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Open & Closed Toda from Cluster Algebras

Open :

- Classical Q-systems and Toda Hamiltonians

- Cluster algebra structure and quantization
- Time translation operator , Macdonald theory and -Toda
- Universal Harish-Chandra series

closed :

En
+ -Q-systems and cluster algebra structure

- Time translation operators
- Closed Toda Hamiltonians

- Universal series
, affine Macdonald operators

,

affine characters...



sIQ-systems :
· Generators [Qab1 at [1, N-1] , ReZY
· Relations Qa
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sIQ-systems :
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· St : QuiQu = Qu -1
·Discrete evolution in k T : Qahte Qak

REX
· Initial data EQ,iQa, + Q-sys determine [Qake ,n -1
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Integrability : conserved quantities [Hi3 if 1
, . . .,

N

N

·[Hi? " Laurent Polynomials in EQa,
WA W2 WN
· ②

Hi = partition function of G =

&[DFK09] ·
hard particles on G Wi W ( wa

I 2 N-1

Li = Qat
,

o Qa,
a

· Translation invariance : JCHi) = Hi
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= Zilwa+Wa') Coxeter Toda Hamiltonians (Reshetikhin et all

a
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where
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&
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y
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,
Hb) =0
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Cluster structure
Qo Q2

, 0 Q-1
, 0

2 N-1

· EQak3 = duster-variables for Cluster Algebra
>

Q, Q2, QN-

;
=

&

[08]B.= 2 J : B =

-C

· A-variable mutations
*

= Q-system equations C =Cartan
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E· Time translation J : k-> k+ E N - 1 permutations o -[ O

E Q1
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T(B) = B principal part of exchange matrix J-invariant

(GSV] Poisson structure : EA
,Aj] = BijAiA:



Quantization : Poisson bracket- > Commutation Relations

[A ,
BY = GAB und AB = gBA

7) - variables (Fock-Goncharor variables

Define A Bji ·
AB=BA

Xi= j &AB : = ge AB
- Bis

,
q-commute as XiX =

a I
I I i Bjsoj Weyl-orderingI /i

Definition : monomial transformation

[Bji] + -2Gij
/ I9 mutations of (t-variables :

Mj (Xi)
= Add(j) :

I i I & :
X J

T

/
(*)

9 dilogarithm ((x) = TT (1 -x92) (**)
30

p(qx) = ( - x(y(X)

A-variables A := :TX h
q

- commute as Airtj
= &Bijtjti

q-mutations of -variables follow from stuariables



Quantum Torus : 7)-variables :

a

-al
GT)

-22 GT)
-(N- 1<Ta

,
Mala Talb =prablsta ni

a= 1 a=2 a=N-
2 N-1

-

B =

O C

Cab = (
,
(b) .

-C O
I' 21 N-11

>

↑

simple roots Ga = Ca-lant atn dend2 140-1

(e = Na) 14 = 1/12
-

Ib
I MI

bCf-variables : [Xai Xail XaX =

9
Cab/bi

a

a= 1.. . .,
N - 1

Realized by choice : Xa=: UTJC* Xal = 1da (1 = 1/2)
.

I

=> A-variables = Qao = Aa = Wa wafundamea
a

War
Qa = Aal =: (T) : i = 1

k=0

W, 102 1WN1

2 N-1

A-variables :

k= 1
I' 21 N-11

(T) /

(1+)2 (+)wN



Time Translation operator (1) :
T(Qa

,
k) = Qa

,
kn = g Qang

+

g

Thm : mutation at nodes a = 1..., N - 1
-

Permutation o actal (a= 1, ...,
n -1)] realized by Adg()

-
N - 1

monomial transformation
=g(1)= UH4(1 + permutation

ats al

& SianGaus

((T)
-

- pat as Advis Ma = :Natai- ex

·O(x) = (l-qx
+

quantum dilogarithma

=> Qa
,
kn = AdguQan initial data Qao = 1Wa

# g() commutes with Toda Hamiltonians [g(1) ,
Ha] = 0



Fourier Transform + Bispectral property + Universal functions

Cf.

