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Lecture 3: Social cost, Robustness, Bargaining, Empathy, Coopetition
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Global Optimization Problem (with Common Noise)

Team : inf(u1,...,un) E
∑

i Li, subject to:
ds = {a(s − ŝ) + (a + ā)ŝ

+
∑n

i=1 bi(ui − ûi) +
∑n

i=1(bi + b̄i)ûi
}

dt
+σdB +

∫
Θ
µ(t, θ)Ñ(dt, dθ)+σodBo,

s(0) = s0, y {B,N}

(1)
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Cooperative Solution (with Common Noise)

H0 : q0(t) :=
∑

i qi(t) > 0, q̄0(t) :=
∑

i qi(t) + q̄i(t) > 0.

Theorem
Mean-Field-Type Cooperative Solution

inf(u1,...,un) E
∑

i[Li] =

E{ 12α0(0)var(s(0)) + 1
2β0(0)[ŝ(0)]2 + γ0(0)ŝ(0) + δ0(0)},

u∗i = −
bi
ri
α0(s − ŝ) − (bi+b̄i)

ri+r̄i
(β0ŝ + γ0),

dŝ = {[a + ā − β0
∑n

i=1
(bi+b̄i)2

ri+r̄i
]ŝ + γ0

∑n
i=1

(bi+b̄i)2

ri+r̄i
}dt+σodBo,

ŝ(0) = ŝ0.

(2)
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Stochastic Riccati System for Cooperative Solution

dα0 = −

{
2aα0 − α

2
0
∑

i
b2

i
ri

+ qi

}
dt + [α0,o]dBo,

α0(T) = q0(T),

dβ0 = −

{
2β0(a + ā) − β2

0
∑

i
(bi+b̄i)2

ri+r̄i
+ q0 + q̄0

}
dt + β0,odBo,

β0(T) = q0(T) + q̄0(T),

dγ0 = −

{
(a + ā)γ0+β0,oσo − β0γ0

∑
i

(bi+b̄i)2

ri+r̄i

}
dt − σoβ0dBo,

γ(T) = 0,

dδ0 = −

{
[σ2+

∫
Θ
µ2(t, θ)ν(dθ)]α0

2 + σ2
o
β0
2 + γ0,oσo −

1
2γ

2
0
∑

i
(bi+b̄i)2

ri+r̄i

}
dt

−σoγ0dBo,

(3)
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Summary: Multi-agent fully-cooperative approach

• Full cooperation reduces the Riccati system into a simpler one.

• the common noise brings Stochastic Riccati system

• ŝ is an F Bo-adapted process

• Regularize the processes γ0 and δ0
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Nash Bargaining solution

NBS(V,LNE) = arg maxv∈V{
∏

i∈N [LNE
i − vi]}

•

inf(u1,...,un) E
∑n

i=1 wiLi =

E{ 12α0(0)var(s(0)) + 1
2β0(0)[ŝ(0)]2 + γ0(0)ŝ(0) + δ0(0)},

û(w) ∈ arg minu〈w,L(u)〉
(4)

• Optimal Bargaining strategy: ûi(w) = −
bi

wiri
α0(s − ŝ) − (bi+b̄i)

wi(ri+r̄i)
(β0ŝ + γ0),

• Set the weight w∗i =

∏
j,i[LNE

j −Lj(û(w∗))]∑n
k=1

∏
j,k[LNE

j −Lj(û(w∗))]
.
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Nash bargaining

dα0 = −

{
2aα0 − α

2
0
∑

i
b2

i
wiri

+
∑

i wiqi

}
dt + α0,odBo,

α0(T) =
∑

i wiqi(T),

dβ0 = −

{
2β0(a + ā) − β2

0
∑

i
(bi+b̄i)2

wi(ri+r̄i)
+

∑
i wi(qi + q̄i)

}
dt + β0,odBo,

β0(T) =
∑

i wi(qi + q̄i(T)),

dγ0 = −

{
(a + ā)γ0+β0,oσo − β0γ0

∑
i

(bi+b̄i)2

wi(ri+r̄i)

