Generating more data for accuracy verification.
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-1
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0

50

100

150

200

250

Data-Driven & Model-Based DesignFirst Neural Network: Train a neural network,V NNp0, xq« Vp0, xq, 3 hidden layers, 64 neuronsAdditional data set: Warm start using V NNp0, xq to speed up data generation.Validation: Generating more data for accuracy verification.256 512 1024 2048 4096 8192 1638410-310-210-1256 512 1024 2048 4096 8192 16384050100150200250



Data-Driven & Model-Based Design

One more reason of generating data - adaptive sampling

Closed-loop: sample trajectories

0 5 10 15 20
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0

1

0 5 10 15 20

-1

0

1
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0
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Data-Driven & Model-Based DesignOne more reason of generating data - adaptive samplingClosed-loop: sample trajectories0 5 10 15 20-1010 5 10 15 20-1010 5 10 15 20-4040 5 10 15 20-1010 5 10 15 20-1010 5 10 15 20-404



Methods of Generating Data

DATA IS ESSENTIAL!

Causality-free algorithms are ideal for the purpose of generating data.

‚ An algorithm is causality-free if the value of V pt, xq is computed without
using the value of V at any other points.

‚ A causality-free algorithm does not rely on grids. It avoids the
curse-of-dimensionality.

‚ A causality-free is convenient for generating data in targeted regions,
such as in adaptive deep learning.

‚ Causality-free algorithms do not propagate computational error over a
region.

‚ Many algorithms provide error estimation.

‚ Causality-free algorithms have perfect parallelism.

‚ Data generated can be used for both training and validation.

Methods of Generating DataDATA IS ESSENTIAL!Causality-free algorithms are ideal for the purpose of generating data.‚ An algorithm is causality-free if the value of Vpt, xq is computed withoutusing the value of V at any other points.‚ A causality-free algorithm does not rely on grids. It avoids thecurse-of-dimensionality.‚ A causality-free is convenient for generating data in targeted regions,such as in adaptive deep learning.‚ Causality-free algorithms do not propagate computational error over aregion.‚ Many algorithms provide error estimation.‚ Causality-free algorithms have perfect parallelism.‚ Data generated can be used for both training and validation.



Methods of Generating Data

Methods of generating data

‚ Characteristic methods

˛ Time-marching and space-marching
˛ Neural network warm start
˛ Backward propagation

‚ Minimization-based methods

˛ The Hopf formula
˛ Minimization along characteristics

‚ Direct methods

‚ Stochastic process

Methods of Generating DataMethods of generating data‚ Characteristic methods˛ Time-marching and space-marching˛ Neural network warm start˛ Backward propagation‚ Minimization-based methods˛ The Hopf formula˛ Minimization along characteristics‚ Direct methods‚ Stochastic process



Optimal Controller Design

A problem of optimal control
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minimize
uPU

ż tf

t0

Lpt, x ,uqdt ` ψpxptf qq,

subject to 9xptq “ f pt, x ,uq,
xpt0q “ x0.

The goal of control design is to find a feedback law

u “ u˚pt, xq

that minimizes the cost.
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Characteristic Methods

The Pontryagin Maximum Principle

Optimal Control
u˚pt, xq “ arg min

uPU
H pt, x ,Vx ,uq

Two Point Boundary Value Problem (TPBVP)

$
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%

9xptq “
BH

Bλ
“ f pt, x ,u˚pt, x ,λqq, xp0q “ x0,

9λptq “ ´
BH

Bx
pt, x ,λ,u˚pt, x ,λqq, λptf q “

Bψ

Bx
ptf q,

9V ptq “ Lpt, x ,u˚pt, x ,λqq, V ptf q “ ψpxptf qq.

The problem may diverge depending on the initial guess.

Characteristic MethodsThe Pontryagin Maximum PrincipleOptimal Controlu˚pt, xq“ arg minuPUHpt, x, Vx , uqTwo Point Boundary Value Problem (TPBVP)$’’’&’’’%9xptq“ BHBλ “ fpt, x, u˚pt, x,λqq, xp0q“ x0,9λptq“´ BHBxpt, x,λ, u˚pt, x,λqq, λptfq“ BψBxptfq,9Vptq“ Lpt, x, u˚pt, x,λqq, Vptfq“ ψpxptfqq.The problem may diverge depending on the initial guess.



Characteristic Methods

Time-marching

1 Choose a time sequence,

t0 ă t1 ă t2 ă ¨ ¨ ¨ ă tK “ tf ,

2 In rt0, t1s, solve the TPBVP. If t1 is small, it converges

px1ptq,λ1ptqq.

Characteristic MethodsTime-marching1 Choose a time sequence,t0ă t1ă t2ă¨¨¨ătK “ tf ,2 Inrt0, t1s, solve the TPBVP. If t1 is small, it convergespx 1ptq,λ1ptqq.



Characteristic Methods

3 Extending the trajectory to rt0, t2s.

x2
0 ptq “

"

x1ptq, if t0 ď t ď t1,
x1pt1q, if t1 ă t ď t2,

Or

x2
0 ptq “ x1

ˆ

t0 `
t1 ´ t0

t2 ´ t0
pt ´ t0q

˙

, for t0 ď t ď t2.

λ2
0ptq is similarly defined.

4 px2
0 ptq,λ

2
0ptqq is used as initial guess to solve the TPBVP over r0, t2s.

5 ......

6 Repeating the process until tK “ tf

Characteristic Methods3 Extending the trajectory to rt0, t2s.x 20ptq“"x 1ptq, if t0ď tď t1,x 1pt1q, if t1ă tď t2,Orx 20̂ptq“ x 1t0` t1´ t0t2´ t0ṗt´ t0q, for t0ď tď t2.λ20ptq is similarly defined.4 px 20ptq,λ20ptqq is used as initial guess to solve the TPBVP over r0, t2s.5 ......6 Repeating the process until tK “ tf



Characteristic Methods

Remarks about time-marching.

‚ Does not need initial guess.

‚ Similar idea can be applied to space-marching.

‚ It is causality-free (does not need a grid, embarrassingly parallel,...).

‚ In [1]-[2], the BVP is solved using bvp5c in Matlab based on a four-stage
Lobatto IIIa method (Kierzenka-Shampine 2008).

‚ It can be combined with other algorithms to increase marching step size,
e.g. Albrekht’s Method (Krener).

‚ It can be slow.

[1] W. Kang and L. Wilcox. A causality free computational method for HJB equations with application
to rigid body satellites. Proceedings of AIAA GNC Conference, 2015.