Da(x) ((x(1) = 1 ....1aP(x(1) (Sasamoto)

universal 9 Whittaker19-Whittaker polynomial
Wa1 #ea(s) > 1, ... a

=1

9
-Whittaker lies t-x

t-A

Macdonald : &
*

(x)P(X (s) = Cals)P(X(S)
Si = - "q Di

= Macdonald Polynomial

try
Universal sol-(xept

Bispectral symme PBX(S)
V

Pieri zet(s) P(X)s) = ea(x)P(X(s)

H=M) F(xY) = exF(x (1)
q
Toda-



"q-Whittaker transform
If

" ( , , ..., 1w) m (X, . - -

, XN)

*There exists a unique Series in Ex* ↑(11) x*x
=

Solution to eigenvalue equations DakP(* (1)
= 10-P(X(1)

Da = lim
*

Dalxlgt) Macdonald operators
Da= Du

,
o

I

t-> a

Da
,
h(X) = 2 I* D
I <[1,N]

Itl =a

U=
↑ xj =gx, MiA



q-Whittaker transform " ( , , ..., 1w) m (X, . - -

, XN)

*There exists a unique Series in Ex
*
3 ↑(11) = X* C() x

Solution to eigenvalue equations DakP(* (1)
= 10-P(X(1)

Da = him t Dallast) Macdonald operatorsI

t-> a

Da
,
h(X) = 2 X

I () DaU(x)
I <[1,N]T y

-k

U

R

a~ 2

Theorem :
Itl =a

(x)
= e

MXj =gxjTi(DFK]
Satisfy Qau(1,T) ↑(x() = Dash(x)P(x (1)

"Fourier Transform"

Example : (11) Watr(x(1) = 14(xIngway = Da
, ,(x) N(x() (Raising operators)

=> I · -Whitaker transform a g() is U(X)
.

· Dak satisfy quantum Q-system



Toda Hamiltonian from Bispectrality
di

genericGat =9
a (x)P(5X :312t

**

1iz)= ea(Et"-"SP(X1St-"1 : 3) Mi

↑
Si=

N-
1 :

Macdonald function P(XIS) series in EX-Cay

bispectral symmetry : ( - xi/xj9")
#)=

(x)= T ( - Xi/xjq(y)
X(x)

=> The q-diff operator Ha(s) =

0 (s)"Ha(s) & (s) exchange ***

satisfy Hals) P(X(s) = ea(x)P(X(s) Pieri Operator

~

9 Whittaker limit t-:

=> Toda Hamiltonian him (
*2a(s)) = Hi()S t-x

The -Whittaker function P(X(1) = linp(XI



Remark] Cluster algebra structure at finite t : Spherical DAHA
[DFK + Schraden

, Shapiro]
Da (x;g,

+) =2 #
= polynomials in t with

lIka itI

jkE Coefficients in upper cluster algebra

Ex stu :
0

,
(x)= =DX)D

Dash = Cluster -variables

Ca(x) = Toda Hamiltonians

SDAHA = Lea(X)
,
Dalx) >C UpperCA

Has SLc(X) -symmetry [+= (oi) = AdUI)
,

I--action ?

Thm/conjecture : SLez) = MCG acts by sequence of mutations

I

on extended quires

2 N-1

Reduction of
FG higher

Teichmiller quiver

on punctured torus



Remark2 : Other root systems : Q-system for type o

simple roots Ed, . . .,
[N)

,
(t-variables [Xa =U

,
Xal = Nal

I Klong, Clong)
= 1

,
2

,
3B= Cab = (, (b)

,

ta =

(a
, (a)

t

Time translation [ :
"mutate at short labels a, permute ata

a

[DFKO8] · mutate at long labels a, Permute acal

=> g() = (iiTqG)tIOn
Cashort

[DFK2Y forBCD]
wa
1Initial of = [Qa=, Qa, = 1Wa+wa]

Evolution faster
Thmi Qak +ta = Adgus Qa, n for a short



1

Q-system in affine SIN [ DFK
,

M
.Bershtein

, J-EBourgine, J .Shiraishi)

= affine Cortan matrix (singular) : Extend via coefficients HT)d 1
d

(i,j)= Zij ,
(d, 40) = 1

,
(d

,
(i) = 0 (ito) (d, d) = 0

Construct Cluster Algebra : exchange matric
N = 0 &
⑧

s #B =11 -
T

O L
g - d

I' NI

quantum torus :

1
1, . . - 1x y

,
1x

,
1d 3 Ti1j =qj1;Ti 2 (N+ -dimensional

Tis ...TN ,
T

,
TdN

Cf-variables : Xa = 15
da

at2/n2

Yas = 1
%

Coefficients : d
= (+)d

,

Xd = 1d
- A-variables satisfy affine Q-system (Definition)

⑧



stor Q-system : Qa
,
k +1 Qan =Qah-pQay, Qath a mod N

k-1k

A-variables Qask Pu
= Ad a

-8A = 1
-

An = Qao = 1
Wa coefficients G = Xo+... + XN-

tal = Qa
,

1 =: (T)Wa aeX/N

Qo Qo
O ⑧

Wo, ..., WN-1 : affine weights T
T

C&DA/ E g&J&↳an

*

Time - Translation : J : QanQah+

(i) mutate at a = 1
,

.
. .,
N

(i) permute ats al Told = gats
groperator : Adg(Qan) =Qan+

N
zlogqE = (t)ip(i

%
) where H =UH)eThe extended torus

a= 1



Fa affine system,
we look for :

