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The problem
We are interested in developing computational methods for
—¢r + H(t,x, V¢, V29) = f (x, p(x, 1), [ K(x,y)p(y, t)dy)

pr = 22 O (pV p H) + 325 O (0O H) = 0
p(x,0) = po(x), #(x,1) =g (X,,O(X, 1)’fQ S(x,y)ply, 1)d)/) )

» The source term, and the boundary condition of HJB model
the interactions between agents.

» The nonlocal interaction terms

[ Kberoty.tidr. [ Steloty: vy
Q Q

make the problem challenging from computational
perspective. Indeed, non-singular K, S yield dense systems on
a discrete level.
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Existing numerical methods

There are number of general-purpose numerical methods that
handle the system above.

» Newton's method [ACD10, Ach13, ACCD13]
Semi-Lagrangian methods [CS12, CS14, CS15]

ADMM (Brenier-Benamou) [BC15, BCS17] for potential MFG
PDHG [BnAKS18, BnAKK™19] for potential MFG

HJB in density-space [CLOY19] for potential MFG

» Monotone flows [AFG17]

However, these methods yield dense systems on the discrete level
when the interactions are nonlocal. Thus, the algorithms become
computationally expensive and not amenable to parallelization
techniques.
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Goal

We aim at developing computational framework that
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The

yields sparse systems by encoding interactions in a small
number of coefficients

yields computational cost that is on par with algorithms for
local couplings

suits well the Lagrangian framework

is compatible with existing convex optimization techniques
and numerical methods when interactions are of mixed type

extends to the non-potential setting
provides modeling framework for nonlocal problems
references for our method are [Nurl8, NS18, LJLT20].
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The method of coefficients

For concreteness, consider

—¢¢ + H(x, Vo) = [o K( y, t)dy
pt =V - (pVpH(x, V¢)) =

p(X, 0) = pO(X)7 ¢(X7 1) = g(X)

Suppose that K(x,y) = >_7_; kifi(x)fi(y), where
{f;}_, C C?(Q) is some family of functions. Denote by
K = (kij)[ j—1- We can assume that K is invertible.

Theorem
[NS18, Theorem 3.1] If K is monotone, then the problem is
equivalent to finding a zero of a monotone operator

ar K1la— 5% Jo ®a(x,0)po(x)dx.
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Dualize nonlocal variables in a Fourier space

» In the potential case, K = K, our formulation is

1
.gf/o F (a(~,t))dt—/Qqﬁ(x,O)pg(x)dx

st. —ér+ H(x, Vo) =a, ¢(x,1) = g(x),

from [LLO7], where F(p) = 3 [, K(x, y)p(x)p(y)dxdy.
» Indeed, if a(x,t) = Z ai(t)fi(x) then
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Non-potential case

When K(x,y) is non-symmetric we need to solve the monotone
inclusion

0e Ta— aa/ﬂgéa(x,O)po(X)dx

where Ta = K~!a. We apply splitting methods that are extensions
of PDHG [Vul3].
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Monotone splitting

Consider the following pair of dual monotone inclusions

find s s.t. 0 € Ms+ C*(N(Cs)) (P)
find g s.t. g € N(Cs), — C*q € Ms, for somes (D)

where M, N are maximal monotone, and C # 0 is linear. When
M = 9f, N = Og we obtain

inf f(s) + g(Cs) = ir;fslép f(s)+(Cs,q) —g7(a),
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Monotone splitting

One can solve

0e Ms+ C*(N(Gs)) (P)
g€ N(GCs), —C*qe Ms (D)
via
s = J m(s" — 7sC*q")
§n+1 — 2Sn+1 _gn

¢ = Lya(q” + 7gCE™Y),

where J,F = (I + 7'F)_1 is the resolvent operator, and 75,7 > 0
are such that 7,74/ C||2 < 1.