}
dt − σoβ0dBo,

γ0(T) = 0,

dδ0 = −

{
[σ2+

∫
Θ
µ2(t, θ)ν(dθ)]α0

2 + σ2
o
β0
2 + γ0,oσo −

1
2γ

2
0
∑

i
(bi+b̄i)2

wi(ri+r̄i)

}
dt

−σoγ0dBo,

dŝ = {[a + ā − β0
∑n

i=1
(bi+b̄i)2

wi(ri+r̄i)
]ŝ − γ0

∑n
i=1

(bi+b̄i)2

wi(ri+r̄i)
}dt+σodBo,

ŝ(0) = ŝ0.
(5)
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Summary: Multi-agent bargaining solution

• Non-convex (in u)

• Solve a weighted full cooperation problem

• choose carefully the weight to match the bargaining power
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Robust Optimization Problem (with Common Noise)

L(u1, u2) = 1
2 [q(T)(s(T) − ŝ(T))2 + [q(T) + q̄(T)]ŝ2(T)

+
∫ T

0 q(t)(s(t) − ŝ(t))2 + [q(t) + q̄(t)]ŝ2(t)dt

+
∫ T

0 r1(t)(u1(t) − û1(t))2 + (r1(t) + r̄1(t))[û1(t)]2dt

+
∫ T

0 r2(t)(u2(t) − û2(t))2 + (r2(t) + r̄2(t))[û2(t)]2dt],

Problem : infu1 supu2
E[L(u1, u2)],

ds = {a(t)(s(t) − ŝ(t)) + (a(t) + ā(t))ŝ(t)
+

∑2
i=1 bi(t)(ui(t) − ûi(t)) +

∑2
i=1(bi(t) + b̄i(t))ûi(t)

}
dt

+σ(t)dB(t) +
∫
Θ
µ(t, θ)Ñ(t, dθ)+σo(t)dBo(t),

s(0) = s0 ∈ L2(Ω,R), s(0) y {B,N}

(6)

For large population, see:

D. Bauso, H. Tembine, T. Başar: Robust Mean Field Games, Dynamic Games and Applications Sept. 2016, Vol. 6, Issue 3, pp
277-303
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MinMax Solution and Saddle Point with Common Noise

A: r1 > 0, r1 + r̄1 > 0, r2 < 0, r2 + r̄2 < 0

Theorem
MinMax Solution and Saddle Point with Common Noise

infu1 supu2
E[L(u1, u2)] =

E{12α(0)var(s(0)) + 1
2β(0)[ŝ(0)]2 + γ(0)ŝ(0) + δ(0)},

u∗1 = −
b1
r1
α(s − ŝ) − (b1+b̄1)

r1+r̄1
(βŝ + γ),

u∗2 = −
b2
r2
α(s − ŝ) − (b2+b̄2)

r2+r̄2
(βŝ + γ),

dŝ = {[a + ā − β
∑2

i=1
(bi+b̄i)2

ri+r̄i
]ŝ + γ

∑2
i=1

(bi+b̄i)2

ri+r̄i
}dt+σodBo,

ŝ(0) = ŝ0.

(7)
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Stochastic Riccati System for MinMax

dα = −

{
2aα − α2 ∑2

i=1
b2

i
ri

+ q
}

dt + αodBo,

α(T) = q(T),

dβ = −

{
2β(a + ā) − β2 ∑2

i=1
(bi+b̄i)2

ri+r̄i
+ q + q̄

}
dt + βodBo,

β(T) = q(T) + q̄(T),

dγ = −

{
(a + ā)γ+βoσo − βγ

∑2
i=1

(bi+b̄i)2

ri+r̄i

}
dt − σoβdBo,

γ(T) = 0,
dδ = −

{
[σ2+

∫
Θ
µ2(t, θ)ν(dθ)]α2 + σ2

o
β
2

+γoσo −
1
2γ

2 ∑2
i=1

(bi+b̄i)2

ri+r̄i

}
dt−σoγdBo

(8)
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Summary: Maxmin robust solution

• Saddle point solution obtained from a simple stochastic Riccati
system

• One single equation α instead of two equations (α1, α2).
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Other-regarding payoffs

• Empathy structure: Λ ∈ Rn×n

• Empathetic objective function: lΛi
•

lΛi := λiili +
∑
j∈Ni

λijlj,

• One-hop neighbors of i :

Ni = {j ∈ N | j , i, λij , 0}.

