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Lecture 4: How far can we go with noPDEs–noSMPs ?
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Agenda

1 Infinite-dimensional sPDE approach

2 Master System

3 Variance, Covariance, Mean-Variance, Mean-Covariance

4 Discrete Time Case

5 From Discrete Step to Continuous Time
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Part II: Bellman approach

Finding feedback strategies ui(t, s, ŝ, s̃,B0, s0, ŝ0, s̃0) that are
F

s,s̃,Bo
t −measurable
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Still want the infinite-dimensional sPIDE approach?

Stochastic Fokker-Plank-Kolmogorov :
m0(ds, s̃),

dm = {−[mD]s +
σ2+σ2

o
2 mss+J∗[m] + S̃∗[m]}dt − σomsdBo,

Stochastic Bellman system :
V̂i(T ,m, s̃) = 1

2 qi(T , s̃)
∫

y(y − m̄)2 m(dy) + 1
2 [qi(T , s̃) + q̄i(T , s̃)]m̄2,

−dV̂i +
{
V̂i,t(t,m, s̃) +

∫
s Hi(s,m, s̃, V̂i,m, V̂i,sm, V̂i,ssm)m(ds)

+σo
∫

msσo∂s[
∫

y m(dy)V̂i,sm]ds +
σ2

o
2

∫
s,y V̂i,mm(s, y)ms(ds)ms(dy)

}
dt

+[σo
∫

s m(ds)V̂i,sm]dBo = 0,
i ∈ {1, 2, . . .}

(1)
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Hi(s,m, s̃, V̂i,m, V̂i,sm, V̂i,ssm)
= infui

{
1
2 qi(s − ŝ)2 + 1

2 [qi + q̄i]ŝ2 + 1
2 ri(ui − ûi)2 + 1

2 (ri + r̄i)[ûi]2

+[a(s − ŝ) + (a + ā)ŝ +
∑n

i=1 bi(ui − ûi) +
∑n

i=1(bi + b̄i)ûi]V̂i,sm
}

+
σ2+σ2

o
2 V̂i,ssm+

∫
Θ

[V̂i,m(t, s + µ) − V̂i,m − µV̂i,sm]ν(dθ)
+

∑
k,s̃[V̂i,m(t, s + κ(k)) − V̂i,m − κV̂i,sm]qs̃k,

J[φ] :=
∫
Θ

[φ(s + µ) − φ(s) − µφs]ν(dθ),
S̃[φ] :=

∑
k,s̃[φ(s + κ(t, k), k) − φ(s, s̃) − κ(t, s̃)φs]qs̃k.

(2)

Master System: Vi(s,m) := ∂mV̂i(m), i ∈ {1, 2, . . .}
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No common noise case

V̂i,t(t,m) +
∫

s Hi(s,m, V̂i,m, V̂i,sm, V̂i,ssm)m(ds) = 0,

V̂i(T ,m) = 1
2 q(T)

∫
y(y − m̄)2 m(dy) + 1

2 [q(T) + q̄(T)]
[∫

y y m(dy)
]2
,

Hi(s,m, V̂i,m, V̂i,sm, V̂i,smm)
= infui

{
1
2 qi(s − s̄)2 + 1

2 [qi + q̄i]s̄2 + 1
2 ri(ui − ūi)2 + 1

2 (ri + r̄i)[ūi]2

+[a(s − s̄) + (a + ā)s̄ +
∑n

i=1 bi(ui − ūi) +
∑n

i=1(bi + b̄i)ūi]V̂i,sm
}

+σ2

2 V̂i,ssm +
∫
Θ

[V̂i,m(t−, s + µ) − V̂i,m − µV̂i,sm]ν(dθ).

(3)
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Part III: Pontryagin approach

Finding open-loop strategies ui(t,B0, s0, s̃0) that are F B0,s0,s̃0
t −measurable
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• pi = ∂smVi(m)[(t, s(t), s̃(t))]
• dpi = −α∗i dt + q∗i dB +

∫
r∗i (t, θ)Ñ(t, dθ) +

∑
k,s̃ s∗i (t, k)M̃(t, k) + q∗i,odBo

• Dynamics of s(t) and E[s(t)|F s0,Bo
t ]

• dŝ =
{
(a + ā)ŝ +

∑n
i=1(bi + b̄i)ûi

}
dt+σodBo.

