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Structure of Talk

1. About Community Partitions and Finding them.

2. About the Loopy Cycles Backbone.

3.  About information propagation and sufficiency in dynamically
evolving networks.



The Dreaded
Death Star



..and visualizing interrelationships
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L=diag(d)-A
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Much ado about THE right answer.  Can the graph data tell us?















Towards a Dendrogram Visualization of Results





•Cycles are important. 

•Cycles are the backbone of a network:

•Cycles can also be used to find communities.

Mantras for pics which follow:
•Vertices more closely connected to each other are more likely
to be connected by short cycles.

•Density of cycles of different lengths can be used as an
indicator of connectivity between subsets of vertices.

Cycles



Components
with
3,4,or 5 - cycles

Starting at 17, or 24

Partition Zachary’s Karate Club by Short Cycles



Preview:
On Loop
Communities.

A Particular 
Random 
Graph



Components
Minus those
w/o
3-cycles.



Statistics of Cycles:
How Loopy is your Network?

H. D. Rozenfeld, J. E. Kirk, E. M. Bollt, and D. ben-Avraham "Statistics of Cycles: 
How Loopy is your Network?," cond-mat/0403536, J. Phys. A: Math. Gen. 38 
(2005) 4589-4595.

In order to characterize Networks we need to study their properties.
Finding global characteristics and properties of Networks.

•Degree Distribution: Probability to find a node with degree k.

Delta Distribution: P(k)=δk,k’   (lattices or Regular Graph).
Power-law Distribution: P(k)~k-λ 

(Barabasi – Albert).

•Average Clustering Coefficient.

•Diameter.

•Complete Distribution of Cycles:

Important for propagation along the network.
Understanding the structure and topology of the network.
Characterization of networks.



Networks and Cycles

h-cycle: closed path through h connected links that is self-avoiding. 
Nh: total number of distinct h-cycles in the network.

Depth-First-Search Algorithm

Extremely expensive:
Nh grows exponentially with the cycle size!

Finding cycles in Networks

Full distribution of 
cycles of all sizes

h*: size of typical cycle in the network.



Networks and Cycles

This is the first time the complete distribution of cycles and the
typical cycle size h*  are studied. As will be shown this quantity
describes the distribution of cycles in the thermodynamic limit.

This topic is a very active field of research. 
Some recent work on cycles:

1. G. Bianconi, G. Caldarelli, A. Capocci. arXiv:cond-mat/0408349.
2. S. N. Dorogovtsev, J.F.F Mendes. arXiv:cond-mat/0404593.
3. E. Bollt, D. ben-Avraham. arXiv:cond-mat/0409465.
4. E. Marinari, R. Monasso. arXiv:cond-mat/0407253.
5. D. Sergi. arXiv:cond-mat/0412472.
6. A. Vazquez, J.G. Oliveira, A-L Barabasi. arXiv:cond-mat/0501399.
7. E. Ben-Naim, P.L. krapivsky. arXiv:cond-mat/0408620.
8. G. Bianconi, M. Marsili. arXiv:cond-mat/0502552.
9. S. N. Dorogovtsev, J.F.F. Mendes, J.G. Oliveira. arXiv:cond-mat/0411526.
10. H-J. Kim, J.M. Kim, S. N. Dorogovtsev, Mendes, J.F.F. arXiv:physics/0503168.
11. P.G. Lind, M.C. Gonzalez, H.J. Herrmann. arXiv:cond-mat/0504241..
.
.



Cycles on a Deterministic Scale-Free Network
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S.N. Dorogovtsev, A.V. Goltsev, and J.F.F. Mendes,
Phys. Rev. E 65, 066122 (2002).
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E.M. Bollt, D. ben-Avraham, “What is Special about Diffusion on Scale-Free Nets?” 
New J. Phys. 7 (2005) 26.

Copy instructions:

Assembly instructions

And through orbits of the Kronecker Algebra



Cycles on a Deterministic Scale-Free Network
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Generation n+1

•Nh(n): number of
cycles of size h in
generation n.

•Lh(n): number of paths
of size h between two
hubs in generation n.



Cycles on a Deterministic Scale-Free Network
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Why the phrase “ergodic” in the title? 
 
Just suggestive.  But  in the presence of a typical cycle length, 
think of a typical averaged quantity across the network, which 
“mostly” tours the network.  Such cycles do not have a sense
of location.  You should be able to pick up a cycle just about
anywhere, and get the same idea of the network as a whole.  

Think of averages of some statistic on the network, like 
clustering coefficient for example.  Just a few large, “typical” 
Cycles will tend to carry the same statistics, and fast converging, 
as the network as a whole.



Cycles on a Lattice, Fractal,
Complete Graph.

•It was found by Jensen and Guttman that the typical
cycle length in a lattice (regular graph) with
sites follows             or α=1.

•For the Sierpinsky Gasket, a fractal lattice, all nodes
have the same degree k=4 (except for three nodes).
Again            or α=1.

•For the Complete Graph KN the distribution of cycles
can Nh be obtained analytically

so             or α=1.
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Cycles on Random Scale-Free Networks

N = 100,200,400,800.
λ = 3.

P(k)~ k-λ

!
Nh ~

*
2

1
, =!

Sampling Algorithm: self-avoiding walk. The walk is
terminated         when it comes back to the initial
node.

