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Background

Inverse Problems in Image Processing

® All data has inherent structure than can be exploited

) ) . ) Signal Models
® This structure enables different processing tasks to be carried out

find image that : is related to the input + looks like a “good” image
1
min “ly — Ax||3 — log P(x)
x 2
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Background

Image Models

DCT
Smoothness _ Gaussian Sparse & Redundant
Mixture Models Representations
Fourier Lp(x) = Ayl
Total Variation for Dy =x

Lp(x) = 2 ||Vx||1

Energy
Lp(x) = AllxII3 § & ﬁ

Smoothness Wavelets
Lp(x) = A |ILx|I3 Lp(x) = 2[Wxll, Deep
Low Rank Learning ?
PCA Beltrami Flow
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Background

Sparsity € (artificial) Neural Networks

® Ranzato & LeCun et al, Efficient Learning of ® Lee & Ng et al, “Sparse deep belief net

Sparse Representations with an model for visual area V2" NIPS '08
Energy-Based Model NIPS '07 o .

® Koray & LeCun et al. “Learning ® He, A. Szlam et al “Unsupervised feature
convolutional feature hierarchies for visual learning by deep sparse coding” ICDM
recognition” NIPS '10. '14.

® Zeiler & Fergus “Deconvolutional networks” CVPR. '10
® Alireza & Frey. “K-sparse autoencoders” '13, “Winner Take All Auto-encoders” NIPS '15

Neural Networks € Sparsity

® Gregor & LeCun “Learning fast approximations of sparse coding” ICML '10

® Moreau & Bruna “Understanding ® Liu et al. “On the convergence of
trainable sparse coding via matrix learning-based iterative methods for
factorization” ICLR '17 nonconvex inverse problems” (2018).
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Background

Sparse Representations (synthesis)
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Pursuit Problems: How to find ~?

(F) min ly:i = Dvll3 st [villo <s
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Background

Pursuit Algorithms

(Fg):  min ly =D~l3 st vl <s

® Greedy Algorithms

® (Orthogonal) Matching Pursuit
® |terative Hard Thresholding (P.G.D.)

® Relaxation Approaches

(Py): min |y - D13 + Allvla

® Convex optimization tools

® Soft Thresholding

® Iterative Soft Thresholding (ISTA/FISTA)

A =T, (3 = DT (DA —y))
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Background
Sparse Representations

Characterization of the Dictionary

® Restricted Isometry Property (R.I.P.) smallest §; so that Vv : ||v|lo = s,

1 =873 < D3 < (146513

d’d,
® Mutual Coherence /u(D) = max W
i#£] ill2lldjll2

Sparse Representations are useful
Sayy =Dy +w, w~ N(0,02I)

N U2S
Elv—-Al3 < —— <o’n
1= 0,

s
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Background
Analysis Sparsity

RiX/n—\

Model y=x+w, [|Qx|o<m-—¢

Pursuit
min ||x —y|? st ||[Qx|o<m—¢
X
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Convolutional & Multilayer Sparse Modeling

Convolutional Sparse Modeling of Signals

Model

y =Dy +w, [Yll0,00 < s

Al oo = ma 1Sl

J. Sulam JHU
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Convolutional & Multilayer Sparse Modeling

Convolutional Sparse Modeling of Signals

Model
y =Dy +w, [Yllo,00 < s

Convolutional Pursuit

Hywy—Dﬂ@ st [ Y]loee <8

4

H&Wy—Dﬂ@+Mhm
[Papyan, Sulam, Elad, IEEE TSP 2017]
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Convolutional & Multilayer Sparse Modeling

Multi-Layer Sparse Modeling of Signals

Model
y =Dy +w, {7ic1 =Divi,  illoco < Si}le
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Convolutional & Multilayer Sparse Modeling

Multi-Layer Sparse Modeling of Signals

Model
y =Dy +w, {7ic1 =Divi,  illoco < Si}le

D,D;
+ARDHEUEe 3R E..llﬂ!i . - Pl B llllﬂ
& 2P | ' <" s [ ! & /LaF)
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Convolutional & Multilayer Sparse Modeling

Multi-Layer Sparse Modeling of Signals

Model
y =Divi +w, {7ic1 =Divi,  illoco < Si}iLzl

Pursuit: Deep Coding Problem

find  {vi}, s.t. |y = D113 < <o, 710,00 < 81
71 — Doyall3 <1, [72llo,00 < 2
lve—1 — DrLll3 <er-1, IvLllo,co < SLs
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Convolutional & Multilayer Sparse Modeling

Multi-Layer Thresholding (a.k.a Forward Pass)

T T T T T
H—Ss(2) - soft
[|-*- S; (2) - Soft Nonnegative

41 = ReLU(D{y + by)
49 = ReLU(DI4; + by) o

;YL = ReLU(D,’E"Anyl + bL) G e 6 -4-20 2 4 6 8 10
Stability
i AL ' , 1 TR o Zikatid I WS B
If a set of solutions {~;};~; satisfy ||7i[o,c0 < 5 (1 + e mmm‘) o e

then

* Supp(¥i) = Supp(vi)
5 o < VTillooo (€571 + 1oy (Millo,oo — 1) 42| + B5)

* |9 — il

[Papyan, Romano, Elad, JMLR 2017]
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Convolutional & Multilayer Sparse Modeling

Multi-Layer Basis Pursuit

4, = arg mﬂ}n ly = D1yl13 + Myl

F2 = argmin |91 — Dovlls + Azllvlly

4 = argmin 521 — Dyl + Al

® Solutions in the model?

