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Lecture 3: Social cost, Robustness, Bargaining, Empathy, Coopetition
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Agenda

@ Full Cooperation Problem (with Common Noise)

@ Nash Bargaining Problem

(3 Robustness and Zero-Sum case

@ Other-regarding payoffs: empathy, antipathy, self-abnegation

(8) MFT-LQJD with regime switching
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Global Optimization Problem (with Common Noise)

Team : inf(,,  .,)E > L;, subjectto:

ds ={a(s — 5) + (a+ a)s
+ S0 biwi = i) + L1 (bi + by} dt (1)
+odB + [, u(t, O)N(dt, d6)+0odB,,

s(0) =s9, L {B,N}
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Cooperative Solution (with Common Noise)

Hy : qo(®) := X2; qi(t) > 0,40(t) := 3; qi(t) + qi(t) > 0.

Theorem
Mean-Field-Type Cooperative Solution

inf, . u) E 2L =
E{1ao(0)var(s(0)) + %ﬁQ(O)[ﬁ(O)]Z +70(0)3(0) + 60(0)},

* bi ~ b,‘ b,’ ~

u; = —zao(s —5) - (r,:;,-)(ﬁos +%0)s (2)
S = bi+bi)* 4 bi+b;)?

ds ={la+a-Po X, C1s + v T Y Vdt+00dB,,

3(0) = 3o.
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Stochastic Riccati System for Cooperative Solution

dag = - {2610/0 -y Y l;—z + q,-} dt + [@0,)dB,,

ao(T) = qo(T),

aBo =~ {2Bo(a-+ @)~ B £ B + gy + o di + BoodB,

Bo(T) = qo(T) + qo(T),

dyo = - {(a + a)yo+fo.000 — Boyo 2i %} dt — ooPBodB,,

Y (T) =

doy = - {[0'2+ fguz(t, Ov(do)] % + 0'(2}'320 + Y0000 — 7)/0 > (br,++br,) } t

—0,Y0dB,,
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Summary: Multi-agent fully-cooperative approach

Full cooperation reduces the Riccati system into a simpler one.
the common noise brings Stochastic Riccati system

§ is an FB--adapted process

Regularize the processes yy and dy
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Nash Bargaining solution

NBS(V, LNF) = arg maxye{[Tien (L) - vil)

[ ]
lnf(ul ----- Un) E Z?:] WiLi =
E{3a0(0)var(s(0)) + 3B0(0)[3(0)]* + ¥0(0)5(0) + 50(0)}, (4)
i(w) € arg min,(w, L(u))

« Optimal Bargaining strategy: &;(w) = —:2-ao(s — §) — vg”(:fr)) (Bo3 + 70),

l—Li,[LNE—L (@wI
Zk 1 H/ik L E_L (u(W nl°

e Set the weight w! =
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Nash bargaining

day = — {Zaafo - 0/(2) i % + w,-q,-} dt + @ ,dB,,

ao(T) = 2 wigi(T), )

o =~ {260(a+ @) = B} So LELE + Swilas + ) bt + oo,
Bo(T) = Ziwilgi + gi(T)), )

dvo = ={(@+ @yo+B0000 ~ Bovo To LN di - 0 o

Yo(T) =0

doy = — {[0’2+ Jo K21, OV(AONE + 2B + y,00, — 392 3, LB +hi)° } '

Wl(rl+rl

_O-OYOdBO5 _
S = bi+b; bi+b;
ds = {la+a—BoXi, Llys g yn | LBy g,aB,,
5(0) = 3.