[2] W. Kang and L. Wilcox. Mitigating the curse of dimensionality: sparse grid characteristic method
for optimal feedback control and HJB equations. Comput. Optim. Appl., 2017.

Characteristic MethodsRemarks about time-marching.‚ Does not need initial guess.‚ Similar idea can be applied to space-marching.‚ It is causality-free (does not need a grid, embarrassingly parallel,...).‚ In [1]-[2], the BVP is solved using bvp5c in Matlab based on a four-stageLobatto IIIa method (Kierzenka-Shampine 2008).‚ It can be combined with other algorithms to increase marching step size,e.g. Albrekht’s Method (Krener).‚ It can be slow.[1] W. Kang and L. Wilcox. A causality free computational method for HJB equations with applicationto rigid body satellites . Proceedings of AIAA GNC Conference, 2015.[2] W. Kang and L. Wilcox. Mitigating the curse of dimensionality: sparse grid characteristic methodfor optimal feedback control and HJB equations . Comput. Optim. Appl., 2017.



Characteristic Methods

Neural network warm start

1 Generate a first data set. It needs algorithms independent of good initial
state such as time-marching.

2 Train a neural network V NNpt, xq.
3 Generate more data using warm start

λ0ptq “ V NN
x pt, xq.

[1] T. Nakamura-Zimmerer, Q. Gong, and W. Kang. Adaptive deep learning for high-dimensional
Hamilton-Jacobi-Bellman equations. arXiv:1907.05317, 2019.

Characteristic MethodsNeural network warm start1 Generate a first data set. It needs algorithms independent of good initialstate such as time-marching.2 Train a neural network V NNpt, xq.3 Generate more data using warm startλ0ptq“ V NNx pt, xq.[1] T. Nakamura-Zimmerer, Q. Gong, and W. Kang. Adaptive deep learning for high-dimensionalHamilton-Jacobi-Bellman equations. arXiv:1907.05317, 2019.



Characteristic Methods

Example: Rigid body optimal attitude control

Time-marching method

K % BVP convergence mean integration time

1 0.3% 0.37 s
2 38.7% 0.44 s
3 76.2% 0.40 s
4 92.9% 0.45 s
8 98.4% 0.53 s

Neural network warm start
µ % BVP convergence mean integration time

0 90% 0.44 s
10´3 99.6% 0.41 s
101 100% 0.40 s

Characteristic MethodsExample: Rigid body optimal attitude controlTime-marching methodK % BVP convergence mean integration time1 0.3% 0.37 s2 38.7% 0.44 s3 76.2% 0.40 s4 92.9% 0.45 s8 98.4% 0.53 sNeural network warm startµ % BVP convergence mean integration time0 90% 0.44 s10´3 99.6% 0.41 s101 100% 0.40 s



Characteristic Methods

Backward propagation

1 Find a nominal trajectory x˚ptq,λ˚ptq,u˚ptq,V ˚ptq satisfying the PMP.

2 Perturb the final state; generate characteristic curves backward in time

$
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’

&

’

’

’

%

9xptq “
BH

Bλ
“ f pt, x ,u˚pt, x ,λqq, xptf q “ xf ` δxf ,

9λptq “ ´
BH

Bx
pt, x ,λ,u˚pt, x ,λqq, λptf q “

Bψ

Bx
ptf q,

9V ptq “ Lpt, x ,u˚pt, x ,λqq, V ptf q “ ψpxptf qq.

Then, the data is used to train a neural network

V NNpt, xq « V pt, xq.

[1] D. Izzo, E. Öztürk and M. Märtens, Interplanetary transfers via deep representations of the optimal
policy and/or of the value function. arXiv:1904.08809, 2019.

Characteristic MethodsBackward propagation1 Find a nominal trajectory x˚ptq,λ˚ptq, u˚ptq, V˚ptq satisfying the PMP.2 Perturb the final state; generate characteristic curves backward in time$’’’&’’’%9xptq“ BHBλ “ fpt, x, u˚pt, x,λqq, xptfq“ xf ` δxf ,9λptq“´ BHBxpt, x,λ, u˚pt, x,λqq, λptfq“ BψBxptfq,9Vptq“ Lpt, x, u˚pt, x,λqq, Vptfq“ ψpxptfqq.Then, the data is used to train a neural networkV NNpt, xq« Vpt, xq.[1] D. Izzo, E. ¨Ozt¨ urk and M. M¨ artens, Interplanetary transfers via deep representations of the optimalpolicy and/or of the value function. arXiv:1904.08809, 2019.



Characteristic Methods

Some remarks

‚ It is independent of initial guess.

‚ It does not have convergence issue. Any ODE solver is applicable.

‚ The location of initial state cannot be pre-selected.

Characteristic MethodsSome remarks‚ It is independent of initial guess.‚ It does not have convergence issue. Any ODE solver is applicable.‚ The location of initial state cannot be pre-selected.



Minimization-Based Methods

The Hopf formula

Consider the HJ equation

"

Vtpt, xq ` HpVxpt, xqq “ 0, in p0,8q ˆ Rn,
V p0, xq “ ψpxq, x P Rn,

H : Rn Ñ R is continuous and bounded from below by an affine function,
ψ : Rn Ñ R is convex.

Fenchel-Legendre transform: Given f : Rn Ñ RY t8u

f ˚pzq “ sup
xPRn

txT z ´ f pxqu, z P Rn

The Hopf formula

V pt, xq “ pψ˚ ` tHq˚pxq

Minimization-Based MethodsThe Hopf formulaConsider the HJ equation"Vtpt, xq` HpVxpt, xqq“ 0, inp0,8qˆ Rn,Vp0, xq“ ψpxq, xP Rn,H : RnÑ R is continuous and bounded from below by an affine function,ψ : RnÑ R is convex.Fenchel-Legendre transform: Given f : RnÑ RYt8uf˚pzq“ supxPRntx T z´ fpxqu, zP RnThe Hopf formulaVpt, xq“p ψ˚` tHq˚pxq



Minimization-Based Methods

Some remarks

‚ In [1], split Bregman iterative approach is used for the numerical
evaluation of the Hopf formula. It converges very fast.

‚ The method has direct application to a special type of problems

$

&

%

9xpsq “ f pupsqq,
xptq “ x ,
min Jpx , t; uq “

şT

t
Lpupsqqds ` ψpxpT qq,

‚ It can be extended to another family of systems

9xpsq “ Axpsq ` Bpsqupsq, A,B P Rnˆn.

‚ The method is applicable to the Eikonal equation.

