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Overview
• Range data from a sensor, sampling the environment at 

designated locations (lines-of-sight) 

• Locations of the sensor
Problem

0 50 100 150 200 250 300 350
DirectiRn (Degrees)

D
is

tD
nc

e

5Dnge 0eDsurements

� / ��



Overview
• Objectives:  

Determine and use as few observing locations as possible to  

• learn (map out) the environment 
• put an a priori unknown environment under surveillance

Simulation using the exploration algorithm to be discussed



Problem formulation
Problem

Notation Description
D ⇢ Rd Domain
⌦ ⇢ D Free space
xi 2 D Vantage points
Vxi⌦ Visibility set from xi

⌦k =
k[

i=�

Vxi⌦ Cumulatively visible set

I : Rmd ! {�, �} Indicator function

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦
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“Sparse solution”
Problem

Notation Description
D ⇢ Rd Domain
⌦ ⇢ D Free space
xi 2 D Vantage points
Vxi⌦ Visibility set from xi

⌦k =
k[

i=�

Vxi⌦ Cumulatively visible set

I : Rmd ! {�, �} Indicator function

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦

� / ��

Problem

Notation Description
D ⇢ Rd Domain
⌦ ⇢ D Free space
xi 2 D Vantage points
Vxi⌦ Visibility set from xi

⌦k =
k[

i=�

Vxi⌦ Cumulatively visible set

I : Rmd ! {�, �} Indicator function

Ω

Ω

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦

�� / ��

min
I

||I||0 subject to
[

{xj |I(xj)=1}

Vxj⌦ = ⌦

(formulated for surveillance of a known environment)



Applications

• Surveillance: if     is known. 

• Exploration: if     is unknown. 

• Reconstruction: high resolution scans of scene or structure 

• Compression of scan data

⌦

⌦

Applications

⇧ Surveillance: if ⌦ is known.
⇧ Exploration: if ⌦ unknown.
⇧ Reconstruction: High resolution scans of scene or structure.
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Supervised learningSupervised Learning

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦

⇧ Can we use ML to speed up computation and learn priors for large class of obstacles?
⇧ Given data X, and labels Y , learn the mapping X 7! Y.
⇧ Learn function approximator f✓ parametrized by ✓.

argmin
✓

kY � f✓(X)k

⇧ What should X,Y be for our problem?
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Our approach

• Greedy algorithm 

• “Reward”  computed by a convolutional neural network 

• Visibility level set method



Terms

• Cumulative Visibility: the space that is visible to at least one 
observing location. 

• Frontiers (shadow boundaries): the boundary between the 
occluded and visible region, excluding obstacles. 

• Gain: the increase of visible region resulting from a move to 
each location. 

• Next Step: the location at which gain is maximized.

= estimate of the terrain

  existence of un-explored region



Greedy approachGreedy Approach

min
I

kIk� subject to
[

{xi|I(xi)=�}

Vxi⌦ = ⌦

Assume environment ⌦ is known. De�ne gain
function

g(x;⌦k,⌦) := |Vx⌦ [ ⌦k|� |⌦k|

Algorithm:

xk+� = argmax
x

g(x;⌦k,⌦)

Ω

Ω

Ω

Ω

⇧ Gain function g captures the volume of region (green) revealed by moving to x.
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Complexity of 1-step gain functionComplexity of �-Step Gain Function

Fix the current cumulative visibility  k.
 k(x) > � =) x is visible from one of {xi}ki=�.
Let D = Rm⇥m. Let n � m be # grid pts for visibility computation.

�: for x 2 D do
�: Compute visibility  (x, ·) O(n�)
�: g(x; ·) = Area({⇠| (x, ⇠) > �, k(⇠) < �}) O(n�)
�: end for

Total O(m�n�) �ops.
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Greedy approach

• Does using the “gain” function in a greedy algorithm give 
good solutions? 

• Different notions of “gains” 

• For known    , need an efficient way to compute it 

• For unknown    , need a way to approximate it, using priors 

• What features from the data does it depend on?

