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|. Context :
Video, Image and Signal Classification
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ian Mixture

Multivariate Data Analysis

X, eR™

Problems
Unsupervised or supervised clustering, dictionary learning, etc.

Featyre-based Brain interface
Image using EEG signals
classification
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Feature Space X,
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X(x,y) = [I (), , ,
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» Multimodality (RGB, IR, Radar, etc.)

» Filter banc (Wavelet, Gabor, etc.)

» SIFT, SURF, etc.
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Dictionary Approches

T b w ™ @Jan Kundrac
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Inference Regarding on Multivariate Data Analysis

Mixture modeling

K
p(X|(wk,Xk,0'k;)1§k§K) = Z Wi X p(X|Xk;Uk)
k=1

» Gaussian density or other kernels
» Universal modelling

» Expectation/Maximization algorithm [Dempster
1977]

Coding and Classification

Bag of words [F. Moosmann 2006], Fisher vectors [F. Peronnin 2006], Vector of Locally
Aggregated Descriptors [H. Jegou 2012]
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Fisher Vectors and Information Kernel

—1/2

us

> Parameter set : 0 = (X, 0%)

» Soft assignment

g, (Tn)

@) = )
T Zfil wrug, (Tn)

» Score function :

N
Uy =y Vologfuo(an)]

n=1

» Fisher Information Matrix#FlM) :
Iy = Ex[Vglog [us(zn)]” Valog [ug(zn)]]
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CNN and Dictionary Coding
Mixture modeling

Coding and Classification
Deep Learning + Dictionary Coding [F. Perronnin 2015-J. Y.-H. Ng 2015, Q. Li 2017]

Codebook
CNN Feature Creation
+¥ © Extraction
Feature VLAD
i |Pre-processing Coding
Classifier

@Li, IEEE CSE, 2017.
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Il. Focus : Covariance Matrix
Symmetric Definite Matrix Manifold
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Inference Regarding on Manifold-valued Data Analysis
Multivariate data

X, € M,

Human Posture Image Classification
Spatial Transformation Feature Covariance
Matrix

Applications

Brain interface, Radar detection, Computer vision, Texture classification, MRI imaging, ...
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Manifold-valued Data Analysis

Samples of covariance matrices
My, = E[(X — p)(X — p)*] € Hyp where X = [fo  f1 -+ fm
Hm : manifold of the Hermitian symmetric positive definite (HSPD) matrices

*

» Various levels of invariance (linear
transform, illumination, etc.)

» Fusion of multiple features
» Less sensitive to noisy data

Problems

Unsupervised or supervised clustering, dictionary learning, signal denoising, image
superresolution ...
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Manifold-valued Data Analysis

Samples of covariance matrices
My =E[(Y =) (Y — p)*] € Him where Y = [fo  fi -+ fm]
Hm : manifold of the Hermitian symmetric positive definite (HSPD) matrices

» Various levels of invariance (linear
transform, illumination, etc.)

Recogition accursy (%)

» Fusion of multiple features

» Less sensitive to noisy data

Problems

Unsupervised or supervised clustering, dictionary learning, signal denoising, image
superresolution ...
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SPD Manifold

a C

Caseform=2:Ho ={M = [C b

} ,a>0,ab—c* >0}

With the change of variables u = %(a +b),v= %(a — b), the conditions of positive definiteness
become :

2 4+v2 <u?withu >0
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Classification task from SPD set

%
54321 -3

Problems

Fisher coding extension to Riemannian case
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lll. Riemannian Geometry :
SPD Gaussian Density

Riemannian Feature Coding Yannick Berthoumieu April, 2019 / 15/42



Classification Covariance Matrix SPD Gaussian Mixture SPD Coding Results Perspectives
0000000 000000 0®0000000 000000000 000000 0000

Manifold-Valued Samples and PDF

Hopp = {M/xT Mz > 0Vz € R™, M = M*}
M € H,, and M ~ Wish,, (S,v)

Pdf for M WISHART modeling

v—m-—1

M|
2% |S|2 Gam,, (%)

Wishy, (M| S,v) =

oo [ Lo (57131)]

» Multivariate Generalization of the x2 Distribution
> Expected Value M = E[M] = vS

Problems
Dictonnary Coding versus Gaussian Mixture Modeling on the SPD manifold
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Probability Density Function and Manifold
[Radon-Nikodyn theorem ] : Let (M, F (M), P) a probability space,

f M [0, +o0[ and P(F (M)) = [y fdv then f = 9T is called the
density of P w.r.t. the measure p.

