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Fundamental problem

Find and understand roots of a
polynomial

zn + a1z
n−1 + · · · + an−1z + an



Algebraic Functions
18th/19th century perspective

View

(a1, . . . , an) 7→ {z | zn + a1z
n−1 + · · ·+ an = 0}

as a (multi-valued) function in the ai s.

Un : Cn // Symn C := Cn/Sn

(a1, . . . , an) 7→ {z ∈ C | zn + a1z
n−1 + · · ·+ an = 0}.
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Algebraic Functions
18th/19th century perspective

View

(a1, . . . , an) 7→ {z | zn + a1z
n−1 + · · ·+ an = 0}

as a (multi-valued) function in the ai s.

Un : Cn // Symn C := Cn/Sn

(a1, . . . , an) 7→ {z ∈ C | zn + a1z
n−1 + · · ·+ an = 0}.

More generally: ai ∈ C(X ).



When nature hands you an algebraic function . . .

You want to do two things:

1. Construct the simplest formula you can.

2. Prove no simpler formula is possible.
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Algebraic formulas
Definitions

Definition
A formula for Φ in functions {Ψ1, . . . ,Ψr} is

a (finite) tower of
pullback squares

Er

��

// Z̃r

Ψr

��

Z̃r−1 Er−1
oo // Zr

Z2 E1
oo //

��

Z̃1

Ψ1

��

U // Z1

and a factoring of Er
// U ⊂ X through a dominant map

Er
// EΦ|U .
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Essential Dimension

Let Φ be an algebraic function with cover EΦ
Φ // X .

Definition
The essential dimension ed(Φ) is the least d for which there
exists a dense Zariski open U ⊂ X and a pullback square

E |U //

Φ|U
��

Z̃

��

U // Z

with dim(Z ) = d.



Essential Dimension

Let Φ be an algebraic function with cover EΦ
Φ // X .

Definition
The essential dimension ed(Φ) is the least d for which there
exists a dense Zariski open U ⊂ X and a pullback square

E |U //

Φ|U
��

Z̃

��

U // Z

with dim(Z ) = d.



Essential Dimension at a prime

Let Φ be an algebraic function with cover EΦ
Φ // X .

Definition
Let p be a prime. Define the essential dimension at p by

edp(Φ) := min
Ψ with p-deg(Ψ)

ed(Φ|EΨ
).



Resolvent Degree

Let Φ be an algebraic function with cover EΦ
// X .

Definition
The resolvent degree RD(Φ) is the least d for which there exists
a formula for Φ in algebraic functions {Ψ1, . . . ,Ψr} with
ed(Ψi ) ≤ d for all i .



Natural v. accessory irrationalities

Definition
Given an algebraic function Φ, then an alg. function Ψ is

1. a natural irrationality for Φ if EΦ
// X factors as

EΦ
// EΨ

// X .

2. an accessory irrationality for Φ if

π1(EΨ) // π1(X ) // Mon(EΦ
// X )

is surjective.
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Example

Theorem (Kronecker, 1861)

There is no formula for the general quintic in algebraic functions of
1-variable which uses only natural irrationalities.

Theorem (Klein, 1884)

There is a formula for the general quintic in
√
− and the

icosahedral function I.

Klein’s formula has one natural
√
− and one accessory

√
−.

(Simplest 1-variable formula possible!)
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Efficacy of accessory irrationalities?

“We do not know anything general about the efficacy of
this accessory irrationality. Rather, we are dependent on
tentative experiments in individual cases.”

(Felix Klein, 1905)



Accessory Irrationalities

Proposition

Let Φ be an algebraic function with simple monodromy group G.
Then any formula for Φ in functions {Ψ1, . . . ,Ψr} can be replaced
with a formula in functions {Ψ1, . . . ,Ψs−1,Ψ

′
s} for s ≤ r such that

1. ed(Ψ′s) = ed(Ψs),

2. Ψi is an accessory irrationality for i < s, and

3. Ψ′s has monodromy G.
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Accessory Irrationalities

Corollary

Let Φ be an algebraic function. Then

RD(Φ) ≥ min
acc. irrat. Ψ

ed(Φ|EΨ
).