• Best response strategy expressed in terms of E[pi|F
s0,Bo

t ]
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Variance, Covariance, Mean-Variance, Mean-Covariance
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Variance and Covariance

Problem : infui ELi

Li = 1
2 qiTs2(T) + 1

2 q̄iT s̄2(T) + εi3(T)s̄(T) + 1
2

∫ T
0

(
qis2 + q̄is̄2 + riu2

i + r̄iū2
i

)
dt

+
∫ T

0

(
εi1sui + ε̄i1s̄ūi + εi2ūi + εi3s̄

)
dt,

ds = [b0 + b1s + b̄1s̄ +
∑n

j=1 bj2uj +
∑n

j=1 b̄j2ūj]dt
+[σ0 + σ1s + σ̄1s̄ +

∑n
j=1 σj2uj +

∑n
j=1 σ̄j2ūj]dB

+
∫
Θ

[µ0 + µ1s + µ̄1s̄ +
∑n

j=1 µj2uj +
∑n

j=1 µ̄j2ūj]Ñ(dt, dθ),
s(0) y {B,N},

s̃(t) ∼ q̃s̃s̃′

(4)
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Equivalent problem

Problem : infui EL̂i

L̂i = 1
2 qiTvar(s(T)) + 1

2 (qiT + q̄iT )s̄2(T) + εi3(T)s̄(T)

+ 1
2

∫ T
0

(
qivar(s) + (qi + q̄i)s̄2 + rivar(ui) + (ri + r̄i)ū2

i

)
dt

+
∫ T

0

(
εi1cov(s, ui) + (εi1 + ε̄i1)s̄ūi + εi2ūi + εi3s̄

)
dt,

ds = [b0 + b1(s − s̄) + (b1 + b̄1)s̄ +
∑n

j=1 bj2(uj − ūj) +
∑n

j=1(bj2 + b̄j2)ūj]dt
+[σ0 + σ1(s − s̄) + (σ1 + σ̄1)s̄ +

∑n
j=1 σj2(uj − ūj) +

∑n
j=1(σj2 + σ̄j2)ūj]dB

+
∫
Θ

[µ0 + µ1(s − s̄) + (µ1 + µ̄1)s̄ +
∑n

j=1 µj2(uj − ūj) +
∑n

j=1(µj2 + µ̄j2)ūj)]Ñ(dt, dθ),
s(0) y {B,N},

s̃(t) ∼ q̃s̃s̃′ .
(5)
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Result
Mean-Field Equilibria

infui∈Ui E[Li]
= E{12αi(0, s̃0)(s(0) − ŝ(0))2 + 1

2βi(0, s̃0)[ŝ(0)]2 + γi(0, s̃0)ŝ(0) + δi(0, s̃0)}
u∗i = −

τ̃i
ci

(s − s̄) − λ̄i2 s̄
c̄i
−

λ̄i3
c̄i
,

(6)
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Coefficients of the solution: α

α̇i = −2αib1 − αi
(
σ2

1 +
∫
Θ
µ2

1ν(dθ)
)
− qi −

∑
s̃′∈S̃[αi(., s̃′) − αi(., s̃)]q̃s̃s̃′

−αi

(∑
j,i σj2

τ̃j
cj

)2

−
∫
Θ
αi

(∑n
j,i µj2

τ̃j
cj

)2

ν(dθ)

+2αi
∑

j,i

(
σ1σj2 +

∫
Θ
µ1µj2ν(dθ)

)
τ̃j
cj

+ 2αi
∑

j,i bj2
τ̃j
cj

+
τ̃2

i
ci
,

αi(T , s̃) = qi(T , s̃),

(7)
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Coefficients of the solution: β

β̇i = −2βi(b1 + b̄1) − αi
(
(σ1 + σ̄1)2 +

∫
Θ

(µ1 + µ̄1)2ν(dθ)
)

