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WULFF SHAPE

“fundamental solution”
(facets, facet-rough transition, phases, algebraic boundary etc)

Kenyon-Okounkov-Sheffield

detD2σ ⌘ π2
<latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit> for the dimer model (“free fermions”)

Wulff shape - Legendre dual of surface tension
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Crystalcornerlimitshape
[Cerf,Kenyon(2001)]

ThisisalsotheWulffshapeattemperatureϵin3DIsingmodel.

(lozenge tilings  ↔ 3D Young diagram)
itself a limit shape



LIMIT SHAPES IN THE DIMER MODEL

limit shapes and the complex burgers equation 293

Figure 15. A cloud curve becomes reducible.

Figure 16. Frozen boundaries (at c<0, c=0 and c>0) for the polygonal region in Figure 6.

The other possibility is when Q degenerates to a union of a winding curve Q1 and
a line Q2. The line Q2 corresponds to a point p2 of the dual plane and the collapsing
ellipse follows the tangent from p2 to Q�

1 ; this is illustrated on the right in Figure 15.
This degeneration can only happen if an edge of � has length tending to zero.

Note that in codimension 2 one can have a degeneration in which two cusps of the
frozen boundary come together and merge in a tacnode, reminiscent of Henry Moore’s
Oval with Points. This corresponds in Figure 15, left part, to the thin ellipse having zero
size.

Finally, there is practical side to the above deformation argument. Namely, it allows
us to find the inscribed curve by numeric homotopy, that is, by solving the equations
using Newton’s algorithm with the solution of the nearby problem as the starting point.
An example of a practical implementation of this can be see in Figure 16.

3.3.6. Uniqueness

It remains to prove that the inscribed curve is unique and that the polygon is feasible if
the inscribed curve exists. Given the inscribed curve R, let h� denote the height function
obtained from it by the procedure of §1.8. This is a well-defined function with gradient
in the triangle (1). Therefore � is feasible. The inscribed curve is unique because by the
results of §3.3.5 it has a unique deformation to the unique tropical inscribed curve.

Kenyon-Okounkov

algebraic arctic curve
cloud curves

lozenges

polygonal boundary (extremal boundary)

“match a limit shape to boundary”

Astala-Duse-P-Zhong

general dimer model
“prove things about the minimizer”

frozen boundaries are universal

key property , “free fermions” det D2σ ≡ π2

Petrov, Bufetov-Gorin, Bufetov-Knizel
 special polygons - also fluctuations dominos

&

Alexei BorodinMore on dimer limit shapes:   talk by



WHY ALGEBRAIC BOUNDARIES?
polygonal

 boundaries
complex structure

degenerates
everywhere on the boundary

double 
compactification
algebraic curve

deSilva-Savin properness

Issue: lack of continuity up to the boundary

∇h(x, y) → ∂N
(x, y) → ∂ℒ

∂̄z(x, y)
∂z(x, y) → ∂𝔻a priori only

properness+holomorphicity weak holomorphicity
across reflection



ISOTHERMAL COORDINATE
Riemannian metric associated to the Wulff shape

z is the conformal coordinate of the model

(x, y) ∈ ℒ ↦ ∇h(x, y) ↦ z(x, y)

(s, t) ∈ 𝒩 ↔ z ∈ ℂ

“Write everything in terms of z”

γ :=
−σss − i σssσtt − σ2

st

σss

(analogue of logarithmic Gauss map)

zs

zt
= − 1

γ̄

zx

zy
= γ(z) (analogue of complex Burgers)Euler-Lagrange



          -HARMONIC ENVELOPEκ

as a function of z ∈ ℍ
Kenyon-P

Thm: s, t and h-(sx+ty) are all 𝜅-harmonic(z) in the liquid region

(multi-valued in z)

Corollary:
Free-fermionic limit shapes are 

envelopes of harmonically moving 
planes in R³

r · ru = 0

(z) =
p
detD2�

σ(s, t)
(s, t) ∈ 𝒩

minimal surfaces
(x, y, h(x, y))

<latexit sha1_base64="XnLb7JZ51erPAG0vQFEhFux+rFw="></latexit>

γz = 0

dimer limit shapes
(hx, hy, h�rh · (x, y))

<latexit sha1_base64="KlUq0HKYbJSeT7TggGquU6kS6JM="></latexit>

γz̄ = 0
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γz̄ = 0

Bipartite dimer model:

t-emebeddings of graphs and GFF

on surfaces in the Minkowski space

1

Dmitry Chelkak (ENS)

[ recent/in progress

joint works w/

Benôıt Laslier,

Sanjay Ramassamy,

Marianna Russkikh ]

FARF–IV, 15.06.2020

?
Lorentz 

maximal surfaces
Marianna Russkikh’s 

talk
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The Geometric Tangent Method in a picture
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The trick is that

Zn,m =
X

r

An,rBr ,m

where Br ,s =
X

�:(0,0)!(r ,�s)

p
!