[1] J. Darbon and S. Osher, Algorithms for overcoming the curse of dimensionality for certain
Hamilton-Jacobi equations arising in control theory and elsewhere. Res. Math. Sci., 3(1), 2016.

Minimization-Based MethodsSome remarks‚ In [1], split Bregman iterative approach is used for the numericalevaluation of the Hopf formula. It converges very fast.‚ The method has direct application to a special type of problems$&%9xpsq“ fpupsqq,xptq“ x,min Jpx, t; uq“şTt Lpupsqqds` ψpxpTqq,‚ It can be extended to another family of systems9xpsq“ Axpsq` Bpsqupsq, A, BP Rnˆn.‚ The method is applicable to the Eikonal equation.[1] J. Darbon and S. Osher, Algorithms for overcoming the curse of dimensionality for certainHamilton-Jacobi equations arising in control theory and elsewhere. Res. Math. Sci., 3(1), 2016.



Minimization-Based Methods

Minimization along characteristics
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9xptq “
BH

Bλ
“ f pt, x ,u˚pt, x ,λqq, xpt0q “ x0,

9λptq “ ´
BH

Bx
pt, x ,λ,u˚pt, x ,λqq, λpt0q “ λ0,

u˚pt, x ,λq “ arg min
uPU

Hpt, x ,λ,uq.

For fixed initial state x0, the cost is a function of λ0,

Jpt0, x0,λ0q “

ż tf

t0

Lpt, x ,u˚pt, x ,λqqdt ` ψptf q.

Then the solution, V pt0, x0q, of the HJB equation is

V pt0, x0q “ min
λ0

Jpt0, x0,λ0q.

Minimization-Based MethodsMinimization along characteristics$’’’&’’’%9xptq“ BHBλ “ fpt, x, u˚pt, x,λqq, xpt0q“ x0,9λptq“´ BHBxpt, x,λ, u˚pt, x,λqq, λpt0q“ λ0,u˚pt, x,λq“ arg minuPUHpt, x,λ, uq.For fixed initial state x0, the cost is a function of λ0,Jpt0, x0,λ0q“ż tft0Lpt, x, u˚pt, x,λqqdt` ψptfq.Then the solution, Vpt0, x0q, of the HJB equation isVpt0, x0q“ minλ0Jpt0, x0,λ0q.



Minimization-Based Methods

Some remarks

‚ The existence and uniqueness of solutions, under convexity assumptions,
can be proved (for instance [1] and [2]).

‚ Algorithms of unconstrained optimization are applicable to minimize the
cost. Coordinate descent is used in [1] and Powell’s algorithm is used in
[2].

‚ Some examples in [1] show fast convergence that may justify real-time
computation.

‚ This approach generalizes Lax/Hopf formula [1].

[1] Y. T. Chow, J. Darbon, S. Osher, and W. Yin. Algorithm for overcoming the curse of
dimensionality for state-dependent Hamilton-Jacobi equations. J. Comput. Phys., 387:376-409,
2019.

[2] I. Yegorov and P. M. Dower. Perspectives on characteristics based curse-of-dimensionality-free
numerical approaches for solving Hamilton-Jacobi equations. Appl. Math. Optim., 2018.

Minimization-Based MethodsSome remarks‚ The existence and uniqueness of solutions, under convexity assumptions,can be proved (for instance [1] and [2]).‚ Algorithms of unconstrained optimization are applicable to minimize thecost. Coordinate descent is used in [1] and Powell’s algorithm is used in[2].‚ Some examples in [1] show fast convergence that may justify real-timecomputation.‚ This approach generalizes Lax/Hopf formula [1].[1] Y. T. Chow, J. Darbon, S. Osher, and W. Yin. Algorithm for overcoming the curse ofdimensionality for state-dependent Hamilton-Jacobi equations. J. Comput. Phys., 387:376-409,2019.[2] I. Yegorov and P. M. Dower. Perspectives on characteristics based curse-of-dimensionality-freenumerical approaches for solving Hamilton-Jacobi equations. Appl. Math. Optim., 2018.



Direct Methods

Direct methods of optimal control: Discretize the optimal control problem
and solve the resulting finite-dimensional constrained optimization problem.

An incomplete list
‚ J. Betts. Practical Methods for Optimal Control Using Nonlinear Programming. SIAM,

Philadelphia, 2001.

‚ G. Elnagar, M. A. Kazemi, and M. Razzaghi. The pseudospectral legendre method for discretizing
optimal control problems. IEEE Trans. Autom. Control, 40(10):1793-1796, 1995.

‚ F. Fahroo and I. M. Ross. Costate estimation by a legendre pseudospectral method. J. Guid.
Control Dyn., 24(2):270-277, 2001.

‚ Q. Gong, W. Kang and I. M. Ross. A pseudospectral method for the optimal control of constrained
feedback linearizable systems. IEEE Trans. Automat. Control, 51(7):1115-1129, 2006.

‚ A. L. Dontchev and W. W. Hager. The Euler approximation in state constrained optimal control.
Math. Comput., 70:173-203, 2001.

‚ W. W. Hager. Runge-kutta methods in optimal control and the transformed adjoint system.
Numer. Math., 87(2):247-282, 2000.

‚ I. Chryssoverghi, J. Coletsos, and B. Kokkinis. Discretization methods for optimal control problems
with state constraints. J. Comput. Appl. Math., 191:1-31, 2006.

‚ ............

‚ ............

Direct MethodsDirect methods of optimal control : Discretize the optimal control problemand solve the resulting finite-dimensional constrained optimization problem.An incomplete list‚ J. Betts. Practical Methods for Optimal Control Using Nonlinear Programming. SIAM,Philadelphia, 2001.‚ G. Elnagar, M. A. Kazemi, and M. Razzaghi. The pseudospectral legendre method for discretizingoptimal control problems. IEEE Trans. Autom. Control, 40(10):1793-1796, 1995.‚ F. Fahroo and I. M. Ross. Costate estimation by a legendre pseudospectral method. J. Guid.Control Dyn., 24(2):270-277, 2001.‚ Q. Gong, W. Kang and I. M. Ross. A pseudospectral method for the optimal control of constrainedfeedback linearizable systems. IEEE Trans. Automat. Control, 51(7):1115-1129, 2006.‚ A. L. Dontchev and W. W. Hager. The Euler approximation in state constrained optimal control.Math. Comput., 70:173-203, 2001.‚ W. W. Hager. Runge-kutta methods in optimal control and the transformed adjoint system.Numer. Math., 87(2):247-282, 2000.‚ I. Chryssoverghi, J. Coletsos, and B. Kokkinis. Discretization methods for optimal control problemswith state constraints. J. Comput. Appl. Math., 191:1-31, 2006.‚ ............‚ ............