(5)
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Summary: Multi-agent bargaining solution

e Non-convex (in u)
¢ Solve a weighted full cooperation problem
e choose carefully the weight to match the bargaining power
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Robust Optimization Problem (with Common Noise)

L(ur,u) = Hg(D)((T) — ST + [¢(T) + GT)A(T)
+ [ a@)(s) = 30 + [q@0) + a5 (1)

@@ @) — 0 )? + (r1(0) + O ()Pt

[ a0 - 0a0)? + () + PO (0)Pd),

Problem : inf, sup,, E[L(u1, u2)],

ds = {a(t)(s(t) — 5(2)) + (a(t) + a(1))5(z)

+ D bit)ui(t) = (1) + T, (bilt) + bie)in(r)} dt
+o (NdB(t) + [ u(t, ON(t, d0)+0o(1)dB, (1),

s(0) = so € L*(Q,R), s(0) 1L {B,N}

D. Bauso, H. Tembine, T. Basar: Robust Mean Field Games, Dynamic Games and Applications Sept. 2016, Vol. 6, Issue 3, pp
277-303
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MinMax Solution and Saddle Point with Common Noise

Ar; >0, ri+7>0,rn<0, rn+rn<0
Theorem
MinMax Solution and Saddle Point with Common Noise

inf,, supqu[L(ul, u)] =
E{%a(o)var(S(O)) + 2,3(0)[S(0)]2 +¥(0)5(0) + 6(0)},

* b b1+b A

up = —Ra(s —3) - LG5 + ), .
% b br+b

uy = —r—§a(s -8 - (riir;)(ﬁs + %),
A - b;+b; bi+b;

ds={la+a-BY~, (rj) S+yYr (,j) Vdt+0,dB,,

5(0) = 3.
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Stochastic Riccati System for MinMax

da = - {Zaa/ a? Zl 1 - + q} dt + a,dB,,

o(T) = q(T),

B = — {2/3(a ra) -y, Gty gy q} di + B,dB,,
B(T) = (1) +4(T), _

dy = - {(a +a)y+B.00 — By X2, M} dt — o opBdB,,
¥ (T) =

dé = {[0’2+ Jo K31, 0V(d0)]% + 725

+Y00 o — 5)’ Zi:l %} df—O'o’}’dBn
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Summary: Maxmin robust solution

e Saddle point solution obtained from a simple stochastic Riccati
system

e One single equation « instead of two equations (a1, a).
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Other-regarding payoffs

Empathy structure: A € R

Empathetic objective function: lf‘

lf\ = /l,','l,' + Z /lijlj,
JEN;

One-hop neighbors of i :
Ni={jeNlj#i, 4; #0}L

@ T. E. Duncan, H. Tembine: Other-regarding payoffs in linear-quadratic mean-field-type games with common noise: A direct
method, Preprint, 2018
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Empathy and other-regarding payoffs

Partially
Spiteful
/lij <0

Self ab-
negating
/1,',‘ <0

Tembine (NYU)

Selfish
/lij = O &
A > 0

Selfless
i =0

Linear-Quadratic Mean-Field-Type Games

Partially
Altruistic
/lij >0

Partially
Selfish
Aii > 0

June 18-29, 2018
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Other-regarding payoff

Problem : inf,, ELf\(ul, e, Up)
= 3(Aigi(T) + Tjen, Aigi(T)E(S(T) = 3(T))?
+5(i(qi(T) + Gi(T)) + Tjen; Aif(qi(T) + G(T))ES*(T)
+1E fOT {(/11‘1'611' + Yjen; Aijgi)(s — 8)°

+(i(gi + @i) + Zjen; Aij(gj + )5

+Airi(ui = 1) + Sjen; Ayri(u — ) ®)
+A;(ri + 7'1‘)&,-2 + ZjeN,— /lfj(rj + ?j)ﬁ}} dt,
subject to

ds = {a(s = 3) + (a + @)s + LI, biw; — ;) + X (b; + by}t
+odB + [y pu(t, O)N(dt, dO)+0,dB,.
s(0) 1L {B,N}

@ T. E. Duncan, H. Tembine: Other-regarding payoffs in linear-quadratic mean-field-type games with common noise: A direct
method, Preprint, 2018
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Other-regarding payoff: solution