#corners

For large n, the sum in r is
dominated by a saddle point r⇤.
The resulting straight line
goes through (r⇤, 0) with slope
�m/r⇤ and is tangent to C.

Varying m/n 2 R+, the caustic
of these lines makes one arc of
the curve C.

Andrea Sportiello The Tangent Method: where do we stand?

tangent method 
Colomo-Sportiello “tangent plane 

method”

σ(s, t)
(s, t) ∈ 𝒩
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as a function of z ∈ ℍ
Kenyon-P
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(s, t) ∈ 𝒩

multinomial dimers
(Workshop I)

fluctuations:  in the complex structure of κ−GFF z

Brun-Dubail
(physics expectation) Kenyon-Wolfram
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Fluctuations
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Aztec diamond scaling limit

<latexit sha1_base64="b0pHJkHHiW/GU7xHuzoJgkjUExQ="></latexit>

Thm: (2D Aztec diamond) In the scaling limit, height fluctuations are given by
the image of an inhomogeneous Gaussian Free Field on [0,⇡]2 (with conductance
) under a di↵eomorphism  : [0,⇡]2 ! R:

 (u, v) = (cosu, cos v),

and  : [0,⇡]2 ! R is given by (u, v) = 1
sinu sin v .



VARIATIONAL PRINCIPLE FOR
NON-INTERSECTING BROWNIAN BRIDGES

Guionnet, Matystin, Guionnet-Zeitouni
Belinschi-Guionnet-Huang
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⇒
min

{(ρy,vy) : 0<y<1} ∫
1

0 ∫ℝ (ρyv2
y + π2

3 ρ3
y ) dxdy

∂yρy + ∂x(ρyvy) = 0

f(x, y) := vy(x) + iπρy(x)

∂y f + f∂fx = 0

h(x, y) := ∫
x

−∞
ρy

complex Burgersρy



SURFACE TENSION

(s, t) = ∇h ∈ [0,∞) × ℝ

X = σs = π2s − t2

s2 Y = σt = 2t
s

σ(s, t) = π2

3 s3 + t2

s
det Hσ = 4π2

(s, t) = ( 1
π

Im z, − 1
2π

Im z2)

(σs, σt) = (−Re z2, − 2Re z)

F(X, Y ) = 2
3π

(X + Y2

4 )3/2

z = − t
s

+ iπs ∈ ℍ

σt − i 2πs = − 2z
σs + i 2πt = − z2

harmonic conjugates 



COMPLEX BURGERS EQUATION

(x, y) ∈ ℒ ↦ ∇h = (hx, hy) = (s, t) ↦ z(x, y)

σsshxx + 2σsthxy + σtthyy = 0

(−z2)x + (−z)y = − 2zzx − 2zy = 0

(σs(hx, hy) + i 2πhy)x + (σt(hx, hy) − i 2πhx)y = 0

zx

zy
= − 1

z

(h − sx − ty)zz̄ = − (szz̄x + tzz̄y) − (szxz̄ + tzyz̄) = i
2π (xz̄ − zyz̄)

= i
2π

xz̄zx + yz̄zy

zx
= i

2π
z(x, y)z̄

zx
= 0



ONE-SIDED BOUNDARY CONDITION

z = u − 𝒞μ(u)

δ0 → μ

x = Im u /z
Im 1/z , y = 1 − Im u

Im z

hBB = 1 + 1
π (Im u Re (u − z) − ∫ℝ

arg(u − x) dμ(x))

μy = μ ⊞ μ(y)
sc

Thm (P): u ∈ ℍ



PROOF

x +
tz
sz

(y − 1) +
(c + t)z

sz
= 0

szx + tzy + cz = 0

x − z(u)(y − 1)−u = 0
1
π

Im z(u)dx → μ

z(u) = u−𝒞μ(u)
y = 1

u → ∂ℍ

u ∈ ℍ

(envelope equation)

z ↔ (x, y)?