⌦

⌦



Submodularity
Submodularity

⇧ Let O = {xi} be sets of vantage points.
⇧ Let f(O) be the area of region visible from points in O.
⇧ The function f is monotone (placing more vantage points increases visibility):

f(A)  f(B)

⇧ The function f is submodular (diminishing returns):
suppose A ✓ B ✓ D and x 2 D \ B,

f(A [ {x})� f(A) � f(B [ {x})� f(B)

� / �
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B
A

D

Our gain function for the set A



• A common coverage problem: 

• Maximization of the submodular function with fixed 
number of sensors 

• Our problem setup: 

• Minimize the number of sensors subject to a coverage 
constraint



Greedy maximizationBounds

⇧ Let S⇤ the optimal set of k sensors.
⇧ Let O = {xi}ni=� be set of n sensors placed using greedy approach.
⇧ Theorem �:

f(O) �
⇣
�� e�n/k

⌘
f(S⇤)

⇧ The greedy algorithm covers at least �� e�� ⇡ �.6� of the map in n = k steps.
⇧ The greedy algorithm covers at least �� e�� ⇡ �.�� of the map in n = �k steps.
⇧ Any algorithm that only evaluates f at a polynomial number of sets will not be able to

obtain a better guarantee. �

�Nemhauser, George L., Wolsey, Laurence A., and Fisher, Marshall L. ���8. An analysis of approximations for
maximizing submodular set functions - I. Mathematical Programming, ��(�), �6�–���.

�Nemhauser, G. L., and Wolsey, L. A. ���8. Best algorithms for approximating the maximum of a submodular set
function. Math. Oper. Research, �(�), ���–�88.
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Inference of the gain functionGain Approximation

⇧ Seek g✓(x;⌦k;Bk) ⇡ g(x;⌦k,⌦)

⇧ Use Convolutional Neural Networks as function approximator
⇧ Input: Cumulative visibility and shadow boundaries
⇧ Output: Gain function
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Training data
Training Data

⇧ Environments ⌦i sampled from database.
⇧ For each ⌦i, sample sequence of vantage points xk.

⇧ Generate data pair
n
(⌦i

k,B
i
k), g(·)

o
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Kitsap



Cumulative Visibility Frontiers Gain Next Step
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<latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit>

B
<latexit sha1_base64="3HkJJGCu2VxWQu0MEF9yr9oAYwk=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmL1J3YpqVCfoA+ZN54n07O+2BmXiDiL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6XQhpAPJ7O2vrG5ld3O7ezu7R/kD4/aOkoUhxaPZKS6HtMgRQgtI4yEbqyABZ6Ejje5Tv3OPSgtovDWTGNwAzYKhS84M1Zq1gf5AikSQiilOCW0fEUsqVYrJVrBNLUsCmiFxiD/3h9GPAkgNFwyrXuUxMadMWUElzDP9RMNMeMTNoKepSELQLuzxaFzfGaVIfYjZSs0eKF+n5ixQOtp4NnOgJmx/u2l4l9eLzF+xZ2JME4MhHy5yE8kNhFOv8ZDoYAbObWEcSXsrZiPmWLc2GxyNoSvT/H/pF0q0osiaV4WavVVHFl0gk7ROaKojGroBjVQC3EE6AE9oWfnznl0XpzXZWvGWc0cox9w3j4B4gGM/g==</latexit>



Cumulative Visibility Frontiers Gain Next Step
 

<latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit><latexit sha1_base64="5eo2nsoiwHtGYuuTvvtiDbEi5TU=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgv2AdinZNG1Dk90lyQpl6V/w4kERr/4hb/4bs20FFX0w8Hhvhpl5QSyFsRh/eLm19Y3Nrfx2YWd3b/+geHjUNlGiGW+xSEa6G1DDpQh5yworeTfWnKpA8k4wvc78zj3XRkThnZ3F3Fd0HIqRYNRmUr9pxKBYwmWMMSEEZYRUL7Ej9XqtQmqIZJZDCVZoDorv/WHEEsVDyyQ1pkdwbP2UaiuY5PNCPzE8pmxKx7znaEgVN366uHWOzpwyRKNIuwotWqjfJ1KqjJmpwHUqaifmt5eJf3m9xI5qfirCOLE8ZMtFo0QiG6HscTQUmjMrZ45QpoW7FbEJ1ZRZF0/BhfD1KfqftCtlgsvk9qLUuFrFkYcTOIVzIFCFBtxAE1rAYAIP8ATPnvIevRfvddma81Yzx/AD3tsnQHWOYA==</latexit>