−(qi + q̄i) −
∑

s̃′∈S̃[βi(., s̃′) − βi(., s̃)]q̃s̃s̃′

−αi

(∑
j,i(σj2 + σ̄j2) λ̄j2

c̄j

)2

− αi
∫
Θ

(∑
j,i(µj2 + µ̄j2) λ̄j2

c̄j

)2

ν(dθ) +
λ̄2

i2
c̄i

+2
∑

j,i αi

(
(σ1 + σ̄1)(σj2 + σ̄j2) +

∫
Θ

(µ1 + µ̄1)(µj2 + µ̄j2)ν(dθ)
)
λ̄j2
c̄j

+2
∑

j,i βi(bj2 + b̄j2) λ̄j2
c̄j
,

βi(T , s̃) = qi(T , s̃) + q̄i(T , s̃),

(8)
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Coefficients of the solution: γ

γ̇i = −βib0 − γi(b1 + b̄1) − αi
(
σ0(σ1 + σ̄1) +

∫
Θ
µ0(µ1 + µ̄1)ν(dθ)

)
−εi3 −

∑
s̃′∈S̃[γi(., s̃′) − γi(., s̃)]q̃s̃s̃′

−αi

(∑
j,i(σj2 + σ̄j2) λ̄j2

c̄j

)(∑
j,i(σj2 + σ̄j2) λ̄j3

c̄j

)
−αi

∫
Θ

(∑
j,i(µj2 + µ̄j2) λ̄j2

c̄j

)(∑
j,i(µj2 + µ̄j2) λ̄j3

c̄j

)
ν(dθ)

+
∑

j,i

[
αi

(
σ0(σj2 + σ̄j2) +

∫
Θ
µ0(µj2 + µ̄j2)ν(dθ)

)
+ γi(bj2 + b̄j2)

]
λ̄j2
c̄j

+
∑

j,i

[
αi

(
(σ1 + σ̄1)(σj2 + σ̄j2) +

∫
Θ

(µ1 + µ̄1)(µj2 + µ̄j2)ν(dθ)
)]
λ̄j3
c̄j

+
∑

j,i βi(bj2 + b̄j2) λ̄j3
c̄j

+
λ̄i2λ̄i3

c̄i
,

γi(T , s̃) = εi3(T , s̃),

(9)
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Coefficients of the solution: δ

δ̇i = −γib0 −
αi
2

(
σ2

0 +
∫
Θ
µ2

0ν(dθ)
)
−

∑
s̃′∈S̃[δi(., s̃′) − δi(., s̃)]q̃s̃s̃′

−αi
1
2

(∑
j,i(σj2 + σ̄j2) λ̄j3

c̄j

)2

− αi
∫
Θ

1
2

(∑
j,i(µj2 + µ̄j2) λ̄j3

c̄j

)2

ν(dθ)

+
∑

j,i

[
αi

(
σ0(σj2 + σ̄j2) +

∫
Θ
µ0(µj2 + µ̄j2)ν(dθ)

)]
λ̄j3
c̄j

+
∑

j,i γi(bj2 + b̄j2) λ̄j3
c̄j

+
λ̄2

i3
2c̄i
,

δi(T , s̃) = 0,

(10)

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 18 / 36



Coefficients of the solution: τ, τ̄, c, c̄

Aτ̃ = v, Āτ̄ = v̄,
Aii = Āii = 1,
Aij =

αi
cj
{σi2σj2 +

∫
Θ
µi2 µj2ν(dθ)}, ∀j , i

vi =
[
εi1 + αi

{
bi2 + σ1σi2 +

∫
Θ
µ1µi2ν(dθ)

}]
,

Āij =
αi
c̄j

[
(σi2 + σ̄i2)(σj2 + σ̄j2) +

∫
Θ

(µi2 + µ̄i2)(µj2 + µ̄j2)ν(dθ)
]
, ∀j , i

v̄i = εi2 + αi

(
σ0(σi2 + σ̄i2) +

∫
Θ
µ0(µi2 + µ̄i2)ν(dθ)

)
+ γi(bi2 + b̄i2)

+

[
εi1 + ε̄i1 + αi

(
(σ1 + σ̄1)(σi2 + σ̄i2) +

∫
Θ

(µ1 + µ̄1)(µi2 + µ̄i2)ν(dθ)
)]

s̄

+βi(bi2 + b̄i2)s̄,
Āτ̄ = Ā

(
λ̄2s̄ + λ̄3

)
= v̄,

ci = ri + αiσ
2
i2 +

∫
Θ
αiµ

2
i2ν(dθ),

c̄i = (ri + r̄i) + αi

[
(σi2 + σ̄i2)2 +

∫
Θ

(µi2 + µ̄i2)2ν(dθ)
]
,

(11)
whenever the matrices A and Ā are invertible.Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 19 / 36



How to solve the discrete time game problem?

