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POLYNOMIAL COVERS AND BRAID MONODROMY POLYNOMIAL COVERS

POLYNOMIAL COVERS

o Let X be a path-connected space. A simple Weierstrass
polynomial of degree non X isamap f: X x C — C given by

n
f(x,2) = 2"+ > ai(x)2",
i=1
with continuous coefficient maps a;: X — C, and with no multiple
roots for any x € X.
o LetE=E(f)={(x,2) e X xC| f(x,z) = 0}.
o The restriction of pry: X x C — X to E defines an n-fold cover
7 = 7. E — X, the polynomial covering map associated to f.

EC—M——— s X xC
x %
X
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POLYNOMIAL COVERS AND BRAID MONODROMY CONFIGURATION SPACES

CONFIGURATION SPACES
o Let Confy(C) = {ze C" | z; # z for i # j} and
UConf,(C) = Conf,(C)/Sp.

o Since f: X x C — C has no multiple roots, the coefficient map
a=(ay,...,an): X — C" takes values in

Cn\An = Uconfn(c)
o Over UConf,(C), there is a canonical n-fold polynomial covering
map, m,: E(f;) — UConf,(C), determined by the W-polynomial
n .
folx,2) = 2" + 2’_:1 xiz" .

o We get a pullback diagram of covers,
E(f) — E(fn)
|k

X—2-pB"
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POLYNOMIAL COVERS AND BRAID MONODROMY CONFIGURATION SPACES

BRAID GROUPS
o Let B, be the Artin braid group on n strands. Then
B, = m1(UConf,(C)).
o We let ¢,: B, — Aut(F,) be the Artin representation.

o The coefficient homomorphism, o = a,: m1(X) — Bp, is
well-defined up to conjugacy.

o Polynomial covers are those covers 7: E — X for which the
characteristic homomorphism y: 71(X) — S, factors through the
canonical surjection 7,: B, — Sp,

B
7
(0%
v g iT”
s

m(X) == S,
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POLYNOMIAL COVERS AND BRAID MONODROMY CONFIGURATION SPACES

THE ROOT MAP

o Now assume that the W-polynomial f completely factors as

f(x,z) = H;(Z — bi(x)),

with continuous roots b;: X — C.

o Since f is simple, the root map b = (by,...,bp): X — C" takes

values in Conf,(C).

o Over Confp(C), there is a canonical n-fold cover,
To,  E(Qn) — Confy(C), where

Qr(w,z2)=(z—wq) - (Z— wp).
o We get a pullback diagram of covers,
E(f) —— E(Qx)
Wf\L J(Tron

X —L~ Confp(C)
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POLYNOMIAL COVERS AND BRAID MONODROMY BRAID BUNDLES

BRAID BUNDLES

o Let P, = ker(mp: By — Sp) be the pure braid group. Then
Pn = T (Confn((c))

o The map 8 = b,: m(X) — Ppis well-defined up to conjugacy.

o The polynomial covers which are trivial covers are precisely those
for which oo = v 0 8, where v,: Pn — By is the inclusion map.

THEOREM (D. COHEN, A.S. 1997)
Letf: X x C — C be a simple W-polynomial. Let Y = X x C\E(f) and
letp: Y — X be the restriction ofpry: X xC — X to'Y.

o Themapp: Y — X is a locally trivial bundle, with structure group
B, and fiber C, = C\{n points}. Upon identifying 1(Cp) with Fp,
the monodromy of this bundle is 1 o a: w1 (X) — Aut(Fp).

o If f completely factors into linear factors, the structure group
reduces to P,, and the monodromy factors as 1p o vp 0 5.

IPAM, FEBRUARY 21, 2019 6 /25
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POLYNOMIAL COVERS AND BRAID MONODROMY BRAID MONODROMY OF PLANE ALGEBRAIC CURVES

BRAID MONODROMY OF PLANE ALGEBRAIC CURVES

o Let C be a reduced algebraic curve in C?, defined by a polynomial
f = f(z, zo) of degree n.

o Let 7: C? — C be a linear projection, and let ) = {y4,..., ys} be
the set of points in C for which the fibers of = contain singular
points of C, or are tangent to C.

o WLOG, we may assume that = = pry is generic with respect to C.
That is, for each k, the line £x = 7~ (yx) contains at most one
singular point v, of C and does not belong to the tangent cone of C
at v, and, moreover, all tangencies are simple.