Exact counting is not possible in random Networks.



For N ≈ 100 most cycles are formed
between the hub and nodes in the first
shell. The likely cycle length is then
proportional to the degree of the hub.

As N grows larger, nodes in higher
shells form part of interconnected
cycles and alpha increases.

We applied the sampling algorithm to Scale-Free Networks
with degree exponent λ=3.
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Cycles on Random Scale-Free Networks



Conclusions and open questions

•Cycles of small length have been studied before.

•Our study indicates that the full distribution of cycles, of all
possible lengths, displays additional useful properties:

For large nets, the distribution resembles a delta function 
that peaks about a typical cycle size, h ~ Nα.

The exponent α serves as a single figure of merit that 
characterizes the “loopiness” of the net in question.
For regular lattices and fractals, and for complete graphs 
and ER above criticality α=1.

For small random scale-free nets α = 1/(λ-1), but increases
as the nets become larger.

It remains an open question whether the loopy exponent 
saturates at α = 1 as               .

Ergodicity: the distribution of cycles that pass through a 
node is similar for most nodes of the net.

! 

N"#
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Networks that change dynamically in time
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Proof of Communication and Synchronization 
in 

Instantaneously Disconnected 
But Fast 

Moving-Neighborhood Networks
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Identical oscillators properly communicating can synchronize



Some Background: Identical Coupled Oscillators

Suppose a “network” of n-identical oscillators which couple together
according to a graph A.

Barahona-Pecora-’02, 

the graph-Laplacian

Graph                        corresponding to an edge (i,j), else 0.

! 

L = diag(d) " A
! 

A

! 

n " nis Adjacency matrix.

! 

Ai, j =1

! 

˙ x i(t) = f (xi(t)) +"B li, j x j (t),i =1,...,n
j=1

n

#

Considering growth of variations away from a solution on an identical synchronization manifold,

Variations from identical sync manifold



Synchronization of 
Static Networks of Identical Oscillators

What about 
Time-Varying 
Networks?



Can the Identical oscillators synchronize if they only
communicate only sometimes?



Communication and Synchronization in Disconnected Networks 
with  Dynamic Topology: Moving Neighborhood Networks

Q: Can information propagate
(in time) across an
Ad-hoc network?

Applications: Diseases, Control, 
Cooperative behavior of swarms, 
Synchronization, Communication

  Instantaneous Adjacency    Ergodic Evolution of
                  Matrices   n moving agents



Getting ready to State Main theorem: Rigorous near the end.
First, the Moving Neighborhood Network

Suppose a “network” of n-identical oscillators which couple together
occasionally according to an ergodic process.

Reminds us of Barahona-Pecora-’02, 

the time varying graph-Laplacian

Graph corresponding to an edge (i,j) at time t when

! 

| xi( t)" xj(t) |<#

! 

L(t) = diag(d(t)) " A(t)
! 

A(t)

! 

n " nis Time varying adjacency matrix. ! 

n

! 

n

Skufca, Bollt, ‘04 



                Instantaneous Adjacency Matrices                    Ergodic Evolution of n moving agents

Synchrony Probes Moving-Average Network

BUT!!! Network is
(a.) Never Instantaneously
Connected!

Two time-scales relevant for such networks: 
      1) Time-scale of the message
      2) Time-scale of the validity of connection

Propagation of a message, biological disease, telecommunication, or any property, across a 
dynamic network, in which message relevance decays.  



Modify Master Stability Function For dynamic networks

Moving Average Laplacian, for time varying networks - Weighting Memory

Barahona-Pecora-’02, 

Skufca, Bollt, ‘04 

Instead of instaneous adjacency matrix, A(t), use a moving averaged adjacency matrix, 

! 

"(t) = e
qA (# )d#

0

t

$
z
0

! 

˙ z = qA(" )z, z(0) = z
0

which solves, and its Laplacian
spectum



A Time Varying Network

n-agents wandering ergodically.

Message propagation can persist in a network which is
instantaneously never connected

We find:
-Time-average ER, or scale-free degree distribution if latency.
-Message propagation in network which instantaneously never connected.
-Tools for such dynamic network topology: latency measuring “average moving
(graph) Laplacian,” generalization master-stability formalism, time-average degree
distribution, ergodicity for  time/space averages.



Stilwell, Bollt, Roberson, ‘05
A Related Model of A Time Varying Network

If you “blink” connections fast enough, you can hope 
on average to transmit enough message to maintain synch.

Note:      is generally not a graph Laplacian corresponding to any particular network. 



Proof is based on showing:

By showing a shared Lyapunov function works sufficiently if 
switching is fast-enough.  



Sufficient but not necessary: An example.

Notice that here, average
over the 5 graphs is a 
connected Graph.

Time-averaged OF Laplacian









Conclusions
-Fast switching.  Sufficient but not necessary.
-Recent average must have some hope of communicating.

Future
-Stochastic and ergodic
-Other information bearing networked systems where 
connections are only sometimes good.
-Networked blinking control systems
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More on Master Stability Function For static networks

Moving Average Laplacian, for time varying networks - Weighting Memory

Barahona-Pecora-’02, 

Skufca, Bollt, ‘04 

Instead of instaneous adjacency matrix, A(t), use a moving averaged adjacency matrix, 
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0

which solves, and its Laplacian
spectum