Empathetic equilibria

infy,eq/, EIL}]
= E{32:(0)(s(0) = 8(0))* + 3B8:(0)[3(O)]* + ¥i(0)3(0) + 5:(0)}

_b (bi+hi)
Lt - CL’,(S -5 - (b,l g’;rl)(ﬂls +Yi)s o (10)
i+ i+
ds = {[a +a = i ToayBils = iy Loy Yilde

+0,dB,,
5(0) = 39, s(0) L {B,N}
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Other-regarding payoff: solution

da; = —{2aa; — /lb—ra = 2@ Yjsi Abzr @j + iqi + Yjen; Aijqj

e, Zz }dt + iydB,,

ai(T) = uqz(T) + 2jen; Aijgj(T),

dg; = - {2(a +a)Bi - Y’Jﬁl)ﬁz 2Bi 2j#i ﬂ(j'(:r]li’,])ﬁj an
+A;i(qi + Gi) + Xjen; 4ij(qj + Gj)

+ Sjen; i fé’;i} )ﬁz} dt + BiodB,,

BiT) = Aii(qi(T) + qi(1)) + Ljen; Aij(g;(T) + g;(T)),
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Other-regarding payoff: solution

_ bi+b;

dyi == {(a + a)')/i +ﬁi,00-0 - ,gu(:_,,il) Vi

(bj+b;)? (bj+b;)?
~Bi i Aty Vi T Vi 2t AP

(bj+b))?

+ e Ai 17(r+ ),3/ l}dt o ofidB,,
Yi(T) =0, (12)
ds; = {0 + [ 121, OV(dO] i+ 552, + yio0s

(by+b))? (bi+b)* 1,2
i Zj:#i /ljj/(rj-i—/?/)’yf T (i) 571

1 (bj+Db; i)

+35 ZjeN,- Ajj perres 2oy Vi }dt OovYidB,,

0i(T) =
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Other-regarding payoff: new behaviors

Empathy structure can be inconsistent
Pure altruism can be inconsistent

Partial altruism may help in reducing payoff inequality

Empathy spite may lead to non-admissible strategies

Empathy spite may lead to non-existence of equilibria
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MFT-LQJD with regime switching

infu,v(-)Eﬂ,v E[L;(u1,..., un)l,

subject to

ds(t) = {a(t, 3(0))s(t) + a(t, 5(0)ELs(r) | 7]

+ 20 bi(t, 5(0)ui(r) + X7 bi(t, 5(1))E[u;(?) | ?",B"]} dt (13)
+0°(1,5(0)dB(0) + [ p(t,0,5))N(dt, d) + «(t, .).M(dr)
+0,(,3(1))dB, (1),

s(0) € L2(Q,R), s(0) 1L {B,N}

5(t) : switching between regimes 1, .. ., S, with rate gz

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 24/30



MFT-LQJD with regime switching: solution

i“fuieﬂ,- E[L;]
= E{ 1 (0.5(0))(5(0) = (0)% + 3:(0.5(0)3(0)>  +y;(0,5(0))3 + 6;(0,5(0))},

b; R b, b
up = —grails=3) - (, I, )(ﬂzH%),
bi+b; bi+h)?
di={la+va-3" (,l+,) Bils- 3, (;#;‘_) i)t + 7 odBo,
3(0) = 30,

»? v}
da; = —{2aa; — 7(1 - 2a; Zﬂé, 7 =@+ git Dpeslai(t k) — a1, b)]ll\k}df‘*‘ [@i1dBo,

ai(T.5) = ¢i(T,3),

_ (b +h))?
;= ~{2a+ ap - G2 23, o ﬁ/+q1+ql

+ D5 [Bi(t, k) = Bi(t,))gs ) de + [ﬁi,o]tlBo,
Bi(T,3) = qi(T,3) + qi(T,3),

_ (bi+b)? i+ )
dyj = - {(u +a)i = = Bivi = Bi e Y~ ¥i Yji
+BioTo+ Thaslyit, k) = ¥ilt, -Y)Jllxk}d’ - rraﬂl-dBm
Yi(T,5) =0

ds; = { lo? + fey (t-,..0V(dO)] + Lol
+1 ZL:V“ (0 R (1= g+ Laers 1038 5) = ;1. D]k + YioTo

2
(b i+b)? (bj+b; )
SR Y i S i ¥j pdt = 7oyidBo.