h = sx + t(y − 1) + (c + t) = 1
π (−Im (uz̄) + Re z Im u) + c + t =

(c + t)(u) := 1 − 1
π ∫ arg(u − x)dμ(x)+ 1

π
Im ( u2

2 − uz)

(c + t)u = i
2π

(𝒞μ(u) − u + uz′ − z) = i
2π

uz

1 + 1
π (Im u Re (u − z) − ∫ℝ

arg(u − x) dμ(x))

− (c + t)u

su
= u

u ∈ ℍ
u = x

μ



YOUNG TABLEAUX LIMIT SHAPES

1
2
6

8
16
20
31
41

49
55
60
71

78
82
83
89
114

155
168
174

3
4
11
15

25
26
42
43
50

68
76
88
101

107
116
135
146
169

186
189

5
7
13
21
27

35
44
46
57
79

90
91
106
112

118
149
160
194
210

248

9
10

18
32
36
48

53
58
75
86
93

98
123
126
133

166
167
220
242
253

12
14
22

33
39
61
69

74
84
103
127
139

145
148
177
178

195
222
245
299

17
19
37
47

54
63
72
94
102
128
138
162
181

191
225
229
239

240
261
305

23
30
45
52
59

87
97
113
117

134
141
172
201
205

227
241
251
259

267
310

24
34
51
64
73
96
105
124
147
157

182
185
204
236
252

264
278
280
295

346

28
38

56
65
85
109
130

140
151
159
184

187
230
244
263
282

287
296
302
349

29
62
67

92
95
125
132
144

156
188
197
218

250
255
277
283
288

317
328
356

40
70
81
99
121
129
161
175
193

202
208
224
260

270
279
293
304
326

352
358

66
80
100
110
122

158
170
180
199
203

223
256
265
274

290
294
314
343
354

365

77
111

131
142
152
164

173
207
209
213
228

257
281
297
315

322
323
359
361
367

104
115
137

150
154
171
176

216
219
237
266
272

285
298
318
345

360
363
366
375

108
120
143
153

196
206
212
217

221
258
273
289
300

316
327
353
364

368
376
377

119
165
183
190
211

214
232
233
249

268
301
313
324
333

344
362
370
382

387
389

136
179
198
215
235
262

271
275
286
291

307
325
330
338
347

371
378
385
390

393

163
192

200
231
243
276
284

292
306
312
329

335
339
351
357
373

380
388
391
396

226
238
246

247
308
309
311
319

331
336
337
340

350
372
379
381
384

392
395
397

234
254
269
303

320
321
332
334
341

342
348
355
369

374
383
386
394
398

399
400

Dan Romik’s 
MacTableaux

square diagram

Cyril Banderier et al.’s 
YoungPackage

x

x3

y

x

x3

y ∈ [0,1] “time”

x

y

x3



Young Tableaux vs Brownian Bridges
W. Sun, A. Gordenko

σYT(s, t) = − (1 + log
cos π

2 s
π
2 t ) t

(s, t) = ∇h ∈ [−1,1] × [0,∞)

(s, t) = (1 − 2
π

arg z, 2
π

Im z)

(σs, σt) = (Re z, log |z | )
(s, t) = ( 1

π
Im z, − 1

2π
Im z2)

σBB(s, t) = π2

3 s3 + t2

s

zx

zy
= − 1/z

γ(z) =
sz

tz
= −1/z



YT LIMIT SHAPE RESULTS

Pittel-Romik (2007)
Biane (1998)

explicit limit shapes
implicit limit shapes 

in terms of free cummulants

handful of examplesgeneral profile

Angel-Holroyd-Romik-Virág

(square, rectangle, staircase)

x′ 3(x) = 2
π

arctan x(1 − 2y)
4y(1 − y) − x2

, |x | ≤ 4y(1 − y)

family of one-dimensional 
variational problems

Borga-Boutillier-Féray-Méliot (2023)
arbitrary rectangular profile

bead process

Jacopo Borga’s talk Workshop II



YOUNG TABLEAUX LIMIT SHAPES

Thm (P): z = 1/Gω(u), x−z(u) (y − 1) − u = 0, u ∈ ℍ

Kerov

(x, h)
y

asymptotic value 
of the tableau

τ = 1
2 ω′ ′ , Gω(u) = exp∫ℝ

log 1
u − x

dτ(x)
signed measure

= 𝒞μ(u)
transition measure

1/Gω(u) = u − 1
2 Aω𝒞ν(u)