Direct Methods

A Pseudospectral optimal control

Problem definition:
$
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’

’

’

&

’

’

’

’

%

min
u

J “

ż 1

´1

Lpxptq,uptqqdt ` E pxp´1q, xp1qq,

9x “ f px ,uq,
epxp´1q, xp1qq “ 0,
hpxptq,uptqq ď 0.

Direct MethodsA Pseudospectral optimal controlProblem definition:$’’’’&’’’’%minuJ“ż 1´1Lpxptq, uptqqdt` Epxp´1q, xp1qq,9x“ fpx, uq,epxp´1q, xp1qq“ 0,hpxptq, uptqqď 0.



Direct Methods

Discretization
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min
x̄k ,uk

J̄N “

N
ÿ

k“0

Lpx̄k , ūkqwk ` E px̄0, x̄Nq,
›

›

›

›

›

N
ÿ

i“0

x̄iDki ´ f px̄k , ūkq

›

›

›

›

›

8

ď pN ´ 1q1.5´m,

}epx̄0, x̄Nq}8 ď pN ´ 1q1.5´m,
hpx̄k , ūkq ď pN ´ 1q1.5´m ¨ 1.

where tk are Legendre-Gauss-Lobatto (LGL) nodes, x̄k approximates xptkq,
D “ rDki s is the differentiation matrix, wk are the LGL weights for integration.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

LGL points; N=16

Direct MethodsDiscretization$’’’’’’’’&’’’’’’’’%min¯xk ,uk¯J N“Nÿk“0Lp¯xk , ¯ukqwk` Ep¯x0, ¯xNq,›››››Nÿi“0¯xi Dki´ fp¯xk , ¯ukq›››››8ďp N´ 1q1.5´m,}ep¯x0, ¯xNq}8ďp N´ 1q1.5´m,hp¯xk , ¯ukqďp N´ 1q1.5´m¨1.where tk are Legendre-Gauss-Lobatto (LGL) nodes, ¯xk approximates xptkq,D“r Dkis is the differentiation matrix, wk are the LGL weights for integration.−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1LGL points; N=16



Direct Methods

Feasibility and convergence

Theorem (Feasibility)
Given any feasible solution, t Ñ px ,uq, of optimal control, suppose
xp¨q P W m,8 with m ě 2. Then, there exists a positive integer N1 such that,
for any N ą N1, there exists a feasible trajectory, px̄k , ūkq, that satisfy all the
discretized constraints.

Theorem (Consistent Approximation)
Let tpx̄˚k , ū

˚
k q, 0 ď k ď Nu8N“N1

be a sequence of optimal solutions to the
discretized problem. Let tt Ñ pxNptq,uNptqqu

8
N“N1 be their interpolating

function sequence. Assume tpx˚0 , 9xNp¨q,uNp¨qqu8N“N1
has a uniform

accumulation point with continuous components. Then t Ñ u8ptq is the
solution of the original optimal control problem.

Direct MethodsFeasibility and convergenceTheorem (Feasibility)Given any feasible solution, tÑp x, uq, of optimal control, supposexp¨qPW m,8 with mě 2. Then, there exists a positive integer N1 such that,for any Ną N1, there exists a feasible trajectory, p¯xk , ¯ukq, that satisfy all thediscretized constraints.Theorem (Consistent Approximation)Lettp¯x˚k , ¯u˚kq, 0ď kď Nu8N“N1 be a sequence of optimal solutions to thediscretized problem. Let ttÑp xNptq, uNptqqu8N“N1 be their interpolatingfunction sequence. Assume tpx˚0 , 9x Np¨q, uNp¨qqu8N“N1 has a uniformaccumulation point with continuous components. Then tÑ u8ptq is thesolution of the original optimal control problem.



Stochastic Process

Semilinear parabolic PDE
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Vtpt, xq `
1

2
TrpσσTHessxV qpt, xq ` Vxpt, xqTµpt, xq`

Hpt, x ,V pt, xq, σT pt, xqVxpt, xqq “ 0,
V ptf , xq “ ψpxq.

x P Rn,
σpt, xq P Rnˆn is a matrix valued function,
µpt, xq is a vector valued function,
HessxV is the Hessian of V with respect to x ,
Trp¨q is the trace of matrix.

[1] J. Han and W. E. Deep learning approximation for stochastic control problems.
arXiv:1611.07422v1, 2016.

[2] J. Han, A. Jentzen, and W. E. Solving high-dimensional partial differential equations using deep
learning. Proceedings of the National Academy of Sciences, 115(34):8505-8510, 2018.

Stochastic ProcessSemilinear parabolic PDE$’&’%Vtpt, xq` 12 Trpσσ T HessxVqpt, xq` Vxpt, xqT µpt, xq`Hpt, x, Vpt, xq, σTpt, xqVxpt, xqq“ 0,Vptf , xq“ ψpxq.xP Rn,σpt, xqP Rnˆn is a matrix valued function,µpt, xq is a vector valued function,HessxV is the Hessian of V with respect to x,Trp¨qis the trace of matrix.[1] J. Han and W. E. Deep learning approximation for stochastic control problems.arXiv:1611.07422v1, 2016.[2] J. Han, A. Jentzen, and W. E. Solving high-dimensional partial differential equations using deeplearning. Proceedings of the National Academy of Sciences, 115(34):8505-8510, 2018.



Stochastic Process

A method of characteristics

1 A forward stochastic differential equation (FSDE)

xptq “ x0 `

ż t

0

µps, xpsqqds `

ż t

0

σps, xpsqqdWs ,

Wt , 0 ď t ď tf , is an n-dimensional Brownian motion.

2 A backward stochastic differential equation (BSDE)

$
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%

V pt, xptqq “ V p0, x0q ´

ż t

0

H
`

s, xpsq,V ps, xpsqq, σps, xpsqqTVxps, xpsqq
˘

ds

`

ż t

0

Vxps, xpsqqTσps, xpsqqdWs ,

V ptf , xptf qq “ ψpxptf qq.

Stochastic ProcessA method of characteristics1 A forward stochastic differential equation (FSDE)xptq“ x0`ż t0µps, xpsqqds`ż t0σps, xpsqqdWs ,Wt, 0ď tď tf , is an n-dimensional Brownian motion.2 A backward stochastic differential equation (BSDE)$’’’’&’’’’%Vpt, xptqq“ Vp0, x0q´ż t0H̀s̆, xpsq, Vps, xpsqq, σps, xpsqqT Vxps, xpsqqd̀sż t0Vxps, xpsqqT σps, xpsqqdWs ,Vptf , xptfqq“ ψpxptfqq.