G
<latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit><latexit sha1_base64="1NGvkwPwjJV8gwweM2KQquwj2EA=">AAAB8nicdVDNSgMxGMzWv1r/qh69BIvgqSRFbHsretBjBWsL26Vk02wbmk2WJCuUpY/hxYMiXn0ab76N2baCig4EhpnvI/NNmAhuLEIfXmFldW19o7hZ2tre2d0r7x/cGZVqyjpUCaV7ITFMcMk6llvBeolmJA4F64aTy9zv3jNtuJK3dpqwICYjySNOiXWS34+JHVMisqvZoFxBVYQQxhjmBNfPkSPNZqOGGxDnlkMFLNEelN/7Q0XTmElLBTHGxyixQUa05VSwWamfGpYQOiEj5jsqScxMkM0jz+CJU4YwUto9aeFc/b6RkdiYaRy6yTyi+e3l4l+en9qoEWRcJqllki4+ilIBrYL5/XDINaNWTB0hVHOXFdIx0YRa11LJlfB1Kfyf3NWqGFXxzVmldbGsowiOwDE4BRjUQQtcgzboAAoUeABP4Nmz3qP34r0uRgvecucQ/ID39gnGYpGT</latexit>

argmaxG
<latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit><latexit sha1_base64="u17nM8pmTL021eys8lI0zwRZfnU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqiRFbLsrutBlBfuAzlAyaaYNzTxIMuIw1F9x40IRt36IO//GTFtBRQ9cOJxzLzk5Xiy40gh9WIWV1bX1jeJmaWt7Z3fP3j/oqiiRlHVoJCLZ94higoeso7kWrB9LRgJPsJ43vcj93i2TikfhjU5j5gZkHHKfU6KNNLTLDpFjJyB3ZvSEEpFdzoZ2BVURQhhjmBNcP0OGNJuNGm5AnFsGFbBEe2i/O6OIJgELNRVEqQFGsXYzIjWngs1KTqJYTOiUjNnA0JAETLnZPPwMHhtlBP1Imgk1nKvfLzISKJUGntnMI6rfXi7+5Q0S7TfcjIdxollIFw/5iYA6gnkTcMQlo1qkhhAquckK6YRIQrXpq2RK+Pop/J90a1WMqvj6tNI6X9ZRBIfgCJwADOqgBa5AG3QABSl4AE/g2bq3Hq0X63WxWrCWN2XwA9bbJ3YrlUw=</latexit>

(S,�)
<latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit><latexit sha1_base64="gU8xrF5ewWDo8vRpsnEDbz2nfJM=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBAiSJgJYpJb0IvHiOYBSQizk9lkyOzDmVkhLPkJLx4U8ervePNvnE0iqGhBQ1HVTXeXG0mhDcYfztLyyuraemYju7m1vbOb29tv6jBWjDdYKEPVdqnmUgS8YYSRvB0pTn1X8pY7vkz91j1XWoTBrZlEvOfTYSA8waixUrtwc9qNRuKkn8vjIsaYEIJSQsrn2JJqtVIiFURSyyIPC9T7uffuIGSxzwPDJNW6Q3BkeglVRjDJp9lurHlE2ZgOecfSgPpc95LZvVN0bJUB8kJlKzBopn6fSKiv9cR3badPzUj/9lLxL68TG6/SS0QQxYYHbL7IiyUyIUqfRwOhODNyYgllSthbERtRRZmxEWVtCF+fov9Js1QkuEiuz/K1i0UcGTiEIygAgTLU4Arq0AAGEh7gCZ6dO+fReXFe561LzmLmAH7AefsENROPbQ==</latexit>

B
<latexit sha1_base64="3HkJJGCu2VxWQu0MEF9yr9oAYwk=">AAAB6HicdVBNS0JBFJ1nX2ZfVss2QxK0khmL1J3YpqVCfoA+ZN54n07O+2BmXiDiL2jTooi2/aR2/ZvmqUFFHbhwOOde7r3Hi6XQhpAPJ7O2vrG5ld3O7ezu7R/kD4/aOkoUhxaPZKS6HtMgRQgtI4yEbqyABZ6Ejje5Tv3OPSgtovDWTGNwAzYKhS84M1Zq1gf5AikSQiilOCW0fEUsqVYrJVrBNLUsCmiFxiD/3h9GPAkgNFwyrXuUxMadMWUElzDP9RMNMeMTNoKepSELQLuzxaFzfGaVIfYjZSs0eKF+n5ixQOtp4NnOgJmx/u2l4l9eLzF+xZ2JME4MhHy5yE8kNhFOv8ZDoYAbObWEcSXsrZiPmWLc2GxyNoSvT/H/pF0q0osiaV4WavVVHFl0gk7ROaKojGroBjVQC3EE6AE9oWfnznl0XpzXZWvGWc0cox9w3j4B4gGM/g==</latexit>