• No Bellman-Shapley operator,

• No Lagrange multipliers
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Direct Method in Discrete Time

Direct
Method

Guess
functional

Process
identi-
fication

Telescopic
formula

Terms
completion
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Procedure

Direct
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Telescopic
formula

Square
completion

Process
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Discrete Time
Game Problem
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Telescopic formula

Telescopic

fiK = fi0 +

K−1∑
k=0

[fi,k+1 − fik],
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Discrete time game problem

Problem : infui ELi

Li = qiKs2
K + q̄iK(E[sK])2 + εi3KE[sK]

+
∑K−1

k=0 qiks2
k + q̄ik(E[sk])2 + riku2

ik + r̄ik(E[uik])2

+
∑K−1

k=0 2εi1kskuik + 2ε̄i1k(E[sk])E[uik] + εi2kE[uik] + εi3kE[sk],
subject to
sk+1 =

(
b0k + b1ksk + b̄1kE[sk] +

∑n
j=1 bj2kujk +

∑n
j=1 b̄j2kE[ujk]

)
+

(
σ0k + σ1ksk + σ̄1kE[sk] +

∑n
j=1 σj2kujk +

∑n
j=1 σ̄j2kE[ujk]

)
wk+1,

s(0) = s0,

(12)
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Discrete time: solution

uik = −ηik(sk − Esk) − η̄ikEsk − η̂ik,

L∗i = αi0var(s0) + βi0(Es0)2 + γi0(Es0) + δi0,
(13)

Idea of the Proof
Telescopic formula:

fiK = fi0 +

K−1∑
k=0

[fi,k+1 − fik],

with the guess

fik = αik(sk − Esk)2 + βik(Esk)2 + γik(Esk) + δik
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Coefficients ηik, cik

ηik = − 1
cik
αi,k+1

∑
j,i bj2kηjk −

1
cik
αi,k+1σi2k

∑
j,i σj2kηjk

+ 1
cik
αi,k+1b1kbi2k + 1

cik
αi,k+1σ1kσi2k +

εi1k
cik
,

cik = rik + αi,k+1(b2
i2k + σ2

i2k),
(14)
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Coefficients η̄ik, c̄ik, η̂ik

η̄ik = − 1
c̄ik
αi,k+1(σi2k + σ̄i2k)

∑
j,i(σj2k + σ̄j2k)η̄jk

− 1
c̄ik
βi,k+1(bi2k + b̄i2k)

∑
j,i(bj2k + b̄j2k)η̄jk

+ 1
c̄ik
αi,k+1(σ1k + σ̄1k)(σi2k + σ̄i2k)

+ 1
c̄ik
βi,k+1(b1k + b̄1k)(bi2k + b̄i2k) + 1

c̄ik
(εi1k + ε̄i1k),

c̄ik = (rik + r̄ik) + αi,k+1(σi2k + σ̄i2k)2 + βi,k+1(bi2k + b̄i2k)2,

η̂ik = − 1
c̄ik
αi,k+1(σi2k + σ̄i2k)

∑
j,i(σj2k + σ̄j2k)η̂jk

− 1
c̄ik
βi,k+1(bi2k + b̄i2k)

∑
j,i(bj2k + b̄j2k)η̂jk

+ 1
c̄ik
αi,k+1σ0k(σi2k + σ̄i2k)

+ 1
c̄ik
βi,k+1b0k(bi2k + b̄i2k) + 1

2c̄ik
(γi,k+1(bi2k + b̄i2k) + εi2k),

(15)
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Coefficients αik, βik

αik = qik − η
2
ikcik

+αi,k+1[b1k −
∑

j,i bj2kηjk]2 + αi,k+1[σ1k −
∑

j,i σj2kηjk]2,

αiK = qiK ,

βik = (qik + q̄ik) − c̄ikη̄
2
ik

+βi,k+1[(b1k + b̄1k) −
∑

j,i(bj2k + b̄j2k)η̄jk]2

+αi,k+1[(σ1k + σ̄1k) −
∑

j,i(σj2k + σ̄j2k)η̄jk]2,

βiK = qiK + q̄iK ,

(16)
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Coefficients γik, δik

γik = γi,k+1(b1k + b̄1k) + εi3k − 2c̄ikη̄ikη̂ik

+2αi,k+1σ0k(σ1k + σ̄1k) + 2βi,k+1b0k(b1k + b̄1k)
+2αi,k+1[

∑
j,i(σj2k + σ̄j2k)η̄jk][

∑
j,i(σj2k + σ̄j2k)η̂jk]