® \What is really the benefit of the model constraints?

® What can we get from all this in practice?

J. Sulam JHU 13 /29



A Holistic View

Multi-Layer Sparse Modeling of Signals

Model

y=Du v +w, Ivcllo < sz, {IDryvello < sicite

D(laL) - D1D2 . DL

Pursuit

L
mi ly =Dapvells st lvello < so, {IDg vzl < sica},.,

= Coupled Synthesis and Analysis priors!
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A Holistic View

Synthesis-Analysis Interpretation

I
S

X
Stability (oracle denoising) }QA Y2
y=Du v +w, w~N(0,02T)
® Synthesis
2
E |lv2 — 422 < -2
vz —A2ll2 < 1- 0., 52
® Synthesis-Analysis
20112 0-2 A
E [[v2 =425 S T3 (s2 — rank(®"))

[Aberdam, Sulam, Elad, SIMODS 2019]
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Multi-Layer Basis Pursuit and Algorithms

Multi-Layer Pursuit

. L
min - ly =Dyl st yelo < si, {IDanvelo < sica}i,

Just relax: Multi-Layer Basis Pursuit

o1
(P): H}len§||y — D1 Dovall5 + M| Davalls + A2flv2lly

Related problems

® Analysis Lasso [Candes et al, 2010], Robust Sparse Analysis Regularization

[Vaiter et al, 2012]
® Inverse Problems with Compound Regularizers ([Figueiredo et al, 2010], [Haeffele et
al, 2014]
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Multi-Layer Basis Pursuit and Algorithms

Multi-Layer ISTA

min F(v2) = f(D2y2) + g1(D27v2) + g2(72)

Proximal Gradient-Mapping

Y+ = proxy,, (+§ — DTG ()

where ~F = Dy~% and

G () = = [k = proxyg, (v — nV(40) ]

“

J. Sulam
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Multi-Layer Basis Pursuit and Algorithms

Multi-Layer ISTA

n}yi2n F(v2) = f(Dav2) + g1(D2v2) + g2(72)

Proximal Gradient-Mapping
5T = proxy,, ( — DG (y ))
In particular:
4 =T (3 = £DF (o = o (of — kDI (D17t = y)))

J. Sulam JHU
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Multi-Layer Basis Pursuit and Algorithms

ML-ISTA

Set'y(’)“:kaand'yizo.
for k=1: K do % for each iteration
i < D(@L)’yf Vi e [0,k —1]
fori=1:Ldo % for each layer
Y T, (’%‘ — wD] (D#Ai — ’Yffll)>

v’ Nested Proximal-Gradient updates

J. Sulam JHU

20 /29



Multi-Layer Basis Pursuit and Algorithms

ML-FISTA

Set'y(’)“:kaand'yizo.
for k=1: K do % for each iteration
i+ Dunz  Vie[0,k—1]
fori=1:Ldo % for each layer
Y T, (’%‘ — uiD{ (Diy; — ’Yffll)>

R AR A CTARER 7))

v’ Nested Proximal-Gradient updates with momentum

J. Sulam JHU

20 /29



Multi-Layer Basis Pursuit and Algorithms

Convergence for ML-ISTA

Theorem

Suppose {5} generated by ML-ISTA with 1 € (O7 ﬁ) andte (O, 3||143H2H2>'
If ||'Y§+1 — 75\\2 < te, then

F(Y5TY) — Fope < e + (B + Kt s

where n, B8 and k are constants depending on D1, D2, g1, g2.

V5—vsl2 1F(Y%) = Foptl

10° 100 102 10°  10° 10° 10° 100 102 10° 10  10°
Iter Iter

[Sulam, Aberdam, Beck, Elad, IEEE TPAMI 2019]
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Multi-Layer Basis Pursuit and Algorithms

Generalizing Recurrent CNNs

Revisiting the ML-ISTA

75" = ReLU (15D ReLU (111 DTy + b1 )+b ) (F.P)

7 = ReLU (74" ~p2DF (7{" ~ ReLU(uu1 DT (D13{" ~ y) + b)) )

=)
N
-~

J. Sulam JHU 23 /29



Multi-Layer Basis Pursuit and Algorithms

Supervised Learning Formulation

1 N
min NZE(hi,@('y*)) s.t.
1=1

9,{Di,)\i}
L1
v* =argmin [y — D¢ r)v[3 + Z Ail D1yl + ALyl
R i=1
g
| X
) nin > L (hii (M)
yLE 1=1 Test Accuracy - CIFAR
84 |
82
~%: k" iteration of ML-ISTA 804
® if k=1 Feed Forward CNN N

0 unfoldings

® if k> 1 — Recurrent (ML-ISTA) CNN 74 i“:?’:g?”gs
721 6 znled::gz

But same number of parameters 7

0 25 50 75 00 125 150
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Multi-Layer Basis Pursuit and Algorithms

Image Classification

MNIST SVHN CIFAR
99.5 95
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o 94 e ]
99.0 i 82 Yt S
03 N Y AL e A
o 80 A
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Closure

Take-Aways
® Multi-Layer Sparse Model puts forward a generative sparse model and
framework for analysis

® Deep learning architectures can be understood analyzed as inference

algorithms under this model

® ML-ISTA generalizes feed-forward networks, with improved performance
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Closure

“Essentially, all models and wrong, but some are useful”
George E.P. Box
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