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On Edge Detection and Integration



Edge Detection
Edge Detection:

The process of labeling the locations in the image where the 
gray level’s “rate of change” is high.

OUTPUT: “edgels” locations, 
direction, strength

Edge Integration:
The process of combining “local” and perhaps sparse and 
non-contiguous “edgel”-data into meaningful, long edge 
curves (or closed contours) for segmentation

OUTPUT: edges/curves consistent with the local data



The Classics
Edge detection:

Sobel, Prewitt, Other gradient estimators
Marr Hildreth
zero crossings of 
Haralick/Canny/Deriche et al.
“optimal” directional local max of derivative

Edge Integration:
tensor voting (Rom, Medioni, Williams, …)
dynamic programming (Shashua & Ullman)
generalized “grouping” processes (Lindenbaum et al.)
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The “New-Wave”
Snakes
Geodesic Active Contours
(Variational) Model Driven Edge Detection

Edge Curves

“nice” curves that optimize a 
functional of g( ), i.e. 

nice: “regularized”, smooth, 
fit some prior information
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Segmentation



Segmentation

Ultrasound images

Caselles Kimmel Sapiro 1995



Segmentation

Pintos



Segmentation

With a good prior who needs the data…



Wrong Prior???



Experiments - Color Segmentation

Goldenberg, Kimmel, Rivlin, Rudzsky,

IEEE T-IP 2001
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Tumor in 3D MRI

Caselles,Kimmel, Sapiro, Sbert, IEEE T-PAMI 97
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Segmentation in 4D
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Malladi, Kimmel, Adalsteinsson, 
Caselles, Sapiro, Sethian

SIAM Biomedical workshop 96
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Tracking in Color Movies

Goldenberg, Kimmel, Rivlin, Rudzsky,

IEEE T-IP 2001
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Tracking in Color Movies

Goldenberg, Kimmel, Rivlin, Rudzsky,
IEEE T-IP 2001
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Edge Gradient Estimators
( , )I x y I⎯⎯→∇



Edge Gradient Estimators

We want a curve with large         points and small      ‘s so:

Consider the functional ( ) ,
C

E C N I ds= 〈 ∇ 〉∫
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The Classic Connection
Suppose and we consider a closed contour for C(s).
We have

and by Green’s Theorem we have

( )
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Haralick/Canny-like Edge Detector

Haralick suggested                as edge detector0=ξξI

ηηξξ IIIII yyxx +=+=∆

ηηξξ III −∆=

ξ

η

Laplace

Alignment Topological 
Homogeneity



Haralick/Canny Edge Detector 
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Closed contours
EL eq. ( )( ) 0,)div(),sign( =〉∇〈−+〉〈 NgNgVVN κε
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Kimmel-Bruckstein IJCV 2003



Open contours

Kimmel-Bruckstein IJCV 2003

LL −ρ



Geometric Measures
Weighted  arc-length

Weighted  area

Alignment

Robust-alignment

e.g.

( )  RR →2:, yxφ
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Variational meaning for Marr-Hildreth edge detector

Kimmel-Bruckstein IJCV 2003



Geometric Measures
Minimal variance

Simplified Mumford-Shah, Zhu-Yuille, 
Chan-Vese, Max-Lloyd, regularized VQ, Threshold,… 0))((                      
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Geometric Measures
Robust minimal deviation
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Tracking

Goldenberg, Kimmel, Rivlin, Rudzsky,
ECCV 2002



Tracking

Goldenberg, Kimmel, Rivlin, Rudzsky,
ECCV 2002



Tracking

Goldenberg, Kimmel, Rivlin, Rudzsky,
ECCV 2002



Information extraction

Goldenberg, Kimmel, Rivlin, Rudzsky,
ECCV 2002





Classification (dogs & cats)

walk run gallop cat...

Goldenberg, Kimmel, Rivlin, Rudzsky,
ECCV 2002





Classification (people)

walk run run45

Goldenberg, Kimmel, Rivlin, Rudzsky,
ECCV 2002





Holzman-Gazit, Goldshier, Kimmel 
MICCAI 2003
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Escher, Rind 1955

Distance maps and 
minimal geodesics

www.math.berkeley.edu/~sethian



Measuring geodesic distances: 
Fast Marching on Triangulated Domains

Find distance T(x), given T(x0)=0.

Solution: T(x)=|x-x0|.

except x0.

Or in 2D                              where
xx0

T(x)

1)( =xT
dx
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Consistent Approximation

Updated i has always 
`upwind' from where the `wind blows'

x

T(x)

x1x0
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dx
d
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dx
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Update Procedure
Set , and T(x0)=T(x1)=0.