(co)

 
Limit surface

hYT = (1 − 2
π

arg(z(u))) Im u /z
Im 1/z + 2

π ∫ℝ
x arg(u − x) dτ(x)

x = Im u /z
Im 1/z , y = 1 − Im u

Im z

u ∈ ℍ

∇h = (s(z), t(z))



PROOF

x +
tz
sz

(y − 1) +
(c + t)z

sz
= 0

szx + tzy + cz = 0

x − z(u)(y − 1)−u = 0

−arg z(u) = π
2 (ω′ (u)−1)

z(u) = exp (∫ℝ
log(u − x)dτ(x)) =: 1/Gω(u)

y = 1

u ∈ ∂ℍ

u ∈ ℍ

(envelope equation)

z ↔ (x, y)?

h = sx+(h − sx) = sx+t(y − 1)+c + t = sx + 𝒫c̃(u)

− 2
π

Im u

𝒫c̃(u) = 2
π ∫ℝ

x arg(u − x) dτ(x)
intercept function

c̃(x) = ω(x) − ω′ (x)x



EXAMPLES

a0 a1b1 b2
…

Gω(u) = ∏ (u − bi)
∏ (u − ai)

1
2
6
10
12
15
17
19

30
32
34
36

43
46
69
72
76

81
82
106

3
5
8
14

16
23
27
33
39

45
47
48
54

59
73
88
94
108

4
13
20
21
22

35
40
42
49
50

63
66
71
79

83
104

7
24

25
26
28
38

52
58
64
68
75

91
95
110

9
29
37

51
55
56
65

70
78
89
90
93

11
31
53
62

74
86
97
100

102
105

18
44
57
77
84

96
101
109

41
61
85
87
98
99

60
67

92
103

80
107



DUALITY

duality via co-transition measuresSpherical Integral

One get the spherical integral, if you further condition that at time t = 1, the
eigenvalues are given by b1, b2, · · · , bn.

x

t

x

t

The law at time t = 1 is A1
d
= A+ G = UBU

⇤, where G is GOE/GUE, explicit

1

Z
e
�

�n

4 Tr GG⇤
dG =

1

Z
e
�

�n

4 Tr(A1�A)(A1�A)⇤dA1

=
1

Z
e
�

�n

4 Tr(A2+B
2)+ �n

2 Tr AUBU⇤
dUBU⇤

=
1

Z
e
�

�n

4 Tr(A2+B
2)+ �n

2 Tr AUBU⇤ Y

i<j

|bi � bj |
�dBdU / e

�n

2 Tr AUBU⇤
dU

∂yhYT = 2∂xhBB
y

μy = cotrans (ωy)

γ(z) = − 1/z

tYT(z) = 2
π

Im z = 2sBB(z)



FREE COMPRESSION
1

𝒞μ(u) +Rμ(𝒞μ(u)) = uR-transform

free compression

Biane: transition measure of Young tableaux contours

variational formulation
(minors for random matrices)

Shlyakhtenko-Tao, Johnston

Rμα(w) = Rμ(αw), α ⩽ 1

σ(s, t) = − log t − log(sin(π s
t
))

(fake) trivial potential

Corollary (P): explicit uniform Gelfand-Tsetlin surfaces 

Metcalfe

det Hσ = π2

t4

free convolution

Rμ⊞ν(w) = Rμ(w) + Rν(w)

Nica-Speicher

(α, x, λ)

μα((−∞, λ]) = x

(s, t) = ( arg z
Im z

, π
Im z )

det Hσ = (harmonic(z))4



SKEW SHAPES/ TWO-SIDED BOUNDARY?

rectangular boundary only atoms

Family of rational solutions
non-trivial to match to boundary conditions



“FLAT-TO-FLAT” GEOMETRY
Grela-Majumdar-Schehr

λ[0,1] → λ[0,1]
μ0 → λ[0,1]Im z = π

u ∈ SG0(u) = eu ∫ 1
eu − ex dμ0(x)

17

0

1

FIG. 6. Plot of sample trajectories (gray lines) in the (�, t)-coordinates (left panel) and in the (x, ✓)-coordinates (right panel).
The solid lines correspond to the edges of the support of the average density. In the left panel, the lower (respectively upper)
solid line corresponds to ��(t) (respectively �+(t)) given in Eqs. (90). On the right panel, the lower solid line corresponds to
x�(✓) in Eq. (89), while the upper solid line corresponds to x+(✓) in Eq. (88). Simulations were made for tf = 2 and N = 20
by integrating the e↵ective Langevin equations (33) and (36).

