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Lecture 4: How far can we go with noPDEs—noSMPs ?
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Agenda

@ Infinite-dimensional sPDE approach

(@ Master System

@ Variance, Covariance, Mean-Variance, Mean-Covariance
(4 Discrete Time Case

(8) From Discrete Step to Continuous Time
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Part II: Bellman approach

Finding feedback strategies u;(z, s, 3, 5, Bo, so, 50, o) that are
F5Po _measurable

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 5/36



Still want the infinite-dimensional sPIDE approach?

Stochastic Fokker-Plank-Kolmogorov :

mo(ds, 5),

dm = (—[mD), + Z2Zemy - [m] + §*[ml}dt — o ymydB,,

Stochastic Bellman system :

Vi(T.m.3) = 3qi(T.5) [[(v = m)* m(dy) + 51qi(T.5) + Gi(T. 5)}m’, "

A

—dV; + {Vis(t.m.3) + [ Hi(s,m.5, V, s Visms VisomIm(ds)

+0, fm O v[f m(dy)vz smlds +22 ) f zmm(ss y)ms(ds)ms(dy)} dt
+o, [ m(ds)VigmldB, = 0,
ef{1,2,...}

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 6/36



H;(s,m,5, Vi,m, Vi,sm, \A/,v,ssm)

= inf,, {%Qi(s = + 3lqi + @il3* + 3riCu; — ) + 5 (i + )]

+lals =)+ (a-+ @5+ T, bilus = ) + T (b + b))iti1 Vi om
A5Vt [ Vi (e, + 1) = Vi = 1V g 17(d6)

+ Sk Vit s + k() = Vi = Vi gt (@)

J] = [yl + ) = §(s) — peps]v(de),
S[¢] = Zk¢§[¢(s + K(t’ k)’ k) - ¢(S, E) - K(t’ §)¢s]%k

Master System: V;(s,m) := 8,,Vi(m), i € {1,2,...}
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No common noise case

Viet.m) + [ Hi(s,m, Vi, Vi Vigsm)m(ds) = 0,
. ' 2
VT = $a(T) [ = 2 m(dy) + $1a(D) + a1 [y man|

Hi(s,m, Vs Vi Vi smm)

= inf, {3gi(s = 9% + 3lgi + G15 + TriCu; — @)% + (i + 7))
+la(s =5+ (@+a)s+ Y- bi(u; — ) + X7 (bi + Ei)ﬁi]vi,sm}
+ 5 Visam + Jo[Vim(t=s + 1) = Vi = Vi sm]V(d6).
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Part Ill: Pontryagin approach

Finding open-loop strategies u;(¢, By, so, 5o) that are ﬁBO’SO’SO—measurable
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Pi = O Vi(m)[(2, 5(2), 3(2))]

dpi = —adt + g;dB + [ r}(1,0)N(t,d6) + 35 578, M1, k) + g} ,dB,
Dynamics of s(¢) and E[s(1)|F,*%]

ds = {(a+a)s + LI, (bi + by)it;} dt+0,dB,.

Best response strategy expressed in terms of E[pilﬁ"—‘f“’B“]
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Variance, Covariance, Mean-Variance, Mean-Covariance
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Variance and Covariance

Problem : inf,, EL;

I _ T _ .
L; = %qiTsz(T) + %qiTsz(T) + en(T)s(T) + % fo (q,-s2 + g5 + r,-ul.2 + riu?)dt

+ fOT (ailsui + &)15U; + gl + 8,’3§)dl‘,

ds = [bg + b1s + 513 + Z]’.lzl bjpu; + Z;-l:l i?jzﬁj]dl‘

+loo + 018 + 15 + NIy opu; + XL, GpijldB

+ Joluo + puis + s + XL, oy + XL By IN(dr, do),
s(0) 1L {B, N},

3(0) ~ G5z
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Equivalent problem

Problem : inf,, EL;
Li = 3qirvar(s(T)) + 3(qir + @ir)s*(T) + e(T)3(T)

T - -
+% fo (q,-var(s) + (gi + q,-)s2 + rivar(u;) + (r; + r,')ul.z)dt

+ j(;T (Ei]COV(S, u;) + (€1 + €1)5i; + €pit; + 8i3§)dt,
ds = [bo + bi(s =) + (b1 + b1)5 + L, bp(uj — i) + Y7L, (bjp + bp)iy)dr
+og+oi(s—5)+ (o] +F1)s+ er.l:l O'jg(l/tj - ﬁj) + Z;l:l((]’jz + &jz)ﬁj]dB
+ Jolko + pi(s =) + (i + )5 + Xy iy — i) + 7 (uja + )ity IN(dr, e
s(0) 1L {B,N},
3(1) ~ G-
(5)