REPEAT UNTIL convergence, 
FOR each i

T

i-1 i i+1

i+1

T

T

i-1

i

h

{ }11 ,min +−= ii TTm

{ }hmTT ii += ,min
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Update Order
What is the optimal order of updates?
Solution I: Scan the line successively left to 

right. N scans, i.e. O(N  )

Solution II: Left to right followed by right to 
left. Two scans are sufficient. (Danielson`s 
distance map 1980)

Solution III: Start from x0, update its 
neighboring points, accept updated values, 
and update their neighbors, etc.

1
3
2

1
2

2



2D Approximation
Initialization:

given initial value or   
Update:

Fitting a tilted plane with gradient        , and two values anchored 
at the relevant neighboring grid points.
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Computational Complexity

T is systematically constructed from smaller to 
larger T values.
Update of a heap element is O(log N).
Thus, upper bound of the total is O(N log N).

www.math.berkeley.edu/~sethian



Edge Integration
Cohen-Kimmel, IJCV, 1997.
Solve the 2D Eikonal equation

given T(p)=0
Minimal geodesic w.r.t.

( ) ( ) 222
ijyx FTDTD =+

( )2222 )( dydxIFds +=



Shape from Shading

Rouy-Tourin SIAM-NU 1992,
Kimmel-Bruckstein CVIU 1994,
Kimmel-Sethian JMIV 2001.
Solve the 2D Eikonal equation 

where 
Minimal geodesic w.r.t.
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Path Planning 3 DOF

( ) ( ) ( ) 2222
ijkyx FTDTDTD =++ ϕ
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Path Planning 4 DOF 
Solve the Eikonal Eq. in 4D

Minimal geodesic w.r.t.
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Update Acute Angle
Given ABC, update C. 
Consistency and monotonicity: 
Update only  `from within the triangle' h in ABC
Find t=EC that satisfies the gradient approximation  

(t-u)/h= 1.
c

c



We end up with:

t must satisfy u<t, and h in ABC. 
The update procedure is

IF (u<t) AND (a cos θ < b(t-u)/t < a/cosθ)
THEN  T(C) = min {T(C),t+T(A)};

ELSE T(C)= min {T(C),b+T(A),a+T(B)}.

Update Procedure 

C B
A

u( )( ) 0sin)cos(2 222222 =−+−+ θθ aubtbabutc

02 =++ χβα tt



Minimal Geodesics

Kimmel and Sethian, PONAS 1998 



More Applications

re-triangulation semi-manual 
segmentation halftoning in 3D

Adi, Kimmel 2002



Tomorrow: 
Flat embedding and 
isometric invariant 
signatures 

Applications:
Lip Reading
Texture mapping
3D Face recognition

Front cover rendered by A&M Bronstein

Released: Oct. 2003 
Publisher: Springer

ISBN: 0387955623
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Expressions are ~isometries

Euclidean

Geodesic

Relative change

Bronstein Bronstein Kimmel 2005



Open mouth & isometric expressions



On MDS,
Lip Reading, 
Texture Mapping,
and
Isometric Signatures



How it all started… (my story)
1989 Schwartz Shaw Wolfson TPAMI     2D flattening 
1995  Kimmel Amir Bruckstein TPAMI      geodesic distances
1998 Kimmel Sethian PONAS     geodesic distances
2000 Zigelman Kimmel Kiryati TVCG        texture mapping
2001 A. Elad Kimmel                   TPAMI     isometric signatures
2003 Bronstein    Kimmel           AVBPA      3D face recognition
2003 Spira Kimmel                    scale space geodesic distances
2004 Bronstein    Spira Kimmel ECCV 3D recognition without 3D

2005 Bronstein    Kimmel           scale space S3 embedding
2005 Bronstein    Kimmel           IJCV        3D recognition
2005 Bronstein    Kimmel           2Bsub.      Isometry/S2 embedding

2

2
2
2
2



Multidimensional scaling



Multidimensional scaling
MDS is a family of methods that map similarity 
measurements among objects, to points in a small 
dimensional Euclidean space. 

Enables to explore the geometric structure of the data.
ix

MDS Dissimilarity 
measures

coordinates in m-dimensional 
Euclidean Space
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A simple example
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Classical scaling
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Classical scaling

Matlab code 
for 2D flattening

Or a single command (Matlab 6.5) 

);2(:,*)).2,2((
);1(:,*)).1,1((

);'',2,(],[
;***5.0

;/).()(

ULsqrtnewx
ULsqrtnewy

LMBeigsLU
JDJB

nnonesneyeJ

=
=
=

−=
−=

Zigelman, Kimmel, Kiryati IEEE TVCG 2002

:);,2(
:);,1(

);(

Ynewy
Ynewx

DcmdscaleY
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Lip-reading is a difficult task.

Goal: Recognize a limited set of 
words.