o lLetl = Uﬁk-
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POLYNOMIAL COVERS AND BRAID MONODROMY BRAID MONODROMY OF PLANE ALGEBRAIC CURVES

o In the chosen coordinates, the defining polynomial f of C may be
written as f(x,z) = z" + 37 ai(x)z"".

o Since C is reduced, for each x ¢ Y, the equation f(x,z) = 0 has n
distinct roots. Thus, f is a simple W-polynomial over C\Y, and

m=7rC\CnL—>C\Y
is the associated polynomial n-fold cover.
o Note that Y (f) = ((C\Y) x C)\(C\C n L) = C?\C U L.
o Thus, the restriction of pry to Y(f),
p: C3\CuL—C\,

is a bundle map, with structure group B, fiber C,, and
monodromy homomorphism a = a,: m1(C\Y) — By.
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POLYNOMIAL COVERS AND BRAID MONODROMY BRAID MONODROMY OF PLANE ALGEBRAIC CURVES

BRAID MONODROMY PRESENTATION
o The homotopy exact sequence of fibration p: C2\C U £ — C\V:

1 —=m1(Cp) —m(C?\C U L) Py m(C\Y) —1.
o This sequence is split exact, with action given by the braid
monodromy homomorphism «: w1 (C\Y) — Aut(m1(Cp)).

o Order the points of ) by decreasing real part, and pick the
basepoint yp in C\Y with Re(yp) > max{Re(yx)}.

o Choose loops & : [0,1] — C\Y based at y;, and going around .

o Setting xx = [&k], identify 71 (C\Y, yo) with Fs = {(Xy,..., Xs).
Similarly, identify 71 (Cp, jo) with Fp = (t1,..., tn).

o Then m{(C?3\C U L, o) = Fp x4 Fs.

ALEX SUCIU (NORTHEASTERN) BRAIDS AND HYPERPLANE ARRANGEMENTS ~ IPAM, FEBRUARY 21, 2019 10/ 25



POLYNOMIAL COVERS AND BRAID MONODROMY BRAID MONODROMY OF PLANE ALGEBRAIC CURVES
o The corresponding presentation is

T(CACUL) =ty bny X1 Xs | X X = a(xk) (6).

o The group 71(C?\C) is the quotient of 74 (C?\C U £) by the normal
closure of Fs = (xq,...,Xs). Thus,

1 (CA\C) =ty b | b = a(xi) (8)).

o This presentation can be simplified by Tietze-1l moves to eliminate
redundant relations. This yields the braid monodromy presentation

7T1(C2\C) = <t1,...,tn | tf = Oé(Xk)(t,‘),i :j‘l)"'ajmkf‘l;k = 17~":S>'
where my is the multiplicity of the singular point yy.

o (Libgober 1986) The 2-complex modeled on this presentation is
homotopy equivalent to C?\C.
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HYPERPLANE ARRANGEMENTS COMPLEMENT AND INTERSECTION LATTICE

HYPERPLANE ARRANGEMENTS

o An arrangement of hyperplanes is a finite collection A of
codimension 1 linear (or affine) subspaces in C*.

o Intersection lattice L(.A): poset of all intersections of A, ordered by
reverse inclusion, and ranked by codimension.

L

7P P2\

o Complement. M(A) = C*\ |y 4 H. Itis a smooth, quasi-
projective variety and also a Stein manifold. It has the homotopy
type of a finite, connected, ¢-dimensional CW-complex.
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HYPERPLANE ARRANGEMENTS FUNDAMENTAL GROUP

FUNDAMENTAL GROUP

EXAMPLE (THE BOOLEAN ARRANGEMENT)
o Bp: all coordinate hyperplanes z; = 0 in C".
o L(B,): Boolean lattice of subsets of {0, 1}".
o M(Bp): complex algebraic torus (C*)" ~ K(Z",1).

EXAMPLE (THE BRAID ARRANGEMENT)
o Ap: all diagonal hyperplanes z; — z; = 0 in C".

o L(Ap): lattice of partitions of [n] := {1,..., n}, ordered by
refinement.

o M(Ap) = Confp(C) ~ K(Pp,1).

o For an arbitrary (central) arrangement A, let A’ = {H n C?} 4.4 be
a generic planar slice. Then the arrangement group,
7 = m1(M(A)), is isomorphic to w1 (M(A")).
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HYPERPLANE ARRANGEMENTS FUNDAMENTAL GROUP

o So let A be an arrangement of n affine lines in C2.