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 13/36



Mean-Field Equilibria

inf e, E[L;]
= E{30i(0,50)(5(0) = 3(0))* + 3:(0, 50) [5(0)]* + 7i(0,50)3(0) + 6(0, 30)}

s { O
ui_ Ci(s S) Ci @ ¥

(6)

v
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Coefficients of the solution: «

i = 2oy — (03 + o 13(@d0) = gi = Ty eslei(,5) — @il H]iss
—ai( 2 0pe ) f@,%( i 2 )v(d@)

2
+2a; Z];tz o10p+ jéﬂlﬂ/ZV(dg)) + 2a; Z];ﬁz /2 + L ,

a(T,3) = qi(T,3),
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Coefficients of the solution: 8

Bi = =2Bi(b1 + by) — ;i (o1 + 31)* + [ (ur + [1)*v(dB))
—(qi + i) — Xy es5lBiC, 3”2') = Bi(, G5y

2

_ A _ A 22
—ai( 2o + (sz)%.z) - a; f@ ( ik + wz)i—’f) v(do) + 22
+2 X a’i((o'l +01)(op +0p)+ f@(ﬂl + f)(up + ,L_ljz)V(d@))%2

— /_l
+2 i Bilbj + bjz)%f,
Bi(T,53) = qi(T,5) +qiT,3),
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Coefficients of the solution: y

Vi = —Bibo = yi(b1 + b1) — a; (00(0'1 +01) + Jo o +ﬂ1)V(d9))
—&i3 — 2weslVi(L8) = vi(, D5y

—Cli( (02 + 5']'2)%)( 2l + &12)%)
—a; [ ( Yieittp + ﬁﬂ)%)( Lk + /_‘ﬂ)%)v(‘m)

A
g

+ i [%’((T o(ojp +Tp) + fguo(ﬂjz + ﬂjZ)V(dH)) +yi(bjp + bp) |2

_ _ _ _ A
+ i [%‘((0'1 +o)op +0p)+ f@(ﬂl + ) (2 +Mj2)V(d9))]%j3
N T
+ Djzi Bilbjp + bjz)%f + MC—IM

Yi(T,3) = e3(T, 5),
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Coefficients of the solution: §

§i = =yibo = % (03 + Jo 13V(d0)) = X c516i(, ) = 6il., )]s
N2 2

—ai%( (0 + 0_']'2)%) —-a; f® %( 22 + ﬁjZ)%) v(db)

+ D [%‘((To(ﬁjz +3dp) + f@,uo(ﬂjz + ﬂjZ)V(dg))];z_f (10)

= A A2
+ 22 Yilbjp + bjz)%; + 30,
0i(T,3) =0,
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Coefficients of the solution: 7,7, ¢, ¢

A¥ =v, AT =7,
Ai=A; =1,
Ajj = C;_;{O'izo'jz + f@#iz Hppv(dO)}, Vj # i

Vi = [6’1 +a; {biZ +oop + f@,ul,uizv(de)}] ,

CMj#i

Aj = %;[(O'iz +ap)op +0p)+ fe(ﬂiz + fi2)(uj2 + fp)v(do)
Vi=é€p+ a/i(ff 0(Tia + i) + [ po(uiz + ﬂiz)V(dH)) +Yi(bia + bi2)

+

&l + &l + a’i((o'l + )00+ 0i) + Jolun + ) (ui + ﬂiz)V(dQ))]fV
+Bi(bir + b)s,

At =A(L5+13) =7,

Ci =1+ ozl-a'l.z2 + f® aiyl.zzv(dﬁ),

ci=(ri+r)+ a/,-[(O',g + 5’{2)2 + j(‘a(llﬂ + ﬁiZ)ZV(dH)},

(119
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How to solve the discrete time game problem?

¢ No Bellman-Shapley operator,
¢ No Lagrange multipliers
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Direct Method in Discrete Time

Direct
Method
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Direct Method in Discrete Time

Process
identi-
fication

Tembine (NYU)

Guess
functional

Direct
Method

Terms
completion

Linear-Quadratic Mean-Field-Type Games

Telescopic
formula

June 18-29, 2018
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Procedure

Direct
method
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Procedure

|
Direct Guess
. method functional
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Procedure

Telescopic
formula

Direct Guess } Square
_— . 7 A
method functional . | completion

Process
identification
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Procedure

Telescopic
formula
S ;
\ | 1
 Discrete Time ! Direct Guess } Square
! i _— . T .
' Game Problem . |  method functional . | completion
\ i 1 1
\ 4 | I
\ 4 \ !
Process
identification
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Telescopic formula

K-1
fix =fo+ ) [fiksr = fil,
k=0




Discrete time game problem

Problem : inf,, EL;

L; = gixsy + §ix(E[sk])* + €3k Elsk]

+ 2870 qiksy + Gi(Elsi])? + rite?, + Fie(E[u])*

+ Y00 2€kskic + 2&1(Else)Elu] + €nxElui] + €3xElsi ],

subject to (12)
Sk+1 = (bOk + bk + biElsi] + Xy b + X, BjZkE[Mjk])