> Consider R™ and the coordinate set {z;}, ., ,, the volume measure is dv =

i=1 i
> Consider M(n) and the coordinate set {z;} ;,, the volume measure is
dv = det(G)'/2 T[I_, da;.

n

Metric expression : ds2 = 2:121 gijdzidz;
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Volume Definition for SPD Manifold

Hop = {M/zT Mz > 0Vz € R™, M = M*}

[Amari, Bhatia, Bhatia & Holbrook, Calvo & Oller, Lawson & Lim, Petz, Zerai, Terras, Moakher,
Pennec, Vemuri etc.]

Information Geometry : Hessian of SHANNON ENTROPIE function H(z) = —In(det(M))

» ds?(M) = trace(M—tdM M—1dM)

» dv(M) =
det(M)~ H i< szg Hi<j g(d“]\/lid')

dv(M _cle)\ T = A QHdAH% i) 11 S(6:5)

1<J 1<J 1<j

with Gi,j = [U*(dU)]ZJ and U ¢ U(N)
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Riemannian Gaussian Law
d3, (A, B) = trace(Log®> (A™'B))

— 1 d3, (M, M)
MM.o)= ——— _ Hm T
P(MIM,0) = 757 o5 &P 202

—_ 2 M
where Z(M,0) = [, exp {—Cl”mz(j;[’M)] dv(M)

> d?Hm(A, B) Riemannian distance or divergence
» dv(A) Riemannian volume element on #H,,
» M barycenter and o dispersion

2017 Riemannian Gaussian Distributions on the SPD Matrices. IEEE Trans. Information Theory
2018 Fisher Vector Coding for Covariance Matrix Descriptors, J. Imaging
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Normalization coefficient (1/2)

m
Z(0) = / / e T — A2 T dAU* (U
(O-) ax U(m) J(0,400)™ 1:1_[1 H H )

1<J =1

Haar measure

om m(m+1)/2

Vollt(m)) :/ U*(dU) =
U(N)

Hm Gam(3)
log®xz; m
Z(0) = C % / H s [ (@i — )2 [] de
0 +oo)m i 1<j i=1

with T; = ema2)\i
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Normalization coefficient (2/2)

Option 1

Algorithm 1 Monte Carlo integration for tabuled Z (o)

1: Generate U from a uniform distribution on the group of unitary matrices of size m x m
2: Generate (r1,- - ,rm) € R™ from the distribution o e~ I71%/20” HKJ. sinh? (Jr; — r;]/2)
3. X « U -diag(e™,--- ,e"™™)
4: Y« YV2. X
Option 2
m
2
//I[w(acz)l_[(:vZ —xj)dxy - day,
i=1 i<j
m—1 2(m—1i)
_ ai—1
mla 2m { ! }
i=1 @i
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SPD Gaussian Mixture

p(M| (wua M,ua Uu)lgugK) =

K
Z wu X p(M| M, 0,)
p=1

> (M)} im1..n ~ p(M|(wp, My, op)1<p<K)

m XP(Mn|MusUu)

» wu(My) = —
(M) S @ xp(Mn| Ms,o)
> Nu(9) =0 wp(Mn)

Riemannian Feature Coding Yannick Berthoumieu | April, 2019 ( 22/42



SPD Gaussian Mixture
00000000e

Parameter estimation

EM algorithm

» Assign to @, the value &, = N,,(9)/N

» Assign to ﬁu the value

N

3 — . 2
M, = arg]\;nlnz wu(Mn) d3y, (M, Mr)

n=1

Gradient descent or Newton Riemannian methods [S.T. Smith 1993, M. Moakher 2003,
etc.]

» Assign to 6, the value

6u=0 (NI O x N wu(Mp)d2, (My, My))

where the function ¢ is the inverse of o — 0% x L log ¢(0).
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V. Coding
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Coding what and where ?

Signature
Training set (estimated covariance matrices)

x

x
iy

Feature extraction

Codebook creation

X2 s :: clustering algorithms
] _2 ( 9 a9 ) Codebook
— E — % 8 — — (estimated centroids)
£ 5%
3 308 Lox x x]
g 33
< k!