Analyzing and Synthesizing 
Lips Movements

Michal Aharon, Kimmel 2004

Previous Lip synthesis:
video-rewrite (Bregler)
eigenfacemasks (Van Gool).

Previous Lip Reading:
HMM (Bregler, 1998) (the bartender problem),  
PCA (Li et al. 1997) (eigensequences), 
NN and SVM (Bregler, Duchnowski).



Main Idea

Michal Aharon, Kimmel 2004



Main Idea

Michal Aharon, Kimmel 2004



Framework
Image acquisition (single speaker).

Distances measurement

Dim. reduction (flat embedding)

Words represented by 
contours

Lip-reading

Lips area extraction

Generalization
Michal Aharon, Kimmel 2004



Framework
Image acquisition (single speaker).

Distances measurement

Speech 
synthesis

Dim. reduction (flat embedding)

Words represented by 
contours

Lip-reading

Lips area extraction

Generalization
Michal Aharon, Kimmel 2004



Image acquisition (single speaker).



Lips Area extraction

nose used for alignment
images aligned using affine model
The mouth area section is extracted as gray level 
images.



Distances measurement
Variation on Jacobs, Belhumeur, Basri (1998)

dxdy
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~ Invariant to changes in illumination.
Symmetric consideration.
Avoid singularities in dark areas.

Michal Aharon, Kimmel 2004



Comparing JBB to other measures
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Correlation
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Lip representation space



Michal Aharon, Kimmel 2004



Lip representation space



Speech Synthesis
Linear interpolation in intensity 
space is not natural.
The transition between 
syllables should be embedded 
in the lip representation space.

Michal Aharon, Kimmel 2004



Visual Articulation Signature

Visual articulation signature (VAS) – the series of 
mouth configurations that occur in order for a sound 
to be vocalized.



Synthesis – SHU+KI

ki

shu



Synthesis – SHU+KI



Synthesis – SHU+KI



Synthesis – Example

Concatenate the VAS of the syllables that make the 
word.
Smooth the transition between each successive VAS.

Shu Ki Shuki – simple 
concatenation

Shuki– smooth 
transition



Synthesis – Example

Concatenate the VAS of the syllables that make the 
word.
Smooth the transition between each successive VAS.

Mi La MiLa – simple 
concatenation

MiLa – smooth 
transition



Lip-reading Test

…

16 
different 

words

The lips area is extracted and a 
new contour is computed

The word contour is then matched 
to all others. 

success rate

96%

“Coffee” “Champagne”“Cola”



Generalization:
Images as anchors

1st hit recognition rate 70%, 
2nd hit rate 80%.



Distance Maps and 
Minimal Geodesics



Texture Mapping
Environment mapping: Blinn, Newell (76).
Environment mapping: Greene, Bier and Sloan (86).
Free-form surfaces: Arad and Elber (97).
Polyhedral surfaces: Floater (96, 98), Levy and Mallet (98).
Multi-dimensional scaling: Schwartz, Shaw and  Wolfson (89).

Difficulties:
Need for user intervention.
Local and global distortions. 
Restrictive boundary conditions.
High computational complexity.



Flattening via MDS
Compute  geodesic distances between pairs 
of points.
Construct a square distance matrix of 
geodesic distances^2.
Find the coordinates in the plane via multi-
dimensional scaling. 
The simplest is `classical scaling’.
Use the flattened coordinates for texturing 
the surface, while preserving the texture 
features.

Zigelman, Kimmel, Kiryati,  IEEE T. on Visualization and Computer Graphics 2002.

0
0

0



Flattening

Gil Zigelman



Flattening



Asi Elad and Kimmel, CVPR’2001/PAMI’2003

?

Bending invariant signatures



?

Elad and Kimmel, CVPR’2001/PAMI’2003

Bending invariant signatures



?

Elad and Kimmel, CVPR’2001/PAMI’2003

Bending invariant signatures



Bending Invariant Signatures

Elad and Kimmel, CVPR’2001/PAMI’2003



Bending Invariant Signatures

Elad and Kimmel, CVPR’2001/PAMI’2003

0
0

0



Bending invariant signatures
3Original surfaces                      Canonical surfaces in R

Elad and Kimmel, CVPR’2001/PAMI’2003
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Elad Kimmel 2001



Escher: Bond of union 1956 

Face Recognition



Some BIOMETRIC Techniques

SIGNATURE

RETINA

FACE

DNA

IRIS

FINGERPRINT VOICE

Weight, Height, Color,  Smell, …

PALM



Twins test

who is Michael?



FACE RECOGNITION: PROBLEMS

ILLUMINATION and MAKEUP FACIAL EXPRESSIONS

image = light reflected from the face, 
different illuminations yield different images,
thus recognized as different subjects. 