+ (U'Ok + o sk + O Else] + 2y ook + X o_-jZkE[ujk]) Wi+1,

5(0) = so,
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Discrete time: solution

uie = —ni(sx — Esp) — ks — ik, (13)
L; = ajovar(so) + Bio(Eso)* + vio(Eso) + 5o,

Idea of the Proof
Telescopic formula:
K-1
fix =fo+ D [iksr = fil,
k=0
with the guess

fix = ai(sk — Esp)? + B Esy)* + yin(Esp) + 6
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Coefficients ni, cic

1 1
Mik = = 2 Qis1 2jei Diokjk = - Qik+10 2k 2jzi TjokTljk
1 1 €
+ o Qigr1D1kbiok + - Qi1 Tk + L, (14)
= 2 2
Cik = rik + @igr1(Diy + 075,),
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Coefficients i, Cik, ik

ik = —iai,kﬂ(d ik + Oiok) 2j2i(0jok + T oi)Tjk

—;—.kﬁi,kﬂ(bizk + biok) Yjzi(bjok + bz

+= ik 1 (O 1k + TN Tk + Tiok)

+=Bikr1(bix + bi)(bik + bink) + %(filk + &11),

Cik = (rik + Fik) + Qg1 (Cizk + Tik)* + Bigr1 (bink + bink)?, (15)
ik = —iai,ml(U 2k + O k) 2j2i(Tjok + T i)k

—ﬁﬁi,ku(bizk + biok) Xjzi(bjok + bR

+ =ik 100k(Tizk + Tiok)

+=Bik+1bor(bink + bie) + %ik()’i,kﬂ(bizk + biok) + €
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Coefficients ay, Bix

Aik = qik — 77,-2kcik

+ @ik [D1k = Xy bppkmi)? + Qikrr [0 1k — Xji T2k
@ik = qiK,

Bi = (qix + qi) — CarlTy, )

+Bisr1 [k + bi) = Xjzi(bjok + b |*

+@i g1 [(O 1k + 1) = Xji(Tok + T2

Bik = qik + qik,
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Coefficients yi, 0ix

Yik = Yiks1 D1k + D1) + €3¢ — 2Cufuflic

2 j+100k(0 1k + T 1) + 2Bi g+ 1bok b1k + D1k)

20 jer1 [ 2i(0jor + Tl [22i(0jox + T i)k
+2Bik+1[ 221 Bjok + )T [ 22 (Bjak + b))
2+ 1(T 1k + T 11) 22Tk + T )i

=2Bi k1 2j#i(b1x + bi)(bjok + bjoi)fjk

2100k 22Tk + T i)k

—2Bik+1 2 bor(bjor + bk (17)
—Yik+1 2j#i(Djk + bk

YiK = €3K,

Sik = Sir1 — ikl + Qigs105, + Bik1 B3, + Viks1box

+ g1 {Xji(0j2k + Ty + Bise1 [z (bjzk + bip )R *
2100k 22Tk + T i)k )
=2Bik+1 2 bok(bjk + bk — Vi1 2jzibjok + bk,
ok =0.
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From Discrete Step to Continuous Time
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A >0,

bor = boeA, bk = 1+ by,
biok = bk, bjk = by,
F=0VA &=5VA,

Jik = g, Gix = GiA,

Fit = rieh, Fix = Fie,

(18)

€nk = €k, &3k = €3k,
Wit = JxBieena — Bua). K = [3].

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 31/36



onijk -0,
(bi2+bi22(bj2+bj2) -0,

(D1 = Xjwi bpanj? = 1+ A[2by — 2 ¥ birmje] + O(A?),
W1 — dB(1),

(19)

as the step size A goes to zero
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Uj
ni

= —ni(x — Ex) — 7;BEx — 7,

1
— Q02 Xz Ol

1 1 €il
+oaibp + oo +

_ 1 _ _ .=
i = —zai(0ip + 0i2) Zjzi(0Tj2 + T

+%a’i(0'1 + 1) o +00n)
+%(Eil + &1),

- 1 - A
i = —zai(oip + 0i2) 2jzi(0jp + T

1 - | 7
+2aioo(0i2 + 0i2) + 5z (Vibia + biz) + €),

and the equilibrium cost of decision-maker i is

E[L] = ai(0)(xo — Exo)” + Bi(0)(Exo)” + 7i(0)(Exo) + 6:(0).

Tembine (NYU)
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Qjk+1—Xik

The scaling —=— converges to the time-derivative of «; as A goes to

Zero.
Qjk+1 — ik

A
We retrieve the continuous time solution !

— ;.
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Direct method is key




Direct method is key




Direct method is key

Easily
understood




Direct method is key




THANK YOU
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