6;(T,3) =0.
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MFT-LQJD with regime switching: weighted global
optimization

..... up) B 2 wili,

ds = {a(s = 3) + (a + @5 + X, bi(w; — &) + T, (b + by)is}
+0dB + [y u(r, O)N(dr, d6) + o odB,+x(1).B(dr),

s(0) =50, s(0) 1L {B,N}

(15)

@ T. E. Duncan, H. Tembine: Nash bargaining solution in linear-quadratic mean-field-type games: A direct method, Preprint, 2018
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Weighted global optimization solution

inf(, ) BXiwili =
Ef %aa(owar(s(on + zﬁow)[s(o)ﬂ +70(0)3(0) + 69 (0)},

N +b;)
(W) = == aols =9 - - (, o )(ﬂoY +70)
N (b; +b i) (b; +b )
ds={la+a —,80 Zl 1 W]A -0 ’: 1 w,(r,+r ] Vdt+0,dBy,
.%(0) =30,
o P2
dag = —{2aap - aj 3 W”z + Xiwigit Dpzslaot, k) — ao(t, H)lgsy ¢ dt + [ag,01dB,,

ao(T) = 2 wigi(T),

o =~ {280ta+ 0~ 3 51 LI 5 i+ BBt~ ot cnqvk}dr + [Bo.o1dBo.
BoT) = Siwilgi +ai(T). 7

dyp =— {(a +a)yo + 0,070 —Bovo Li % + Zkzslyo(t k) = o1, §>Jtm}dt = 0oPodBy,

(16)

yo(T) =
bi+b;
doy =~ {102+ oy 120, 0vd0] L + 22 39000 - L2 3 ,ﬂ,(fﬁl,
+% Sz @0t R (1= K)gsi+ L5 [00(1,K) = S, A)]qu} dt—=0oy0dBo,
0o(T) =

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 27/30



How useful is this framework?

e from numerical view point, the explicitly solvable games help to build
up a reference trajectory

e The numerical plot (computer simulations) will be compared to these
solutions to check whether the numerical output makes sense.

o Verification/Validation procedure
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Agenda: next step

¢ Recitation 3: Blockchain-based technologies
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Recitation 3: Blockchain-based technology
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Agenda

@ How to design a regulated price dynamics?

@ a more stable and regulated price
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Blockchain-based technology: example of unstable price

$20000
$17500

Wﬁ*m' T'H

$12500

F T +I+!+I.J$Tmh“ﬂ l
4

n ..
$10000 ! T++ l*+-*+* .l+! *. +
[
_— T ““! :

11. Dec 25.Dec 8. Jan 22.Jan 5.Feb

Figure: Coindesk database: the price of bitcoin went from 10K USD to 20 K USD
and back to below 7 K USD within 2-3 months in 2017-2018.

o & = E DA C
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Blockchain-based technology: example of a more stable
price

.
.
L]
e .
[ L]
ote 2 AT | % .
. o
® |l o (] ® . ol
o9 X o Il Y% ()
0 () *
ol e s® o * '.G." ®e LI .‘. o ° . o
¢ leo o 8o el a0 o 2 &% ‘e olte JCCPEC D
P ole?® () lel® 00 oo o'a ()
L aoi o % Qg e . .
sileg00le ©)lg ® ° 0 ) %0 . 8% o7 @ % g4 % * o %000 0
S . ° . Joo Q “ e[|l leo et e { o) 20
ORG ) L) 1SS o g 0@ |lele®l e ® ® ecte/® ® Tgol|[e ®
o oo S0 ° o euo,® o, CLIPC
. . . © | %8| ° g0 e® S oIS S " | o® O «®
D L) L) 4 0o gt o0 -
e o ) . e o . > 48 o .
.o L] . [ el * le
° e .
° . o
»