Stochastic Process

A method of characteristics (Discretized equations)

1 A forward discrete-time equation

xptn`1q « xptnq ` µptn, xptnqq∆tn ` σptn, xptnqqpWtn`1 ´Wtnq,

for n “ 0, 1, 2, ¨ ¨ ¨ ,N ´ 1,

2 A backward discrete-time equation

V ptn`1, xptn`1qq

« V ptn, xptnqq ´ H
`

tn, xptnq,V ptn, xptnqq, σptn, xptnqqTVxptn, xptnqq
˘

∆tn

` Vxptn, xptnqqTσptn, xptnqqpWtn`1 ´Wtnq,

Stochastic ProcessA method of characteristics (Discretized equations)1 A forward discrete-time equationxptn`1q« xptnq` µptn, xptnqq∆tn` σptn, xptnqqpWtn`1´ Wtnq,for n“ 0, 1, 2,¨¨¨, N´ 1,2 A backward discrete-time equationVptn`1, xptn`1qq«̀ Vptn, xptnqq´ Ht̆n, xptnq, Vptn, xptnqq, σptn, xptnqqT Vxptn, xptnqq∆tn` Vxptn, xptnqqT σptn, xptnqqpWtn`1´ Wtnq,



Stochastic Process

1 Replace x Ñ σTVxptn, xq in the backward discrete-time equation by a
neural network with unknown parameters, θn.

2 Set up a loss function

lpθq “ E
´!

|ψpx piqptNqq ´ V̂ ptN , x piqptNqq|2
ˇ

ˇ

ˇ
1 ď i ď Ns

)¯

.

For each 1 ď i ď Ns , tx piqptnquNn“0 and tV ptn, x piqptnqquNn“0 are
trajectories of the discrete-time equations driven by random numbers

!

tW i
tn`1

´W i
tnu

N´1
n“0

ˇ

ˇ

ˇ
i “ 1, 2, ¨ ¨ ¨ ,Ns

)

,

W i
tn`1

´W i
tn „ Np0, tn`1 ´ tnqq.

3 Training step: finding V p0, xq, Vxp0, xq and tθnu
N´1
n“1 by minimizing the

loss function

Stochastic Process1 Replace xÑ σT Vxptn, xq in the backward discrete-time equation by aneural network with unknown parameters, θn.2 Set up a loss functionlpθq“ E´!|ψpxpiqptNqq´ ˆVptN , xpiqptNqq|2ˇˇˇ 1ď iď Ns)¯.For each 1 ď iď Ns,txpiqptnquNn“0 andtVptn, xpiqptnqquNn“0 aretrajectories of the discrete-time equations driven by random numbers!t W itn`1´ W itnuN´1n“0ˇˇˇ i“ 1, 2,¨¨¨, Ns),W itn`1´ W itn„ Np0, tn`1´ tnqq.3 Training step: finding Vp0, xq, Vxp0, xq andtθnuN´1n“1 by minimizing theloss function



Summary

Method
Initial Guess
Dependent

Suggested Solver
or Algorithm

Comments

Time or space-
marching

No BVP solver Convergence and speed depends on
the number of marching steps.

NN warm start Yes BVP solve Convergence and speed depends on
the quality of NN initial guess.

Backward propagation No ODE solver No convergence issue. Initial states
in data cannot be pre-selected.

Hopf formula Yes Bregman algorithm It works for special types of
control systems.

Minimization along
characteristics

Yes
Powell’s algorithm
Coordinate descent

Convergence and speed depends on
the quality of initial guess.

Direct methods Yes
SQP or nonlinear

programming
The method is effective for problems

with state-control constraints.

Stochastic process Yes NN training The method is applicable to
stochastic optimal control.

SummaryMethod Initial GuessDependentSuggested Solveror Algorithm CommentsTime or space-marching No BVP solver Convergence and speed depends onthe number of marching steps.NN warm start Yes BVP solve Convergence and speed depends onthe quality of NN initial guess.Backward propagation No ODE solver No convergence issue. Initial statesin data cannot be pre-selected.Hopf formula Yes Bregman algorithm It works for special types ofcontrol systems.Minimization alongcharacteristics Yes Powell’s algorithmCoordinate descentConvergence and speed depends onthe quality of initial guess.Direct methods Yes SQP or nonlinearprogrammingThe method is effective for problemswith state-control constraints.Stochastic process Yes NN training The method is applicable tostochastic optimal control.



Sparse Grids

A hierarchy of grids

X 1 “ t0, 1u,X 2 “ t0, 1
2 , 1u,X

3 “ t0, 1
4 ,

2
4 ,

3
4 , 1u, ¨ ¨ ¨

X i “ t k´1
2i´1 ; k “ 1, 2, ¨ ¨ ¨miu, mi “ 2i´1 ` 1

The sequence has a telescopic structure

X 1 Ă X 2 Ă X 3 Ă X 4 Ă ¨ ¨ ¨

Define
∆X 1 “ X 1, ∆X i “ X izX i´1, i ě 2
∆mi “ |∆X i |

 ∆X
1

 ∆X
2

 ∆X
3

 ∆X
4

 0  1/8  1/4  3/8  1/2  5/8  3/4  7/8  1

∆X i for i “ 1, 2, 3, 4

Sparse GridsA hierarchy of gridsX 1“t 0, 1u, X 2“t 0, 12 , 1u, X 3“t 0, 14 , 24 , 34 , 1u,¨¨¨X i “t k´12i´1 ; k“ 1, 2,¨¨¨miu, mi “ 2i´1` 1The sequence has a telescopic structureX 1Ă X 2Ă X 3Ă X 4Ă¨¨¨Define∆X 1“ X 1, ∆X i “ X izX i´1, iě 2∆mi “| ∆X i|∆X1∆X2∆X3∆X40 1/8 1/4 3/8 1/2 5/8 3/4 7/8 1∆X i for i“ 1, 2, 3, 4