o Taking a generic projection C? — C yields the braid monodromy
a = (aq,...,as), where s = #{multiple points}; the braids o, € P,
can be read off the associated braided wiring diagram,

o The group 7 = 7 (M(A)) has a presentation with meridional
generators X, ..., X, and commutator relators x,-aj(x,-)—‘.

o Let 7/yx() be the (k — 1) nilpotent quotient of 7. Then:
o T, = /72 equals Z".
o m/v3 is determined by L(A).
o 7/v4 (and thus, ) is not determined by L(.A). (Rybnikov).
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HYPERPLANE ARRANGEMENTS COHOMOLOGY RING

COHOMOLOGY RING

o The Betti numbers of the complement are given by

£ ran
Dm0 DaMEANET = D)y (=M,
with zi: L(A) — Z given by p(C*) = 1 and u(X) = — X yox u(Y).
o Let E = A\(A) be the Z-exterior algebra on degree-1 classes ey

dual to the meridians around the hyperplanes H € A.

o Let9: E* — E*~' be the differential given by d(ey) = 1, and set
es = | [yep €H for each B c A.

o Building on work of Arnold & Brieskorn, Orlik and Solomon
described the cohomology ring of M(.A) solely in terms of L(.A):

H*(M(A),Z) = E/{deg |codim ("), H < |B] ).

o The space M(A) is Q-formal but not F,-formal in general.
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COHOMOLOGY JUMP LOCI RESONANCE VARIETIES

RESONANCE VARIETIES

o Let X be a connected, finite cell complex,
o Let A= H*(X,k), where chark # 2. Then: ac A' = & = 0.

o We thus get a cochain complex

(A-a): A2~ A1 8. A2
o The resonance varieties of X are the jump loci for the cohomology
of this complex

RIX,k) = {aec A" | dim, HI(A,-a) > s}

o Eg., RI(X,k) ={aec Al |Ibe A", b # \a, ab = 0}.

o These loci are homogeneous subvarieties of A' = H' (X,k). In
general, they can be arbitrarily complicated.
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COHOMOLOGY JUMP LOCI RESONANCE VARIETIES OF ARRANGEMENTS

RESONANCE VARIETIES OF ARRANGEMENTS

Work of Arapura, Falk, D.Cohen, A.S., Libgober, and Yuzvinsky,
completely describes the varieties Rs(A) = RL(M(A),C).

o R4(A) is a union of linear subspaces in H'(M(A),C) = CHI,

o Each subspace has dimension at least 2, and each pair of
subspaces meets transversely at 0.

o Rs(A) is the union of those linear subspaces that have dimension
at least s + 1.

o Each k-multinet on a sub-arrangement 5 < A gives rise to a

component of R+ (.A) of dimension k — 1. Moreover, all
components of R{(.A) arise in this way.
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COHOMOLOGY JUMP LOCI

RESONANCE VARIETIES OF ARRANGEMENTS

EXAMPLE (BRAID ARRANGEMENT Ay)

R1(A) < C® has 4 local components (from the triple points), and one

AY

essential component, from the above (3, 2)-net:

Liog = {Xy + Xo + X4 = X3 = X5 = Xg = 0},

Lizgs = {x1 + X3 + X5 = X2 = X4 = Xg = 0},

Lozs = {Xo + X3 + Xg = X1 = X4 = x5 = 0},

Lsse = {Xa + X5 + Xg = Xy = Xp = X3 = 0},

L={xi +X+X3=X1 —Xg = Xo — X5 = X3 — X4 = 0}.
ALEX SUCIU (NORTHEASTERN) BRAIDS AND HYPERPLANE ARRANGEMENTS  IPAM, FEBRUARY 21, 2019

18 / 25



COHOMOLOGY JUMP LOCI CHARACTERISTIC VARIETIES

CHARACTERISTIC VARIETIES

o Let X be a connected, finite cell complex, let 7 = 71 (X, Xp), and let
Hom(7, C*) be the character variety of X (the affine algebraic
group of C-valued, multiplicative characters on ).

o The characteristic varieties of X are the jump loci for homology
with coefficients in rank-1 local systems on X:

VI(X) = {p e Hom(r,C*) | dim Hy(X,C,) > s}.

o These loci are Zariski closed subsets of the character variety. In
general, they can be arbitrarily complicated.

o The sets V!(X) depend only on 7 /7".
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COHOMOLOGY JUMP LOCI CHARACTERISTIC VARIETIES OF ARRANGEMENTS