· q-Whittaker transform : Universal function "(n)Y = Uxst"

· t-deformation to affine Macdonald theory
· Bispectral property

· AffineaToda Hamiltonians

· Solutions of affine Q-system

· Character interpretation

· Algebra structure
&

&

W



Finite t : Affine Macdonald Theory
Universal function [Shiraishi 2019] :

& (X,pls ,
r) "non-stationary Ruisenaars function"m) ↑ = 4q(x,p(1, v)

9t t-8

N - ↑
series in E X -any

=o
coefficients nations

of Nekrasov
factors affine

("matrix elements of vertex ops for quantum toroidal gli) 9Whittaker

Shiraishi Conjectures :

· Bispectral Symmetry & (x,p(s, r) = y(s,v)x,p)
I/

· Specialization to Affine Macdonald polynomials" [Etingof -Kirillov]

Rujsenaars operator : & (Xigp) =

- Op It xix; )

- for R= 1

Op(Xi(j)
Ti

Op(x) = (Xjp)o(P(X jp)o(pip)0
Eigenvalue equation at D=1

& (x) ( <(s) ,

<(s) = ec(s) + Oc (stationary state



Affine 9-Whittaker limit tea :

& null noot of R =
--
-Aro : (5

,
(i) = 0 = (5

,
5)

,
15,d) = 1

. p
= 18,-

J= 20 +... + XN-

= Ci-fitt ,
i= 1, ...,

N- = 1 A
- Go

& = en-e ,+ 1 = p
Closed aToda Hamiltonians

Hp = 2
"

(1 -1(a- ) Ta = 1- p)T + (- )+2+ ...

a=

1

Closed Toda Hamiltonian is not a conserved quantity :

↑(Hp) = gHp" = Hep Dynamical symmetry

when r= 1 : Hp4 = (e ,
(x) + O(p)4 Eigenfunction closed Toda

when re = 1 (1) : p-up Non-stationary state



embinatoriesof affine Q-system solutions Classical : 9 =p= /

Ga
,oQa

,
k+ Qan =Qan- PrQayhQah Pr = PR

↳

I
I

Tij Periodicity
a

,
k

= Z It atj i
Z ZatN = Zu N=3

⑧ 12 O

it plane
i
,j

zoz, -- En-1 = K a=0
·

2 D

partitions of

height k I 2

O

N

&
a,o

= 1
& Qa = Z TxZatij

I content modN)

X : Young
diagram

N

plane partitions he bata

I: Ill,
Lindstrom Gessel Viennot GauQau = Da-zaynQan , at/N

(Renormalized) closed Q-system with p=1



Affinecharacters Qak =& T Zarji
X

Thm : At q=p = 1
, Qa

,
1

= Characters of integrable ,
level-1 -modules

- 2)
nint
(E +Zi+ExampleN =2 : &= - Firaso
u2

(
(r=zoz)

Proof :Plane partition it of height 1 is a partition a

Q1 = Zi # Zcont(i]
C x(0)

x4]

* DEX

use core-quotient combinatories :
-

17 IC
,
X(0)

&
y() (

&

T
12-core ↑ /

2-quotient

z (j = 2n)
2 32Y n+1· c= (j ,j 1

,
---

, D has weight zinthSZi
S

I (j =2n+)

* =E, % weEoz)' = y*

x() -S , 13 cot = (202) " = rlx"I



N=3 :

O I 2 0 1 2012 0 I

2 0 1 20 12 0 I'2 O
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· 1 2012 012 0 I
Re

2 o 120 I *
(0)

=

I 20I

8 120

2 G I
X" = 25

I

O

0 12 0 1 20 I y
(2)

= ↳
2 0120

I 201

C = o I

Q = Jero Zhalk
,ki
zkitke level-1 -char2 8

I
R
,
Kat

8

T
affine counterpart of Ca

= Swa for openToda



Summary :

· Fo any noot system ,
Cartan ms . Quantum "Q-system 4

Cluster mutation sequence= >> time translation operator g()
(1,T) -

space
· q-Whittaker transform : Macdonald-type difference operators

·

(x
,+) -

space
Finite root systems :

Affine

D(x)P(x(1) = 1 aP(x(1) Non-stationary states when RF1 :

& (XIS; p;gt) series in EXC: 3
↑to

&(xP(X(s) = ea(s)P(X(S)
- R=1 : Ruisenaars operators

↓ Bispectrality ,
toa

Ha(n) 4(x (1) = ea(x) P(x(1)
Bispectrality

↓

0penq-Toda Hamiltonians H(1) = Hp() , p =1
-
0

Commute with : gHag' = Ha "Dynamical" gHp = Hepgconserved.

Algebra : Spherical DAHA Algebra...