Sparse Grids

A hierarchy of grids in R
Vector index

i “
“

i1 i2 ¨ ¨ ¨ id
‰

, |i | “ i1 ` i2 ` ¨ ¨ ¨ ` id
j “

“

j1 j2 ¨ ¨ ¨ jd
‰

∆X i “ ∆X i1 ˆ ¨ ¨ ¨ ˆ∆X id , ∆mi “
“

∆mi1 ¨ ¨ ¨ ∆mid
‰

x i
j “ px

i1
j1
, ¨ ¨ ¨ , x id

jd
q P ∆X i

The dense grid is
X q ˆ ¨ ¨ ¨ ˆ X q “

ď

1ďiďq

∆X i

Following Smolyak’s approximation algorithm, the sparse grid is

G q
sparse “

ď

|i |ďq

∆X i

Sparse GridsA hierarchy of grids in RVector indexi ““i1 i2 ¨¨¨id‰, |i|“ i1` i2`¨¨¨`idj ““j1 j2 ¨¨¨jd‰∆X i “ ∆X i1ˆ¨¨¨ˆ∆X id , ∆mi ““∆mi1 ¨¨¨∆mid‰x ij “p x i1j1 ,¨¨¨, x idjdqP ∆X iThe dense grid isX qˆ¨¨¨ˆX q“ď1ďiďq∆X iFollowing Smolyak’s approximation algorithm, the sparse grid isG qsparse“ď|i|ďq∆X i



Sparse Grids

Examples of sparse grids

G q
sparse in r0, 1s2, q “ 6 and q “ 8

A modified sparse grid CGL (Chebyshev-Gauss-Lobatto) type

G q
sparsepModifiedq (q “ 6, q “ 8) G q

sparsepCGLq (q “ 6, q “ 8)

Sparse GridsExamples of sparse gridsG qsparse inr0, 1s2, q“ 6 and q“ 8A modified sparse grid CGL (Chebyshev-Gauss-Lobatto) typeG qsparsepModifiedq (q“ 6, q“ 8) G qsparsepCGLq (q“ 6, q“ 8)



Sparse Grids

Interpolation

Basis functions
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Hierarchical surpluses

I qpf q “ I q´1pf q `∆I qpf q, q ě d

∆I qpf q “
ÿ

|i |“q

ÿ

1ďjď∆mi

w i
j ai

j

w i
j “ f px i

j q ´ I q´1pf qpx i
j q

Sparse GridsInterpolationBasis functionsa11(x) a12(x)a21(x)a31(x) a 32(x)a41(x) a 42(x) a 43(x) a 44(x)a11(x)a21(x) a22(x)a31(x) a 32(x)a41(x) a 42(x) a 43(x) a 44(x)a11(x)a21(x) a22(x)a31(x) a 32(x)a41(x) a 42(x) a 43(x) a 44(x)Hierarchical surplusesI qpfq“ I q´1pfq` ∆I qpfq, qě d∆I qpfq“ÿ|i|“qÿ1ďjď∆miw ij aijw ij “ fpx ijq´ I q´1pfqpx ijq



Sparse Grids

Sparse vs. dense

Grid Grid size Interpolation error
Dense Nd Op 1

N2 q

Sparse OpNplog Nqd´1q Op plog Nqd´1

N2 q
Comparison based upon linear interpolation on standard sparse grids for functions with bounded second order derivatives.

Remark: Essentially, we pay the price of plog Nqd´1 in accuracy in exchange
for the reduction of grid size: OpNplog Nqd´1q.

Sparse GridsSparse vs. denseGrid Grid size Interpolation errorDense N d Op 1N2qSparse OpNplog Nqd´1q Opplog Nqd´1N2 qComparison based upon linear interpolation on standard sparse grids for functions with bounded second order derivatives .Remark: Essentially, we pay the price of plog Nqd´1 in accuracy in exchangefor the reduction of grid size: OpNplog Nqd´1q.



SGC Methods

Error analysis
V̄ pt, xq “ V pt, xq ` einterp ` eBVP

where V̄ pt, xq is the approximate value function. Sparse grid with piecewise
linear interpolation,

||eBVP ||L8

ε
“ O

´

plog Nqd´1
¯

.

CGL sparse grid with polynomial interpolation,

||eBVP ||L8

ε
“ O

´

plog Nq2d´1
¯

.

where ε is the error of BVP solver at individual grid points.

[1] W. Kang and L. C. Wilcox, Mitigating the curse of dimensionality: sparse grid characteristic
method for optimal feedback control and HJB equations, Comput. Optim. Appl., Vol.68(2), 2017,
pp 289-315.

SGC MethodsError analysis¯Vpt, xq“ Vpt, xq` einterp` eBVPwhere ¯Vpt, xq is the approximate value function. Sparse grid with piecewiselinear interpolation,||eBVP||L8ϵ́ “ Op̄log Nqd´1.CGL sparse grid with polynomial interpolation,||eBVP||L8ϵ́ “ Op̄log Nq2d´1.where ϵ is the error of BVP solver at individual grid points.[1] W. Kang and L. C. Wilcox, Mitigating the curse of dimensionality: sparse grid characteristicmethod for optimal feedback control and HJB equations, Comput. Optim. Appl., Vol.68(2), 2017,pp 289-315.



SGC Methods

Error analysis - a practical way

If the TPBVP solution, Ṽ pt, xq, has high accuracy, error can be approximated
by

|einterp ` eBVP | « |V̄ pt, xq ´ Ṽ pt, xq|

on a random set of points. The computation has perfect parallelism.

[1] W. Kang and L. C. Wilcox, Mitigating the curse of dimensionality: sparse grid characteristic
method for optimal feedback control and HJB equations, Comput. Optim. Appl., Vol.68(2), 2017,
pp 289-315.

SGC MethodsError analysis - a practical wayIf the TPBVP solution, ˜Vpt, xq, has high accuracy, error can be approximatedby|einterp` eBVP|«| ¯Vpt, xq´ ˜Vpt, xq|on a random set of points. The computation has perfect parallelism.[1] W. Kang and L. C. Wilcox, Mitigating the curse of dimensionality: sparse grid characteristicmethod for optimal feedback control and HJB equations, Comput. Optim. Appl., Vol.68(2), 2017,pp 289-315.



Optimal Attitude Control

Attitude Control - system and problem definitions are from example 1.

q
|G q

sparse|

CGL

Dense grid
size

# of
Processors

MAE
N “ 1280 samples

q “ 13 44, 698 ą 1012 512 7.3 e-4
The Euler angle and angular velocity are bounded by ˘π

3
and ˘π

4
, resp.

The error at 1280 points are computed in parallel using 128 CPU cores. The error tolerance of Ṽpt, xq is 10´9.