+2βi,k+1[
∑

j,i(bj2k + b̄j2k)η̄jk][
∑

j,i(bj2k + b̄j2k)η̂jk]
−2αi,k+1(σ1k + σ̄1k)

∑
j,i(σj2k + σ̄j2k)η̂jk

−2βi,k+1
∑

j,i(b1k + b̄1k)(bj2k + b̄j2k)η̂jk

−2αi,k+1σ0k
∑

j,i(σj2k + σ̄j2k)η̄jk

−2βi,k+1
∑n
,i b0k(bj2k + b̄j2k)η̄jk

−γi,k+1
∑

j,i(bj2k + b̄j2k)η̄jk,

γiK = εi3K ,

δik = δi,k+1 − c̄ikη̂
2
ik + αi,k+1σ

2
0k + βi,k+1b2

0k + γi,k+1b0k

+αi,k+1{
∑

j,i(σj2k + σ̄j2k)η̂jk}
2 + βi,k+1[

∑
j,i(bj2k + b̄j2k)η̂jk]2

−2αi,k+1σ0k
∑

j,i(σj2k + σ̄j2k)η̂jk

−2βi,k+1
∑n
,i b0k(bj2k + b̄j2k)η̂jk − γi,k+1

∑
j,i(bj2k + b̄j2k)η̂jk,

δiK = 0.

(17)
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From Discrete Step to Continuous Time
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∆ > 0,
b̃0k = b0k∆, b̃1k = 1 + b1k∆,

b̃j2k = bj2k∆,
˜̄bj2k = b̄j2k∆,

σ̃ = σ
√

∆, ˜̄σ = σ̄
√

∆,

q̃ik = qik∆, ˜̄qik = q̄ik∆,

r̃ik = rik∆, ˜̄rik = r̄ik∆,

ε̃i2k = εi2k∆ , ε̃i3k = εi3k∆,

wk+1 = 1√
∆

(B(k+1)∆ − Bk∆), K = [ T
∆

].

(18)
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
b̃0k b̃j2k

∆
→ 0,

(bi2+b̄i2)(bj2+b̄j2)
∆

→ 0,
[b̃1k −

∑
j,i b̃j2kηjk]2 = 1 + ∆[2b1 − 2

∑
j,i bj2kηjk] + O(∆2),

wk+1 → dB(t),

(19)

as the step size ∆ goes to zero
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

ui = −ηi(x − Ex) − η̄iEx − η̂i,

ηi = − 1
ci
αiσi2

∑
j,i σj2ηj

+ 1
ci
αibi2 + 1

ci
αiσ1σi2 +

εi1
ci
,

η̄i = − 1
c̄i
αi(σi2 + σ̄i2)

∑
j,i(σj2 + σ̄j2)η̄j

+ 1
c̄i
αi(σ1 + σ̄1)(σi2 + σ̄i2)

+ 1
c̄i

(εi1 + ε̄i1),
η̂i = − 1

c̄i
αi(σi2 + σ̄i2)

∑
j,i(σj2 + σ̄j2)η̂j

+ 1
c̄i
αiσ0(σi2 + σ̄i2) + 1

2c̄i
(γi(bi2 + b̄i2) + εi2),

(20)

and the equilibrium cost of decision-maker i is

E[L̂i] = αi(0)(x0 − Ex0)2 + βi(0)(Ex0)2 + γi(0)(Ex0) + δi(0).
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The scaling αi,k+1−αik
∆

converges to the time-derivative of αi as ∆ goes to
zero.

αi,k+1 − αik

∆
→ α̇i.

We retrieve the continuous time solution !
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Direct method is key

Simple
formula

Explicit
solution

Easily
understood

Users
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THANK YOU
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