T. E. Duncan, H. Tembine: Other-regarding payoffs in linear-quadratic mean-field-type games with common noise: A direct
method, Preprint, 2018
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Empathy and other-regarding payoffs

Selfish
λij = 0 &
λii > 0

Partially
Spiteful
λij < 0

Partially
Altruistic
λij > 0

Selfless
λii = 0

Self ab-
negating
λii < 0

Partially
Selfish
λii > 0
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Other-regarding payoff

Problem : infui ELΛ
i (u1, . . . , un)

= 1
2 (λiiqi(T) +

∑
j∈Ni λijqj(T))E(s(T) − ŝ(T))2

+1
2 (λii(qi(T) + q̄i(T)) +

∑
j∈Ni λij(qj(T) + q̄j(T)))Eŝ2(T)

+1
2E

∫ T
0

{
(λiiqi +

∑
j∈Ni λijqj)(s − ŝ)2

+(λii(qi + q̄i) +
∑

j∈Ni λij(qj + q̄j))ŝ2

+λiiri(ui − ûi)2 +
∑

j∈Ni λijrj(uj − ûj)2

+λii(ri + r̄i)û2
i +

∑
j∈Ni λij(rj + r̄j)û2

j

}
dt,

subject to
ds =

{
a(s − ŝ) + (a + ā)ŝ +

∑n
i=1 bi(ui − ûi) +

∑n
i=1(bi + b̄i)ûi

}
dt

+σdB +
∫
Θ
µ(t, θ)Ñ(dt, dθ)+σodBo.

s(0) y {B,N}

(9)

T. E. Duncan, H. Tembine: Other-regarding payoffs in linear-quadratic mean-field-type games with common noise: A direct
method, Preprint, 2018
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Other-regarding payoff: solution

Theorem
Empathetic equilibria

infui∈Ui E[LΛ
i ]

= E{ 12αi(0)(s(0) − ŝ(0))2 + 1
2βi(0)[ŝ(0)]2 + γi(0)ŝ(0) + δi(0)}

u∗i = −
bi
λiiri

αi(s − ŝ) − (bi+b̄i)
λii(ri+r̄i)

(βiŝ + γi),

dŝ = {[a + ā −
∑n

i=1
(bi+b̄i)2

λii(ri+r̄i)
βi]ŝ −

∑n
i=1

(bi+b̄i)2

λii(ri+r̄i)
γi}dt

+σodBo,

ŝ(0) = ŝ0, s(0) y {B,N}

(10)
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Other-regarding payoff: solution

dαi = −

{
2aαi −

b2
i

λiiri
α2

i − 2αi
∑

j,i
b2

j
λjjrj

αj + λiiqi +
∑

j∈Ni λijqj

+
∑

j∈Ni

b2
j λij

λ2
jjrj
α2

j

}
dt + αi,odBo,

αi(T) = λiiqi(T) +
∑

j∈Ni λijqj(T),

dβi = −

{
2(a + ā)βi −

(bi+b̄i)2

λii(ri+r̄i)
β2

i − 2βi
∑

j,i
(bj+b̄j)2

λjj(rj+r̄j)
βj

+λii(qi + q̄i) +
∑

j∈Ni λij(qj + q̄j)

+
∑

j∈Ni λij
(bj+b̄j)2

λ2
jj(rj+r̄j)

β2
j

}
dt + βi,odBo,

βi(T) = λii(qi(T) + q̄i(T)) +
∑

j∈Ni λij(qj(T) + q̄j(T)),

(11)
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Other-regarding payoff: solution

dγi = −

{
(a + ā)γi + βi,oσo −

(bi+b̄i)2

λii(ri+r̄i)
βiγi

−βi
∑

j,i
(bj+b̄j)2

λjj(rj+r̄j)
γj − γi

∑
j,i

(bj+b̄j)2

λjj(rj+r̄j)
βj

+
∑

j∈Ni λij
(bj+b̄j)2

λ2
jj(rj+r̄j)