The network architecture



Performance statistics

~39 buildings of different sizes
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⇧ Residual: Fraction of free space that is occluded
⇧ CNN approach is comparable to Exact computation but signi�cantly more ef�cient.
⇧ ��� secs with ����x���� map on CPU vs �6+ hours
⇧ Shadow boundary is essential for CNN (City-CNN vs NoSB-CNN)
⇧ Random walk (Random) and randomly sampling shadow boundary (Random-SB)
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Different priors
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Fig. 8: Comparison of gain functions produced with various
models on a radial scene. Naturally, the CNN model trained
on radial obstacles best approximates the true gain function.
a) The underlying radial map with vantage points show in
red. b) The exact gain function c) City-CNN predicted gain
function. d) Radial-CNN predicted gain function.

Fig. 9: Comparison of the computational geometry approach
and the City-CNN approach to the art gallery problem. The
blue circles are the vantage points computed by the methods.
Left: A result computed by the computational geometry ap-
proach, given the environment. Right: An example sequence
of 7 vantage points generated by the City-CNN model.

Figure 9 shows an example gallery consisting of 58
vertices. The computational geometry approach requires 19
vantage points to completely cover the scene, while City-
CNN, on average, across various initial positions, requires
only 8 vantage points, despite not knowing the environment.

F. 3D ENVIRONMENT

We present a 3D simulation of a 250m⇥250m environment
based on Castle Square Parks in Boston. The map is dis-
cretized as a level set function on a 768x768x64 voxel grid.
At this resolution, small pillars are accurately reconstructed
by our exploration algorithm. Each step can be generated
in 3 seconds using the GPU or 300 seconds using the
CPU. Parallelization of the distance function computation

Fig. 10: Snapshots demonstrating the exploration of an
initially unknown 3D urban environment using sparse sensor
measurements. The green spheres indicate the vantage point.
The gray surface is the reconstruction of the environment
based on line of sight measurements taken from the sequence
of vantage points. New vantage points are computed in
virtually real time using 3D-CNN.

will further reduce the computation time significantly. A
map of this size was previously unfeasible. See Figure 10
for snapshots of the algorithm in action. See Supplemental
Material for a video clip of the exploration process.

V. CONCLUSION
From the perspective of inverse problems, we proposed

a greedy algorithm for autonomous surveillance and ex-
ploration. We show that this formulation can be well-
approximated using convolutional neural networks. The in-
clusion of shadow boundaries, computed using the level set
method, is crucial for the success of the algorithm. Our
approach is amenable to a wide range of three dimensional
real-world applications.
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Improperly formulated approach

XG( , B) 2 Rn⇥n
<latexit sha1_base64="Y0qUfvZITirg7wGOHNzX2BI7oiw="></latexit>No Shadow Boundaries

W/o shadow boundaries, CNN can’t distinguish b/w �at obstacles and unexplored regions.
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“Importance” of observing  locations

It seems that some locations are more important than others

From N random initial locations, the brighter spots have more 
observing locations nearby than the dimmer.



Prediction of the obstacles

ViVibility anG ShaGRw BRunGarieV RecRnVtructiRn True MaS

CNN Gain Gain frRm RecRnVtructiRn True Gain

An in-painting problem



ViVibility anG ShaGRw BRunGarieV RecRnVtructiRn True MaS

CNN Gain Gain frRm RecRnVtructiRn True Gain

Different information is picked up by the “gain-net” and the “obstacle-net”.

How to best use the two pieces of information?



Summary

• Greedy approach using the “gain” function as reward 

• Train on simulated data set 

• Level set methods enable efficient data generation 

• The CNN learns shape priors for a large class of obstacles 

• On-going:  

• improvement via a GAN setup 

• multi-step greedy algorithms 

• surveillance-evasion games



Multi-step greedy algorithmMulti-step Planning

One Step vs Two Step

�� / ��
Will a multi-step greedy algorithm (always) yield more efficient learning of the environment?

min
I

||I||0 subject to
[

{xj |I(xj)=1}

Vxj⌦ = ⌦



Multi-step greedy algorithm

• The previous way of training for the gain function is too 
costly for multiple steps. 

• Natural to consider reinforcement learning type strategies 

• We consider AlphaGo Zero style Monte-Carlo-Tree-Search 
algorithms



Learning to play the surveillance-evasion game
Pursuer must maintain the evader under line-of-sight.
Evader steered towards the nearest boundary of pursuer’s visibility.