CHARACTERISTIC VARIETIES OF ARRANGEMENTS

o Let A be an arrangement of n hyperplanes, and let
Hom(mi (M(A)),C*) = (C*)" be the character torus.

o The characteristic variety Vi (A) := V] (M(A)) lies in the subtorus
{te (C*)"| t ---t, = 1};itis a finite union of torsion-translates of
algebraic subtori of (C*)".

o If alinear subspace L — C" is a component of R1(A), then the
algebraic torus T = exp(L) is a component of V;(A).

o All components of V;(.A) passing through the origin 1 € (C*)”
arise in this way (and thus, are combinatorially determined).

o In general, though, there are translated subtori in V;(A).
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MILNOR FIBRATION MILNOR FIBER AND MONODROMY

MILNOR FIBRATION

\_/A
G
F
o Let A be a central arrangement in C*. For each H € A let ay be a

linear form with ker(ay) = H, and let Q = [ [y 4 an-

o Q: C’ - C restricts to a smooth fibration, Q: M(A) — C*. The
Milnor fiber of the arrangement is F(A) := Q'(1).

o Fis a Stein manifold. It has the homotopy type of a finite
CW-complex of dimension ¢ — 1.

o In general, F is not Q-formal, and H.(F,Z) may have torsion.

o Fis the regular, Z,-cover of U = P(M(A)), classified by the
morphism 74 (U) — Z, taking each loop xy to 1 (where n = | A|).
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MILNOR FIBRATION MODULAR INEQUALITIES

MODULAR INEQUALITIES

Qo

Q

The monodromy diffeo, h: F — F, is given by h(z) = €*™/"z.
Let A(t) be the characteristic polynomial of h,.: H;(F,C)". Since
h" = id, we have

A(t) =T [,

rin
where ®,(t) is the r-th cyclotomic polynomial, and e,(.A) € Z~.

To compute h,, we may assume ¢ = 3, so that A = P(A) is an
arrangement of lines in CP?.

If there is no point of A of multiplicity g > 3 such that r | g, then
er(A) = 0 (Libgober 2002).

In particular, if A has only points of multiplicity 2 and 3, then
A(t) = (t—1)"1(#? + t + 1)%. If multiplicity 4 appears, then we
also get factor of (¢ + 1)% - (12 + 1),
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MILNOR FIBRATION MODULAR INEQUALITIES

o LetA=H*(M(A),k),andletoc = Y, en e A"
o Assume k has characteristic p > 0, and define
Bp(A) = dimy H'(A, -0).
That is, Bp(A) = max{s | o € RL(A k)}.

THEOREM (COHEN-ORLIK 2000, PAPADIMA-S. 2010)
epn(A) < Bp(A), forallm > 1.

THEOREM (PAPADIMA-S. 2017)

o Suppose A admits a k-net. Then ,(A) =0 ifp{ k and
Bp(A) = k — 2, otherwise.

o If A admits a reduced k-multinet, then ey (A) > k — 2.
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MILNOR FIBRATION COMBINATORICS AND MONODROMY

COMBINATORICS AND MONODROMY

THEOREM (PS)

Suppose A has no points of multiplicity 3r with r > 1. Then A admits a

reduced 3-multinet iff A admits a 3-net iff 53(A) # 0. Moreover,
o f3(A) <2
o e3(A) = p3(A), and thus e;(A) is combinatorially determined.

COROLLARY

Suppose all flats X € Lo(A) have multiplicity 2 or 3. Then A(t), and
thus bi(F(.A)), are combinatorially determined.

THEOREM (PS)

Suppose A supports a 4-net and (. A) < 2. Then
62(A) = e4(A) = f2(A) =2.
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MILNOR FIBRATION COMBINATORICS AND MONODROMY

CONJECTURE (PS)

The characteristic polynomial of the degree 1 algebraic monodromy for
the Milnor fibration of an arrangement A of rank at least 3 is given by
the combinatorial formula

Aa(t) = (t= DM+ 1) + 1) (2 + £+ 1)5A),

o The conjecture has been verified for
o All sub-arrangements of non-exceptional Coxeter arrangements
(M&cinic, Papadima).
o All complex reflection arrangements (Macinic, Papadima, Popescu,
Dimca, Sticlaru).
o Certain types of complexified real arrangements (Yoshinaga, Bailet,
Torielli, Settepanella).

o A counterexample has been announced by Yoshinaga (2019):
there is an arrangement of 16 planes in C2 with e, = 0 but 3> = 1.
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