βjγj

}
dt−σoβidBo,

γi(T) = 0,
dδi = −

{
[σ2 +

∫
Θ
µ2(t, θ)ν(dθ)] 1

2αi+
1
2σ

2
oβi + γi,oσo

−γi
∑

j,i
(bj+b̄j)2

λjj(rj+r̄j)
γj −

(bi+b̄i)2

λii(ri+r̄i)
1
2γ

2
i

+1
2
∑

j∈Ni λij
(bj+b̄j)2

λ2
jj(rj+r̄j)

γ2
j

}
dt−σoγidBo,

δi(T) = 0,

(12)
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Other-regarding payoff: new behaviors

• Empathy structure can be inconsistent

• Pure altruism can be inconsistent

• Partial altruism may help in reducing payoff inequality

• Empathy spite may lead to non-admissible strategies

• Empathy spite may lead to non-existence of equilibria
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Regime Switching
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MFT-LQJD with regime switching



infui(·)∈Ui E [Li(u1, . . . , un)] ,
subject to

ds(t) =
{
a(t, s̃(t))s(t) + ā(t, s̃(t))E[s(t) | F Bo

t ]
+

∑n
i=1 bi(t, s̃(t))ui(t) +

∑n
i=1 b̄i(t, s̃(t))E[ui(t) | F

Bo
t ]

}
dt

+σ(t, s̃(t))dB(t) +
∫
Θ
µ(t, θ, s̃(t))Ñ(dt, dθ) + κ(t, .).M̃(dt)

+σo(t, s̃(t))dBo(t),
s(0) ∈ L2(Ω,R), s(0) y {B,N}

(13)

s̃(t) : switching between regimes 1, . . . , S, with rate qs̃k
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MFT-LQJD with regime switching: solution

infui∈Ui E[Li]
= E{ 1

2 αi(0, s̃(0))(s(0) − ŝ(0))2 + 1
2 βi(0, s̃(0))ŝ(0)2 +γi(0, s̃(0))ŝ + δi(0, s̃(0))},

u∗i = −
bi
ri
αi(s − ŝ) − (bi+b̄i )

ri+r̄i
(βi ŝ + γi),

dŝ = {[a + ā −
∑n

i=1
(bi+b̄i )2

ri+r̄i
βi]ŝ −

∑n
i=1

(bi+b̄i )2
ri+r̄i

γi}dt + σodBo ,

ŝ(0) = ŝ0 ,

dαi = −

2aαi −
b2
i

ri
α2

i − 2αi
∑

j,i
b2
j

rj
αj + qi+

∑
k,s̃[αi(t, k) − αi(t, s̃)]qs̃k

 dt + [αi,o]dBo ,

αi(T , s̃) = qi(T , s̃),

dβi = −

2(a + ā)βi −
(bi+b̄i )2

ri+r̄i
β2

i − 2βi
∑

j,i
(bj+b̄j )2

rj+r̄j
βj + qi + q̄i

+
∑

k,s̃[βi(t, k) − βi(t, s̃)]qs̃k
}
dt + [βi,o]dBo ,

βi(T , s̃) = qi(T , s̃) + q̄i(T , s̃),

dγi = −

(a + ā)γi −
(bi+b̄i )2

ri+r̄i
βiγi − βi

∑
j,i

(bj+b̄j)2

rj+r̄j
γj − γi

∑
j,i

(bj+b̄j )2

rj+r̄j
βj

+βi,oσo+
∑

k,s̃[γi(t, k) − γi(t, s̃)]qs̃k
}

dt − σoβidBo ,

γi(T , s̃) = 0,
dδi = −

{
1
2 αi[σ2 +

∫
Θ
µ2(t− , ., θ)ν(dθ)] + 1

2σ
2
oβi

+ 1
2

∑
k,s̃ αi(t, k)κ2(t− , k)qs̃k+

∑
k,s̃[δi(t, k) − δi(t, s̃)]qs̃k + γi,oσo

−
(bi+b̄i )2

ri+r̄i
1
2 γ

2
i − γi

∑
j,i

(bj+b̄j )2

rj+r̄j
γj

 dt − σoγidBo ,

δi(T , s̃) = 0.