An example of
optimal trajectory

0 10 20
−1

0

1

2

time (sec)

E
ul

er
 A

ng
le

 (
ra

d)

0 10 20
−0.5

0

0.5

1

time (sec)

A
ng

ul
ar

 V
el

oc
ity

 (
ra

d/
s)

0 10 20
−6

−4

−2

0

2

time (sec)

O
pt

im
al

 c
on

tr
ol

 u
(t

)

Optimal Attitude ControlAttitude Control - system and problem definitions are from example 1.q |G qsparse|CGLDense gridsize# ofProcessorsMAEN“ 1280 samplesq“ 13 44, 698 ą 1012 512 7.3 e-4The Euler angle and angular velocity are bounded by ˘π3 and˘π4 , resp.The error at 1280 points are computed in parallel using 128 CPU cores. The error tolerance of ˜Vpt, xq is 10´9.An example ofoptimal trajectory0 10 20−1012time (sec)Euler Angle (rad)0 10 20−0.500.51time (sec)Angular Velocity (rad/s)0 10 20−6−4−202time (sec)Optimal control u(t)



Optimal Attitude Control

Control with saturation u ď 1

q
|G q

sparse|

CGL

Dense grid
size

# of
Processors

MAE
N “ 1280 samples

q “ 13 44, 698 ą 1012 512 2.2 e-2
Inner-loop error tolerance “ 1e-4; final loop tolerance “ 1e-9, MAE is computed in parallel using 128 CPU cores.

An example of
optimal trajectory
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Optimal Attitude ControlControl with saturation uď 1q |G qsparse|CGLDense gridsize# ofProcessorsMAEN“ 1280 samplesq“ 13 44, 698 ą 1012 512 2.2 e-2Inner-loop error tolerance “ 1e-4; final loop tolerance “ 1e-9, MAE is computed in parallel using 128 CPU cores.An example ofoptimal trajectory0 10 20−2−1012time (sec)Euler Angle (rad)0 10 20−0.4−0.200.20.4time (sec)Angular Velocity (rad/s)0 10 20−1−0.500.51time (sec)Optimal control u(t)



Optimal Attitude Control

An uncontrollable example - control with two momentum wheels

min
u

ż tf

0

W1

2
||v ´ vepv , ωq||

2 `
W2

2
||ω||2 `

W3

2
||u||2dt

subject to
9v “ E pvqω
J 9ω “ SpωqRpvqH ` Bu

Parameters

B “

»

–

1 1
10

0 1
1

12 0

fi

fl,
H “ r12 12 6sT

W1 “ 1, W2 “ 2
W3 “

1
2 ,

J “ diagp2, 3, 4q,
´π

6 ď φ, θ, ψ ď π
6 , ´π

8 ď ωi ď
π
8

Optimal Attitude ControlAn uncontrollable example - control with two momentum wheelsminuż tf0W12 ||v´ vepv , ωq||2` W22 ||ω||2` W32 ||u||2dtsubject to9v“ EpvqωJ 9ω“ SpωqRpvqH` BuParametersB“»–1 1100 1112 0fifl,H“r 12 12 6sTW1“ 1, W2“ 2W3“ 12 ,J“ diagp2, 3, 4q,´ π6 ď φ, θ, ψď π6 , ´ π8 ď ωi ď π8



Optimal Attitude Control

Equilibrium: v “ vepv , ωq, ω “ 0

min
ve
||Rpveq ´ I ||max

subject to
CTRpveqH “ CT pRpvqH ´ Jωq

where C P <3 is a constant vector satisfying

CTB “ 0

The equilibrium, ve , is computed numerically. The process is equivalent to
maximizing tracepRpveqq.

Optimal Attitude ControlEquilibrium: v“ vepv , ωq, ω “ 0minve||Rpveq´ I||maxsubject toC T RpveqH“ C TpRpvqH´ Jωqwhere C P ℜ3 is a constant vector satisfyingC T B“ 0The equilibrium, ve, is computed numerically. The process is equivalent tomaximizing tracepRpveqq.



Optimal Attitude Control

Numerical results (m “ 2)

q |G q
sparse|

Dense grid
size

# of
Processors

MAE
N “ 1280 samples

q “ 13 44, 698 ą 1012 512 8.5 e-3
Inner-loop error tolerance “ 1e-4; final loop tolerance “ 1e-9

An example of
optimal trajectory
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Optimal Attitude ControlNumerical results (m“ 2)q |G qsparse| Dense gridsize# ofProcessorsMAEN“ 1280 samplesq“ 13 44, 698 ą 1012 512 8.5 e-3Inner-loop error tolerance “ 1e-4; final loop tolerance “ 1e-9An example ofoptimal trajectory0 10 20 30−0.500.51time (sec)Euler Angle (rad)0 10 20 30−0.4−0.200.20.4time (sec)Angular Velocity (rad/s)0 10 20 30−2−101time (sec)Optimal control u(t)



Optimal Control of UAVs

The system model with Oleg Yakimenko

9x1 “ V cos γ cos Ψ, 9x2 “ V cos γ sin Ψ, 9x3 “ ´V sin γ

9V “
1

m
T ´

CD0ρS

2m
V 2
´ gA1nz ´

2mg2A2

ρS

nz
2

V 2
´ g sin γ

9γ “
g

V
pnz cosφ´ cos γq

9Ψ “
g

V cos γ
nz sinφ

9φ “ uφ

Parameters adopted from foam Unicorn wing

px1, x2, x3q - location nz - vertical lift ρ - air density
in NED frame T - throttle S “ 0.321 m2

V - speed uφ - bank angle rate mg “ 9.34 N
γ - path angle CD0 “ 0.0213
ψ - heading A1 “ ´0.056
φ - bank angle A2 “ 0.22

[1] J. N. Ostler and W. J. Bowman, Flight testing of small, electric powered unmanned aerial vehicles,
Proc. U.S. Air Force T&E Days, 2005.

Optimal Control of UA VsThe system model with Oleg Yakimenko9x1“ V cos γ cos Ψ, 9x2“ V cos γ sin Ψ, 9x3“´ V sin γ9V “ 1m T´ CD0ρS2m V 2´ gA1nz´ 2mg 2A2ρSnz2V 2 ´ g sin γ9γ“ gVpnz cos φ´ cos γq9Ψ“ gV cos γ nz sin φ9φ“ uφParameters adopted from foam Unicorn wingpx1, x2, x3q - location nz - vertical lift ρ - air densityin NED frame T - throttle S“ 0.321 m2V - speed uφ - bank angle rate mg“ 9.34 Nγ - path angle CD0“ 0.0213ψ - heading A1“´ 0.056φ - bank angle A2“ 0.22[1] J. N. Ostler and W. J. Bowman, Flight testing of small, electric powered unmanned aerial vehicles,Proc. U.S. Air Force T&E Days, 2005.