I =
|
|
|
|
-
|
|
|
|
|

| o)

x

—
|
|
|
|
|
|
|
|
|
|
-

|lvec(iog(as)) - vec(lf)g(m)>H2

2
Jregati " a0
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Log-vectorization Euclidean Distance - Isotropic Case

» Vectorization

X

M=| x @ m=| :
X X
[m x m] [m(m+1)/2,1]

» Euclidean Mixture for vectors

p(m|(@p, My, op)1<psm) = 32, @ X p(m| My, o)
» Fisher scores
Ux = Vglogp(X|0) = Vi ilog p(X,|6)
e
» Fisher vectors

9 = 1,"/*Vylog p(X10)
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Riemannian Distance - Isotropic Case

» Riemannian Mixture for SPD matrices
p(M|(w/uM,u70u)1§u§M) = Zu @, X p(M\H“,aM)

» Fisher scores

N
Uy = Vglogp(X|0) = Vg ) _ log p(X,|0)
n=1

» Fisher vectors
X _ 1—-1/2
G =1y '"Velogp(X|6)
Zanini et al. "Riemannian online algorithms for estimating mixture model parameters”. In

Geometric Science of Information, Proceedings of the Third International Conference, GSI
2017
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Fisher Information Matrix
0?logp(M; 0
0000
i _ AT K
with © = {s,, Mu,n“}uzl
> i: @, = 8= [s1,...,sx] € SK~1 (Sphere)
» M, € SPDn
> Ny = —ﬁ e M~
M(0) = M(s) x M(Xc) x M(n)
1(s)
Ip(©) = I(X)
I(n)
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Classmcallon Covallance Matrix SPD Gaussmn Mixture SPD Coding Results Perspectives

Symmetrlc Spaces and Irreducible Space

Globally Symmetric Space

A simply connected riemannian space M (m) is said to be a globally symmetric if we have
» geodesic symmetry f (v(—t)) = ~(t) for a fixed point X such as v(0) = X

» geodesic symmetries are isometric
.

Irreducible spaces

» A symmetry space is irreducible if it is not the product of two or more symmetric spaces
» A simply connected symmetric space is a product of irreducible spaces

Let + linear map applied on a vector field over a symmetric irreducible space then v is scalar i.e.

¥ = a * I(m) with I(m) the Identity matrix.
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Fisher Information Matrix

Sphere

Iu(s) = Exlvk(z, s)ui(z, s)] = 4(0k — sks1) =

Ip(s) = 4+ LK)

SPD(m) = R x SP(m)
X = (Ml,MQ)

> M; =logdet M — {IF(MI#) — w_g}
o

. My = oM {zpmn = Zllog 2(0,) - aymm)}
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Update Rule for weight coefficients

[@(n-&-l) — Expg., (§(n+1))}

with ¢ D) = fy(n+1) (@(n)) (M) p=1.N; @)(n))

> F(.) Exponential map
> {y("ly a decreasing sequence R
> U((Mn)n:I.AN; @( )) v/\(n) Ing((Mn)n:I..N; @(n))

Sphere

n n " g+ n
S =50 cos(lem V) + ey (eI

g(n+1) _ 4D (hk((Mn)n:L_N;/@\(n)) _;\)
= 5 /s\k L
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Update Rule for SPD barycenter components

[@(n-&-l) = Exp@(n) (g(n-l—l))]

SPD(m)
~(n+1) =~(n)
Xy =Xy +60Y

s+ (=m\ 2 BN S A WA O
Xog = | Xox exp Xok &\ Xog Xog

" 2 b (Xpi1: 0 (=)
&1 =" (X, )% Xop — Xint1
g
k

’\z(n)

1

s =(m) (X 7@(n) =~(n) =~ (n)

& :7(n+1)IF (X )Mx% log Xy, Xomt1
Ok
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V. Results
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Results Texture Database VISTEX(40 classes)

model number of modes (K) on Hm
K=1 78.24 £ 0.36
RGD K=3 90.24 + 0.40
BIC 91.91 £ 0.45
K=1 81.93 + 0.51
Wishart K=3 86.07 + 0.61
BIC 86.14 + 0.44

TABLE — Classification performance (x accuracy) on the VisTex database.
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Results

Dataset lla of BCI competition 1V
» 9 subjects who performed 576 trials of right-hand (RH), left-hand
(LH), tongue (TO) and both feet (BF) motor imagery

» 22 electrodes are used (Fz, FC3, FC1, FCz, FC2, FC4, C5, C3,
C1, Cz, C2, C4, C6, CP3, CP1, CPz, CP2, CP4, P1, Pz, P2, POz).

Brain interface using EEG signals
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Results

2018 Zanini et al. Transfer learning : a Riemannian geometry framework with applications to
brain computer interfaces, IEEE Transactions on Biomedical Engineering.