Many constructions of formulas



Where to find obstructions?



1895: Poincaré’s Answer: Topology!



Poincaré gave three intended applications:

Extending Klein’s classification of finite Möbius groups to higher
dimensions.



Poincaré gave three intended applications:

Differential equations and celestial mechanics (dynamical systems)
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Topology of algebraic functions
19th Century Examples

1. bi (X ) - counts dimension of space
of i-dimensional periods

b1(X ) = dimC〈{(γ, ω) 7→
∫
γ
ω}〉

2. π1(X ) - encodes all possible
monodromy of (multi-valued)
functions on X

3. Hi (X ) - identifies Betti numbers
with a count of geometric “cycles”
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Problem (Hilbert’s 13th)

“Prove that the equation of the seventh degree
f 7 + xf 3 + yf 2 + zf + 1 = 0 is not solvable with the help of any
continuous functions of only two arguments.”
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determined by topology!



Hilbert’s 13th Problem

Problem (Hilbert’s 13th)

“Prove that the equation
of the seventh degree
f 7 +xf 3 +yf 2 +zf + 1 = 0
is not solvable with the
help of any continuous
functions of only two
arguments.”

Natural formulation: not solvable
using algebraic functions of 2
variables.

Why “continuous”?

Hilbert: give topological obstruction!



Hilbert’s 13th Problem

“At the present time, there appear very many topological
papers, but when it comes to fundamental problems, we
have hardly gone beyond Poincaré, or strictly speaking,
Riemann, this in spite of the fact that such progress would
be of great significance, for among other things, the theory
of algebraic functions of two variables.”

(Max Dehn, 1928)
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Topology of Algebraic Functions
Applications

Theorem (Abel (top’l proof by Arnold))

There is no formula for the general degree n ≥ 5 equation in
radicals.

Theorem (Buhler-Reichstein (top’l proof by Burda))

There is no formula for the general degree n equation in functions
of fewer than 2bn4c-variables using only natural irrationalities.

Same holds if we allow arbitrary irrationalities of odd degree.

Theorem (Khovanskii)

There is no formula for the general quintic in 1-variable functions
which does not use division.
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1. Arbitrary accessory irrationalities (Buhler-Reichstein/Burda)

2. Birationality of the problem (Khovanskii)
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We need more tools!



Hints from Arnold

“There’s perhaps some kind of a mixed Hodge structure
whose weight filtration provides the information.”

(Vladimir Arnold, 2006)



Hodge Theory and ed, RD

Recall that:

1. an abelian variety A is a complex torus Cn/Λ (satisfying a
positivity condition),

2. there is a moduli space of (principally polarized) abelian
varieties Ag := hg/Sp2g (Z), which

2.1 is a K (Sp2g (Z); 1),
2.2 is a complex orbifold,
2.3 is a quasi-projective algebraic variety, and
2.4 comes equipped with “congruence covers”

Ag ,n
//Ag

where Ag ,n is the moduli of pairs (A,B) with A ∈ Ag and B a
basis for H1(A;Z/nZ).
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Methods from Mark’s talk allow us to show

Theorem (Farb-Kisin-W)

There exists a family of representations An
// Sp2g (F2) such that

ed2(Ag ,2
//Ag ,2/An) ≥ 2bn

4
c =: e(n).

Let H(n) denote Hilbert’s conjecture for RD(n).

n 6 7 8 9

H(n) 2 3 4 4

e(n) 2 2 4 4
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Conjecture

For every 2-power cover h : E //Ag ,2/An,

ed(h∗Ag ,2
// E ) ≥ e(n).



Hopefully, more soon from this
conference!



Thank you!