Optimal Control of UAVs

The cost functional:

J “

ż tf

0

LpV , γ,Ψ, φ, uqdt

LpV , γ,Ψ, φ, uq “ W1

2 ||V ´ V d ||2 ` W2

2 ||γ ´ γ
d ||2 ` W3

2 ||Ψ´Ψd ||

` W4

2 ||φ´ φ
d ||2

` W5

2 ||T ´ T d ||2 ` W6

2 ||nz ´ nd
z ||

2 ` W7

2 ||uφ ´ ud
φ||

2

Wi , i “ 1, 2, 3, 4, 5, 6, are constant weights, pV d , γd ,Ψd , φdq is the desired
target state, pT d , nd

z , u
d
φq makes final state an equilibrium.

The parameters

W1 “
1

4
,W2 “ 1,W3 “ 1,W4 “ 1,W5 “ 0.2,W6 “ 0.2,W7 “ 0.2

Optimal Control of UA VsThe cost functional :J “ż tf0LpV , γ, Ψ, φ, uqdtLpV , γ, Ψ, φ, uq “ W12 ||V´ V d||2` W22 ||γ´ γd||2` W32 ||Ψ´ Ψd||` W42 ||φ´ φd||2` W52 ||T´ T d||2` W62 ||nz´ ndz||2` W72 ||uφ´ udφ||2Wi , i“ 1, 2, 3, 4, 5, 6, are constant weights, pV d , γd , Ψd , φdq is the desiredtarget state, pT d , ndz , udφq makes final state an equilibrium.The parametersW1“ 14 , W2“ 1, W3“ 1, W4“ 1, W5“ 0.2, W6“ 0.2, W7“ 0.2



Optimal Control of UAVs

The Hamiltonian

HpV , γ,Ψ, φ, u, λq “ H1pV , γ,Ψ, φ, λq ` ATT 2 ` BTT
` Anz nz

2 ` Bnz nz ` Auφuφ
2 ` Buφuφ

AT “
W5

2
, BT “ λ1α1 ´W5T

d

Anz “
W6

2
´
λ1α4

V 2
, Bnz “

λ2g

V
cosφ`

λ3g

V cos γ
sinφ´ λ1α3 ´ nd

zW6

Auφ “
W7

2
, Buφ “ λ4 ´W7u

d
φ

H1pV , γ,Ψ, φ, λq “ all other terms of states and co-states

A ą 0 A ă 0

u˚
“

$

&

%

´ B
2A
, umin ă ´

B
2A
ă umax

umin, ´ B
2A
ď umin

umax, ´ B
2A
ě umax

u˚
“

$

&

%

umin, Au2
min ` Bumin

ď Au2
max ` Bumax

umax, otherwise

Optimal Control of UA VsThe HamiltonianHpV , γ, Ψ, φ, u, λq “ H1pV , γ, Ψ, φ, λq` AT T 2` BT T` Anz nz 2` Bnz nz` Auφuφ2` BuφuφAT “ W52 , BT “λ1α1´ W5T dAnz “ W62 ´ λ1α4V 2 , Bnz “ λ2gV cosφ` λ3gV cosγ sinφ´λ1α3´ ndz W6Auφ“ W72 , Buφ“λ4´ W7udφH1pV,γ, Ψ,φ,λq“ all other terms of states and co-statesAą 0 Aă 0u˚“$&%´ B2A, umină´ B2A ă umaxumin, ´ B2A ď uminumax, ´ B2A ě umaxu˚“$&%umin, Au2min` Buminď Au2max` Bumaxumax, otherwise



Optimal Control of UAVs

Optimal Trajectories
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Optimal Control of UAVs

Nominal Trajectory
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Optimal control
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Optimal Control of UA VsNominal Trajectory05101520253035400204060801000510x, my, mAltitude, mOptimal control0 1 2 3 4 5 6 700.10.20.30.40.50.60.70.80.9Time, sδ T0 1 2 3 4 5 6 700.511.522.53Time, sn z0 1 2 3 4 5 6 7−60−40−200204060Time, su φ, deg/s



Optimal Control of UAVs

Numerical results - patchy sparse grids

q
|G q

sparse|

Linear Interpolation

Dense grid
size

# of
windows

q “ 9 1, 105 ą 106 5

Window 1 Window 2 Window 3 Window 4 Window 5
5.8e-5 1.2e-4 5.9e-4 2.0e-4 6.1 e-5

MAE is computed at 1100 random points in each window.
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Optimal Control of UA VsNumerical results - patchy sparse gridsq |G qsparse|Linear InterpolationDense gridsize# ofwindowsq“ 9 1, 105 ą 106 5Window 1 Window 2 Window 3 Window 4 Window 55.8e-5 1.2e-4 5.9e-4 2.0e-4 6.1 e-5MAE is computed at 1100 random points in each window.13 14 15 16 17 18 19 20 21−1001020304050607080Vφ



Optimal Control of UAVs

Closed-loop control with saturation

‚ Controller: zero-order hold feedback at 30 Hz..

‚ Sensor error: uniform distribution (eV : ˘0.2m{s; eγ , eψ, eφ : ˘2˝)

‚ Feedback: interpolation of costates in u˚px , λq.
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Optimal Control of UA VsClosed-loop control with saturation‚ Controller: zero-order hold feedback at 30 Hz..‚ Sensor error: uniform distribution ( eV :˘0.2m{s; eγ, eψ, eφ :˘2˝)‚ Feedback: interpolation of costates in u˚px, λq.Control input0 2 4 6 800.511.52Time, sδ T0 2 4 6 800.511.522.53Time, sn z0 2 4 6 8−1.5−1−0.500.511.5Time, su φ, d eg/s Trajectory0 2 4 6 814151617181920Time, sV, m/s0 2 4 6 8−50510152025Time, sγ , o0 2 4 6 8020406080100Time, sψ , o0 2 4 6 8020406080Time, sφ, o



Conclusions

Outline

‚ Data-driven approach in model-based design

‚ Causality-free algorithms for data generation

‚ NN training and validation

‚ Algorithms (characteristic methods, minimization-based methods, direct
methods, stochastic process)

‚ Sparse grid and error analysis

‚ Examples

THANK YOU

ConclusionsOutline‚ Data-driven approach in model-based design‚ Causality-free algorithms for data generation‚ NN training and validation‚ Algorithms (characteristic methods, minimization-based methods, directmethods, stochastic process)‚ Sparse grid and error analysis‚ ExamplesTHANK YOU
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