Adaptive RK-SVM RK-SVM SVM vec | CSP + LDA
Ct =0 Coot = | Coet =0 [ Cor = [ Cis =1
LH/RH | 82.7 (14.3) | 81.6 (14.8) | 79.9 (13.4) | 80.6 (13.2) | 80.6 (12.8) | 73 (14.8) | 75.0 (19.2)
LH/BF | 89.5 (10.7) | 88.3 (10.2) | 87.3 (11.7) | 85.8 (14) | 85(12.9) | 78.2 (11.2) | 80.8 (16.1)
LH/TO | 88.7 (11.8) | 86.7 (11.9) | 86.9 (11.9) | 85.6 (12) | 85 (12) 81(13) | 82.9 (16.8)
RH/BF | 87.3 (11) | 87.1 (10.2) | 85.9 (10.4) | 83.6 (12.6) | 80.5 (14.4) | 77 (11.3) | 84.2 (11.8)
RH/TO | 88.3 (12.1) | 86.9 (11.6) | 86 (12.1) | 83.5 (12.3) | 83.6 (12.6) | 77.5 (14.1) | 81.9 (15.6)
BF/TO | 79.5 (9.6) | 77.6 (8.7) | 77.2(7.9) | 74.2(6.5) | 75.5 (9.1) | 68.5(9.1) | 73.4 (8.1)

mean 86 (4) | 84.8 (4.2) | 83.0 (4.2) | 82.2 (4.4) | 817 (3.6) | 75.9 (44) | 79.9 (4.3)

Table 1: Average classification accuracy (and standard deviation) across the 9 subjects for 6 pairs of mental tasks.
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Results

BoRW [36] 85.9 4 0.01
RVLAD [11] 82.8 +0.02
RFS [40]:M,0,@  91.2 4 0.01
RFV:M, 0, @ 93.2 +0.01

Riemannian Fisher Score (RFS) and Fisher Vector (RFV) with SVM classifier.
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Results
Database Number of Classes Number of Images per Class  Total Number of Images Dimension
VisTex 40 64 2560 64 x 64 pixels
Brodatz 112 25 2800 128 x 128 pixels
Outex 68 20 1380 128 x 128 pixels
USPtex 191 12 2292 128 x 128 pixels
Isotropic Model,
Database  Log-Euclidean Affine Invariant
Metric Riemannian Metric
VisTex 88.7 4 0.01 91.3 4 0.01
Brodatz 87.1+0.01 92.9 +0.01
Outex 83.2£0.01 85.4 £+ 0.01
USPtex 81.5+0.01 87.0 £ 0.01

Considering respectively isotropic Log-Euclidean and Riemannian Fisher Vector with SVM
classifier.

Riemannian Feature Coding Yannick Berthoumieu | April, 2019 / 38/42



Classification Covariance Matrix SPD Gaussian Mixture SPD Coding Results Perspectives
0000000 000000 000000000 000000000 000000 ©000

VI. Perspectives
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Log-vectorization Euclidean Versus Full Covariance Matrix

X

M = X - m =
X X
[m xm] [m(m+1)/2,1]

» Riemannien Mixture for SPD matrices
p(m|(wwmm‘7u)1§u§m) = Zu Wy X p(mlmu, R,)
» Fisher scores
Uy = Vglogp(X|0) = Vg i:llogp(x,,|9)
» Fisher vectors

9" =1y /*Volog p(X|6)
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Results

Full covariance matrix model for LE distance

. Log-Euclidean Affine Invariant
Coding Method Metric Riemannian Metric
LE BoW [35]/BoRW [36] 86.4 £ 0.01 85.9 £+ 0.01
LE VLAD [11]/RVLAD [11] 91.3 £ 0.01 82.8 £0.02
E-VLAD [37] 91.6 + 0.01
LE FS/RFS [40|:M 95.3 £ 0.01 88.9 £+ 0.01
LE FS/RFS [401:M, @ 95.1 £ 0.01 90.0 £ 0.01
LE FS/RFS [40]:M, & 95.2 £ 0.01 91.2 £+ 0.01
LE FS/RFS [40]:M, 0, @ 95.1 £ 0.01 91.2 £0.01
LE FV/RFV:M 95.5 + 0.01 91.3 £+ 0.01
LE FV/RFV:M, @ 95.7 £+ 0.01 92.6 £+ 0.01
LE FV/RFV:M, ¢ 95.6 £ 0.01 92.7 £+ 0.01
LE FV/RFV:M, 0, @ 95.4 + 0.01 93.2 +0.01

trace(o,, *log? (M;IM)) = trace(3, log® (H;lﬁl))
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CNN and Transfert Learning based on SPD

Multi-layer features fusion

Gaussian pyramid Eraen
(multiscale image)

Dataset Methods Accuracy ‘
CNN + FV 96,2
UCmerced (p=0.5) CNN ++RFV 96.7
CNN + FV 85,8 |
CNN + RFV 87,9 }

AID (p=0.1)

AID
Sara Akodad et Al : Image classification based on log-Euclidean Fisher Vectors for
covariance matrix descriptors. IPTA 2018.
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