(14)
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MFT-LQJD with regime switching: weighted global
optimization

inf(u1,...,un) E
∑

i wiLi,

ds =
{
a(s − ŝ) + (a + ā)ŝ +

∑n
i=1 bi(ui − ûi) +

∑n
i=1(bi + b̄i)ûi

}
dt

+σdB +
∫
Θ
µ(t, θ)Ñ(dt, dθ) + σodBo+κ(t).M̃(dt),

s(0) = s0, s(0) y {B,N}

(15)

T. E. Duncan, H. Tembine: Nash bargaining solution in linear-quadratic mean-field-type games: A direct method, Preprint, 2018
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Weighted global optimization solution
inf(u1 ,...,un ) E

∑
i wiLi =

E{ 1
2 α0(0)var(s(0)) + 1

2 β0(0)[ŝ(0)]2 + γ0(0)ŝ(0) + δ0(0)},

ûi(w) = −
bi

wiri
α0(s − ŝ) − (bi+b̄i)

wi (ri+r̄i ) (β0 ŝ + γ0),

dŝ = {[a + ā − β0
∑n

i=1
(bi+b̄i )2

wi (ri+r̄i ) ]ŝ − γ0
∑n

i=1
(bi+b̄i )2

wi (ri+r̄i ) }dt+σodBo ,

ŝ(0) = ŝ0 ,

dα0 = −

2aα0 − α
2
0
∑

i
b2
i

wiri
+

∑
i wiqi+

∑
k,s̃[α0(t, k) − α0(t, s̃)]qs̃k

 dt + [α0,o]dBo ,

α0(T) =
∑

i wiqi(T),

dβ0 = −

{
2β0(a + ā) − β2

0
∑

i
(bi+b̄i )2

wi (ri+r̄i ) +
∑

i wi(qi + q̄i)+
∑

k,s̃[β0(t, k) − β0(t, s̃)]qs̃k

}
dt + [β0,o]dBo ,

β0(T) =
∑

i wi(qi + q̄i(T)),

dγ0 = −

{
(a + ā)γ0 + β0,oσo − β0γ0

∑
i

(bi+b̄i )2

wi (ri+r̄i ) +
∑

k,s̃[γ0(t, k) − γ0(t, s̃)]qs̃k

}
dt − σoβ0dBo ,

γ0(T) = 0,

dδ0 = −

{
[σ2+

∫
Θ
µ2(t, θ)ν(dθ)]

α0
2 + σ2

o
β0
2 + γ0,oσo −

1
2 γ

2
0
∑

i
(bi+b̄i )2

wi (ri+r̄i )

+ 1
2

∑
k,s̃ α0(t, k)κ2(t− , k)qs̃k+

∑
k,s̃[δ0(t, k) − δ0(t, s̃)]qs̃k

}
dt−σoγ0dBo ,

δ0(T) = 0

(16)
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How useful is this framework?

• from numerical view point, the explicitly solvable games help to build
up a reference trajectory

• The numerical plot (computer simulations) will be compared to these
solutions to check whether the numerical output makes sense.

• Verification/Validation procedure
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Agenda: next step

• Recitation 3: Blockchain-based technologies
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THANK YOU
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Recitation 3: Blockchain-based technology

Tembine (NYU) Linear-Quadratic Mean-Field-Type Games June 18-29, 2018 3 / 15



Agenda

1 How to design a regulated price dynamics?

2 a more stable and regulated price
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Blockchain-based technology: example of unstable price

Figure: Coindesk database: the price of bitcoin went from 10K USD to 20 K USD
and back to below 7 K USD within 2-3 months in 2017-2018.
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Blockchain-based technology: example of a more stable
price

Figure: Coindesk database: the price of tether USD went from 0.99 USD to 1.01
USD
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Construction of a regulated price
choose the coefficients c, ĉ such that target price ptp,i(t) ∈ [p

i
, p̄i]

ptp,i(t) = ci0 +

2∑
k=1

cik cos(2πkt) + ĉik sin(2πkt),

Let ci0 :=
p

i
+p̄i

2 , ci1 :=
p̄i−p

i
100 , ĉi1 :=

p̄i−p
i

150 , c12 :=
p̄i−p

i
200 , ĉ12 :=

p̄i−p
i

250 .