Figure: Coindesk database: the price of tether USD went from 0.99 USD to 1.01
usSD
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Construction of a regulated price
choose the coefficients c, ¢ such that target price py, (1) € [Ei,ﬁi]

2
Pipi(t) = cio + ) ¢t cOS(2rtkt) + &y sin(2k),
k=1
._ PP _ b PP b PR
Let cio := 55 Cil += g > Cil += 50 » €12 += S » €12 = 350 -

Target function between 0.98 and 1.02 under Frequencies (1Hz and 4Hz)
5 T T T T T T

10006 |- [
.

roooa ) | ‘ ‘\“/‘ | \/\
i | [V

‘oaoz—““““\‘\‘\\‘\“‘

Target function
T

T

il I ‘\\ I | I | \ \

I Il |/ [ ) \[ I\
oomel || [\ W Ay ‘\“‘ [/ V\‘N\ LN \
asess |-

L | | |
09994 | V | | | |
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A more stable and regulated price

dp; = nlD; — p; — (Si + u;))dt
+(odB; + [ ui(@N(dt, d6)) + oodB,. (1)

Lunpig = qi(ty)var(pi(tr) = pyp.i(t1)
+gi(t1) + Gt Epi(ty) — pipa(t)]?

+ fz: qi(var(pi(t) — pyp,i(1))dt (2)
+ ftf (qi() + GO Epi(2) = pipi(D]* dt.
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A more stable and regulated price

. Actual logiprice) and Simulated
2 T T T T T T T T T T T T T
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15
f 4
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§ 05
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4 | | 1 1 | |
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Date

Figure: Real market price and simulation of the regulated price dynamics as a
continuation price under MFTG strategy. Or <> «Z» «Z=» = Hac
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Consumption-Investment-Insurance over several assets

Some few prior works

@ Mossin, J. (1968), Aspects of rational insurance purchasing, Journal of Political Economy, 79: 553-568.
@ van Heerwaarden, A. (1991), Ordering of Risks, Thesis, Tinbergen Institute, Amsterdam.

@ Kristen S. Moore and Virginia R. Young, Optimal Insurance in a Continuous-Time Model, Insurance: Mathematics and
Economics 39, 47-68, 2006.
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with a small non-quadratic part:
MFTG: Consumption-Investment-Insurance

SUP (el yyins) —qe M [s(t1) — 5(11)]* + j;: e Ylogu® dt
ds = ko(ro(8) + fio(3))sdt
+ i [ = (ro(3) + fu0(3))ko + Drifty(5)]uidr

—u‘dt — A3)(1 + 6(3))E[u" )dt o
+ X4, ulDiffusion;(3) + X¢_, ulJumpy(3),
—(L _ ulnS)dN’

L = 1(5)s,

Drifty = n[Dk — pi — (Sk + Umpig)1d1

+1(0? + oDydi + [[e% — 1 -y In(d6)dr, (4)

Diffusiony, = (odBy, + 0,dB,),
Jumpy = [, [e”* = 11Ni(d1, d6),
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MFTG: Consumption-Investment-Insurance

Investment over several asset
MFTG strategy

Consumption
the optimal consumption strategy process is proportional to the wealth

P
process: u‘ = <—x

Insurance
the optimal insurance is a decreasing and convex function of 6.

ins . [~ 146()
u o= 1) - 755
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Network Security as a Public Good

sup,, B{—fe~11 (s(t1) = () + [ e [s(1 = e5) — Cilup)] dt},

ds = [~as + Y., u;ldt+s[odB + f@ w(ON(dt,do) + o,dB,],

50, (5)
q>0, A4 >0,10 <1,

36 = E[s(0) | 7,71
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Agenda: next step

e Lecture 4: How far can we go without PDEs without SMPs?
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