When M = 0f, N = Og this algorithm reduces to the standard
PDHG of Chambolle-Pock [CP11, CP16].
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Monotone splitting for MFG

We have that

/%(X 0)po(x dx—lnf/ /< ( ) Za,-(t)f,-(x)) pdxdt

+ [ g(nx.1)x
Q
st.pe+V-m=0, p(x,0)= po(x)
Therefore, 0 € Ta — 9, [ ¢a(x,0)po(x)dx can be written as

0€ Tz—0,v, v(z)= Ainf u(q) + (A2q, z)
19=r

where Az, Ay are linear operators, and u is a convex function. So
z~a,and g ~ (p, m).
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Monotone splitting

Lemma
We have that (z,q) is a solution of

0€ Tz—0,v, v(z)= Ainf u(q) + (A2q, z)
19=r

iff (z, A, q) is a solution of

0€ M(z,\)+ C*(N(C(z,)))) (P)
g€ N(C(z,)), —C*qe M(z,\) (D)

where M(z,\) = (Tz,r), C(z,\) = —A5z — Aj\, N(q) = 0u*(q).
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Monotone splitting

Applying the previous algorithm, we can solve

0€ Tz—0,v, v(z)= Ainf u(q) + (A2q, z)
19=r

via
2™ = (1 +7T)7 1 (2" + 7A2q")

A€ arg m)jn —(A1q" —r,\) + PP

2T
g1 € argmin u(q) + (Aaq, 271 + (Arq — r, K0t 4 19T

where
1

TO~N .
1AL + [| A2 |2
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Preconditioned monotone splitting

The preconditioned version of the previous algorithm is

2" = (1 +7T) 1 (2" + TAxq")
k) _ A*\n|2
AL € arg m}in —(A1q" — r,\) + w
~ _ N2
gt € argminu(q) + (Aag, 27) + (Arg — r, A7)+ LT

where
1

TO ~ —————.
1+ Az
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Mixed couplings

» Assume that we want to solve
—¢ + H(x, Vo) = f(p(x, 1)) + [o K(x,y)p(y, t)dy
pt —V - (pVpH(x, V) =0
IO(X> 0) = PO(X)> ¢(X7 1) = g(X)a
where f is some monotone function.

» Then, we introduce parameters {a;(t)} to handle the nonlocal
case, and «(x, t) for the local part

{—d)t + H(x, V) = ax, t) + 3r_1 ai(t)fi(x)
é(x,1) = g(x),
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Mixed couplings
» Again, we denote by ¢, , the solution of

{m + H(x, Vo) = a(x, t) + 0y ai(t)fi(x)
¢(x,1) = g(x),

and by pa, s the solution of

{pt — V- (pVpH(x, Véa,2) = 0
p(X, 0) = po(X),

» The derivative formulas for J, , = fQ ba,a(x,0)po(x)dx in this
case become

Ond = sy Do) = / £(x)pann(x, -)dx
Q
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Mixed couplings

» Then MFG can be written as

a=Ko,J N K1la—-0,J=0
a = f(9,J) (F*)(a) — 0od =0,

where F* is the convex dual of F'(p) = f(p). Therefore, we
again obtain monotone inclusions and can apply primal-dual
algorithms.

» This means that we can handle convex point-wise constraints
on p mixed with nonlocal couplings.

» For instance, 0 < p <1 corresponds to
F(p) = lo<p<1, F*(a) = max{a,0}.

Proximal update steps for @ are explicit in this case.
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Mixed couplings

Assume that

f(x,p)
=f(x, p(x)) + fa(x, p(x)) + - - + fim(x, p(x))

+ / Ka(x,y)o(y)dy + / Ka(x,y)oly)dy + - + / Ka(x, ¥)p(y)dy

Then we split the input of all couplings by introducing dual
variables

ol (x,t) for fi(x,p(x,t)), 1<i<m

a'(t) for /K,-(x,y)p(y, t)dt, 1<i<n

Indeed, the proximal/resolvent updates for dual variables are
decoupled. Moreover, basis functions for K;j-s can be taken distinct.
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Thank you for your attention!
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