Value and policy networks

Policy network:  
Predicts the probability of the next move

Value network: 
Estimates how good the current state is 

Both networks trained with various obstacles: reusable for different environments



Training procedure



Learning to play the surveillance-evasion game

A MCTS algorithm  
(1000 search steps)

CNN-aided MCTS algorithm  
(1000 search steps)

CNN-aided MCTS algorithm  
(2000 search steps)

Pursuer must maintain the evader under line-of-sight.
Evader steered towards the nearest boundary of pursuer’s visibility.



Games with multi-objectives and guarantees
Surveillance Evasion

⇧ Dynamic game where agent has to always maintain visibility of a moving (adversarial)
target.

⇧ Secondary objective: maximize short-term surveillance of environment.
⇧ Need to guarantee that current action does not jeopardize future.
⇧ Use gain function to determine optimal vantage points.

�� / ��

[Ly, Bharadwaj, Wu, T, Topcu, 2019]



Performance of patrol
(a) t = 0 (b) t = 10 (c) t = 16 (d) t = 20 (e) t = 24 (f) t = 33

Fig. 5: Simulation of the case study presented in Section II. The green cells correspond to the path to the optimal vantage
point which is the last green square on the path. Snapshots of when a new vantage point is recomputed is shown here.
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Fig. 6: Comparison of the effects of visibility optimization.
Adding the patrol objective drastically increases the agent’s
visibility of the environment.

target. This causes no new states to be seen and results in
the value of the receding gain to be zero for much of the
time. Meanwhile, when visibility-maximization is taken into
account, the agent actively moves to the best vantage point
it can safely reach. The sum of gain over the time period is
2.07 when patrol optimization is performed vs 0.52 for the
pure surveillance case. This corresponds to average gain of
3.4% per time step vs 0.8%.

Finally, we remark that when the agent in the pure
surveillance case stays still for longer than K steps, all states
not in its current vision become unseen states. Hence, when
it finally moves, the gain becomes high, causing the spikes.

B. Motivating case study

Here we present the results of solving the case study
presented in Section II with surveillance requirement ⇤p  1
– which corresponds to not allowing the agent to lose sight
of the target. We assume the agent can move 4 cells for
every 1 cell the target can move. The target is controlled by
a human moving it with the arrow keys on a keyboard.

We have implemented the simulation in Python, using the
slugs reactive synthesis tool [34] to solve the safety game and
find the winning region W . The experiments were performed
on an Intel i5-5300U 2.30 GHz CPU with 8 GB of RAM.
We solve for the winning surveillance region on the 32⇥ 32
abstraction shown in Figure 1b. New vantage points and the
paths to those points were computed at each snapshot shown
in Figure 5 in green, and took approximately ⇡ 1 second for

Table I: Comparison of gain function computation time (secs)
for various map sizes. Using the exact gain function quickly
becomes prohibitively expensive.

Grid size

642 1282 2562 5122 10242

Exact 0.499 2.565 36.234 597.797 8105.750
CNN 0.058 0.071 0.126 0.334 1.194

each new computation. Once the agent reaches the vantage
point, the next one is computed and this process is repeated.
We see that the agent can leverage its superior speed to move
away from the target in order to see new areas, but it is still
able to keep sight of the target at all times. A video of the
simulation can be seen at https://bit.ly/2F2Vnjb.

C. Gain function computation benchmarks

Here we compare the process on various sized maps in
order to demonstrate the scalability of using a CNN to
compute the gain function. See Table I for a comparison of
computation time for the gain function. The CNN computes
the gain function within 1 second for maps up to 1024⇥1024.
Meanwhile, the exact gain function computation already
takes more than 1 second for 128⇥128 maps and more than
2 hours for 1024⇥ 1024 maps. The scalability is crucial as
the vantage point computation is conducted online on the
concrete environment, compared to the surveillance strategy
synthesis which is performed offline on an abstraction. For a
more detailed discussion on the loss of optimality from the
gain function approximation, we refer the reader to [25].

D. Discussion

We are able to generate approximately optimal vantage
points in real time for very large scale maps. Due to
restricting the search space of these vantage points through
the winning region in a surveillance game, we are also able
to guarantee correctness on these large-scale maps.

We note that for illustration, the experiments shown here
use a simple surveillance specification ' = ⇤p1 which
means the agent cannot lose sight of the target. We provide
additional examples and animations with looser surveil-
lance requirements at http://visibility.page.
link/evasion.

Receding gain: proportion of the newly observed states (int he past 5 time steps) 
                          Relative to the total reachable states



Thanks for your attention!