Modern face recognition algorithms unable 
to deal with facial expressions.

False acceptance: accept impostors as authenticated persons. 
False rejection: fail to recognize an authenticated person. 

SOLUTION: THREE DIMENSIONAL FACE RECOGNITION 
© 2003   U.S. PROVISIONAL PATENT  NO. 60/416,243   PATENT PENDING



No direct contact

Friendly to users (indirect contact)

Passive monitoring (surveillance)

Low cost

Less accurate than other  biometrics

Sensitive to environment conditions, 
postures, and expressions.

Sensitivity to fooling (makeup)

CONs PROs

104 2D face recognition



Why 3D?

2D information is sometimes misleading…



…and affected by different factors

Can a 2D system tell that these images are all of the same subject?

Why 3D?



N patterns allow angular (~depth)
resolution of 2N.

ex-minister of science, Matan Vilnai.

Coded light range video camera

Our new scanner works at less than 150msec,
Components cost ~3k$



Coded light range video camera         



3D recognition via geometric invariants

Range camera acquires facial surface (I). 

The surface is smoothed (II), subsampled and cropped (III).

Fast marching computes geodesic distances on the surface.  

Facial surface is flattened via MDS  (IV).

Rigid surface matching using the canonical surfaces (V).

A. Bronstein, M. Bronstein and R. Kimmel, “3D face recognition using geometric invariants“, 2003

I II III IV V



flattened texture canonical image

A. Bronstein, M. Bronstein and R. Kimmel, “Expression-invariant 3D face recognition“, AVBPA, 2003

The training set include: flattened texture + canonical image.
Applying eigendecomposition to the two sets, we get two eigenspaces. 
The resulting eigenvectors are our eigenforms.

Eigenforms



3D FACE RECOGNITION STAGES

3D SURFACE 
ACQUISITION

CROPPING               SMOOTHING

CANONICAL 
SURFACE

CANONICAL 
IMAGE



Recognizing twins, a challenging test for face recognition.

Facial surfaces as rigid objects -> inaccurate. Canonical forms tell apart identical twins.

SURFACE MATCHING CANONICAL FORM MATCHING
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TWINS TEST I

Reference         Match 1            Match 2             Match 3 Reference         Match 1            Match 2            Match 3 

Michael 40        Alice 107 Michael 46           bob125 Michael 40        Michael 44       Michael 43         Michael 55

0.3299             0.3537               0.3675     0.1531             0.2093               0.2102     



Twins test II
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Eigenfaces

Eigenforms

Reference Reference

Match 1             Match 2            Match 3 Match 1             Match 2            Match 3

Michael 9 Alex 20     

Alex 10             Alex 13             Alex 1
0.0602              0.0774              0.0927

Michael 61       Michael 40       Michael 43

0.0537            0.0897             0.1102

Robert 90 Alex 19              Alex 31
0.0521               0.0917               0.0972

Alex 4                Alex 6             Michael 9

0.1228              0.1229              0.1290
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Invariance to the effects of 
pose on the intensity

( , ) ( , ) , ( , )I x y x y l n x yρ=

ln

As the intensity, the normal (surface), and 
light are known, we can solve for the albedo
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Do we need the facial surface?
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Photometric Stereo: 
Compute the normal from 3 images:

same camera different  light sources.
The normal is enough for all computations.
No need to integrate the surface 

using Poisson solvers.
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In the news 
CNN-news, W-NBC, Rueters, Washington-Post, Channel-2, Haaretz, 
Maariv, Yahoo-news, SIAM news, and more than 60 other TV and 
newspapers all over the world…





Why flat embedding?

Is there another space that better captures the face 
intrinsic geometry yet still provides the convenient  
comparison property of a flat embedding space?

n



Embedding in  2S



Spherical embedding error
Single subject 8 expressions 

3S



Spherical embedding error

4 subjects some expressions 

2S

Recognition rate
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Embedding a sphere in Rm. Asymptotic behavior with number of samples: 
embedding error decreases as embedding dimension m grows. 

FLAT EMBEDDING SAMPLED SURFACES 



Flat embedding?

Beyond Bourgain theorem (1985):
For n points metric space there is a flat embedding with distortion O(log n) 

Does a smooth surface has a flat embedding
with bounded distortion error?

Partial answers:
Tight bound for 1D curves (spectral distortion)
Tight numerical bound for spheres (spectral distortion)
And numerical evidence for faces.

Next goal: A sampling theorem 
for isometric surfaces



Embedding arbitrary metric 
spaces in flat domains  
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Embedding arbitrary metric 
spaces in flat domains  
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Future directions:

Better models
Better numerical methods
Better coding
Better hardware
Better analysis of the 

large scale problem
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