Time unit
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0.9996
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Target function between 0.98 and 1.02 under Frequencies  (1Hz and 4Hz)

Figure: Target price function ptp,i(t) between 0.98 and 1.02 under Frequencies
(1Hz and 4Hz). ri ≤ p̄i − p

i
≤ ωi
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A more stable and regulated price

dpi = η[Di − pi − (Si + ui)]dt

+
(
σidBi +

∫
θ∈Θ

µi(θ)Ñi(dt, dθ)
)

+ σodBo, (1)
Lmftg = qi(t1)var(pi(t1) − ptp,i(t1))
+[qi(t1) + q̄i(t1)][Epi(t1) − ptp,i(t1)]2

+
∫ t1

t0
qi(t)var(pi(t) − ptp,i(t))dt

+
∫ t1

t0
(qi(t) + q̄i(t))[Epi(t) − ptp,i(t)]2 dt.

(2)
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A more stable and regulated price

Figure: Real market price and simulation of the regulated price dynamics as a
continuation price under MFTG strategy.
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Consumption-Investment-Insurance over several assets

Some few prior works

Mossin, J. (1968), Aspects of rational insurance purchasing, Journal of Political Economy, 79: 553-568.

van Heerwaarden, A. (1991), Ordering of Risks, Thesis, Tinbergen Institute, Amsterdam.

Kristen S. Moore and Virginia R. Young, Optimal Insurance in a Continuous-Time Model, Insurance: Mathematics and
Economics 39, 47-68, 2006.
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with a small non-quadratic part:

MFTG: Consumption-Investment-Insurance

sup(uc,uI ,uins) −qe−λt1[s(t1) − ŝ(t1)]2 +
∫ t1

t0
e−λt log uc dt

ds = κ0(r0(s̃) + µ̂0(s̃))sdt
+

∑d
k=1[µ̂k − (r0(s̃) + µ̂0(s̃))κ0 + Driftk(s̃)]uI

kdt
−ucdt − λ̄(s̃)(1 + θ̄(s̃))E[uins]dt
+

∑d
k=1 uI

kDiffusionk(s̃) +
∑d

k=1 uI
kJumpk(s̃),

−(L − uins)dN,

(3)

L = l(s̃)s,
Driftk = η[Dk − pk − (Sk + umftg,k)]dt
+ 1

2 (σ2
i + σ2

o)dt +
∫
Θ

[eγk − 1 − γk]ν(dθ)dt,
Diffusionk = (σkdBk + σodBo),
Jumpk =

∫
Θ

[eγk − 1]Ñk(dt, dθ),

(4)
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MFTG: Consumption-Investment-Insurance

Investment over several asset
MFTG strategy

Consumption
the optimal consumption strategy process is proportional to the wealth
process: uc = e−λt

α1
x

Insurance
the optimal insurance is a decreasing and convex function of θ̄.
uins :=

[
l(s̃) − 1+θ(s̃)

2+θ(s̃)

]
+

x
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Network Security as a Public Good

supui
E{−

q
2 e−λit1 (s(t1) − ŝ(t1))2 +

∫ t1
t0

e−λit [s(1 − εs) − Ci(ui)] dt},
ds = [−as +

∑n
i=1 ui]dt+s[σdB +

∫
Θ
µ(θ)Ñ(dt, dθ) + σodBo],

s0,

q > 0, λi > 0, t0 < t1,
ŝ(t) = E[s(t) | F Bo

t ]

(5)
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Agenda: next step

• Lecture 4: How far can we go without PDEs without SMPs?
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THANK YOU
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