Using xi = e
yi then gives the upper boundary of the density in the (x, ✓) coordinates

x+(✓) = e
yc(✓) = u+(✓)

✓
u+(✓) � 1

u+(✓) T � 1

◆✓

, (88)

where u+(✓) is given in Eq. (86). This concludes the derivation of the upper edge.
To compute the lower edge of the density, we need to repeat the same reasoning as above except that we have to

consider instead the first interval ⇠ 2 (�1, 0]. In this case, repeating the similar lines of reasoning, we actually arrive
at the same equation (85). However, since ⇠c(✓) 2 (�1, 0], we must have u(✓) = e

⇠c(✓)
2 [0, 1] and indeed this is

precisely given by the other root u�(✓) of Eq. (86). It is easy to check from (86) that u�(✓) 2 [0, 1]. This then gives
us the lower edge of the support in the (x, ✓) variables

x�(✓) = u�(✓)

✓
u�(✓) � 1

u�(✓) T � 1

◆✓

. (89)

In Fig. 6 (right panel), we show a plot of these two boundaries x±(✓) as a function of ✓.

Now we can translate these results in terms of the (�, t) coordinates, as defined in Eq. (35). Hence we set
�+(t) = tf

1+✓
yc(✓) and t = tf

✓

1+✓
where yc(✓) is given in Eq. (87). After a few steps of algebra, we can write �+(t)

explicitly. Similarly, for the lower support, we choose u(✓) = u�(✓) in Eq. (86) and replace u+(✓) by u�(✓) in Eq. (87).
Repeating the same manipulations gives ��(t). Together, they read

�±(t) =
1

2
±


tfarccosh

✓
1

p
T

tf + T (tf � 2t)

2(tf � t)

◆
� t arccosh

✓
(tf � t)2 + t

2
� T (tf � 2t)2

2t(tf � t)

◆�
where T = e

�1/tf .

(90)

These boundaries �±(t) are plotted in Fig. 6 (left panel). For the special values ✓ = 1, 2, 3, i.e., t = tf/2, tf/3 and tf/4
respectively, considered in the previous section, we recover the endpoints found in explicit formulae for the average
density in Eqs. (73), (78) and (81).

Note that in this paper we have chosen the initial and the final flat configurations to have a unit density supported
over the interval [0, 1], i.e. ai = bi = (i � 1)/N . One can easily generalise our results to the case where ai = bi =
↵(i � 1)/N so that the initial and final densities are flat but with value 1/↵ supported over the interval [0, ↵]. We
do not present the details here but we have verified that, taking the ↵ ! 0 limit with tf fixed, we recover the known
results for a pure “watermelon” configuration, where all the particles start at the origin at t = 0 and end up at the
origin at t = tf , i.e., “point to point” as opposed to “flat to flat” configurations. For example, we have checked that
the formula for the boundaries of the support in Eq. (90), appropriately generalized to ↵, reduces, to leading order
as ↵ ! 0, to

�±(t) = ±

s
4↵ t (tf � t)

tf
, (91)

which is exactly the boundary of a point-to-point watermelon with di↵usion constant D = ↵/(2N) (see e.g. [45]).

0

−iπ

z = G0(u) − u

μ0 = λ[0,1] G0(w) = log( 1 − eu

1 − eu−1 )

−Im (Li2 (e1−u) − Li2 (e−u) − 1
2 u (u + 2 log (1 − e1−u) − 2 log (1 − e−u)))

x = Im u /z
Im 1/z , y = − Im u

Im z h = 1
π (Re z Im u − Im (uz̄)

λ[0,1]

μ0

adapted complex Burgers 
from Langevin equation
in a non-standard form

x − z(u)y − u = 0

x = u

y = 0 y = 1

x = ? z = G−G−1
0 (G)

G( x
1 − y

, y
1 − y

)



T H A N K Y O U !


