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SURFACE RECONSTRUCTION

▸ Range Scans, LIDAR, Depth-map.  

▸ Geometric Inverse Problem: Reconstruct a continuous 
surface from a collection of noisy, irregularly sampled 
points (and perhaps normals).

(figures from [Berger et al.])



SURFACE RECONSTRUCTION: CANONICAL APPROACHES

▸ Energy-based Methods 

▸ Poisson Reconstruction 

▸ Fourier/Wavelet  

▸ Point-to-Set Methods 

▸ EAR 

▸ Partitions of Unity/ Kernel methods 

▸ Scattering Point Meshes.



SURFACE RECONSTRUCTION AS LOW-DIMENSIONAL IMPLICIT MODELING

▸ In Machine Learning, implicit models are popular 
generative models:

min
✓

d(Q✓, P̂ )
<latexit sha1_base64="d2kwTiSeKHUQ8HAZ3mmC/3rVORM=">AAACE3icjVDLSsNAFJ3UV62vqEs3g0WoIqVRQZdFNy5bsA9oSphMJs3QmUmYuRFK6D+48VfcuFDErRt3/o3pY6Gi4IELh3Pu5d57/ERwA7Xah1VYWFxaXimultbWNza37O2dtolTTVmLxiLWXZ8YJrhiLeAgWDfRjEhfsI4/vJr4nVumDY/VDYwS1pdkoHjIKYFc8uwjV3LluRAxINiVBCIts2Bcwc25eIzdiEDWGB96dtmp1qbAf5MymqPh2e9uENNUMgVUEGN6Ti2BfkY0cCrYuOSmhiWEDsmA9XKqiGSmn01/GuODXAlwGOu8FOCp+nUiI9KYkfTzzsnV5qc3EX/zeimEF/2MqyQFpuhsUZgKDDGeBIQDrhkFMcoJoZrnt2IaEU0o5DGW/hdC+6TqnFad5lm5fjmPo4j20D6qIAedozq6Rg3UQhTdoQf0hJ6te+vRerFeZ60Faz6zi77BevsEgoWd5w==</latexit>

P̂ : Empirical Data distribution,
Q✓ = '[✓]#µ: Pushforward measure,
d: discrepancy/distance, e.g. MMD, W2, KL.

<latexit sha1_base64="6ZpfN97F/lzTmq303sXZaO9NFhA="></latexit>



SURFACE RECONSTRUCTION AS LOW-DIMENSIONAL IMPLICIT MODELING

▸ In Machine Learning, implicit models are popular 
generative models: 

▸ If d is an Integral Probability Metric, this corresponds to GANs. 

min
✓

d(Q✓, P̂ )
<latexit sha1_base64="d2kwTiSeKHUQ8HAZ3mmC/3rVORM=">AAACE3icjVDLSsNAFJ3UV62vqEs3g0WoIqVRQZdFNy5bsA9oSphMJs3QmUmYuRFK6D+48VfcuFDErRt3/o3pY6Gi4IELh3Pu5d57/ERwA7Xah1VYWFxaXimultbWNza37O2dtolTTVmLxiLWXZ8YJrhiLeAgWDfRjEhfsI4/vJr4nVumDY/VDYwS1pdkoHjIKYFc8uwjV3LluRAxINiVBCIts2Bcwc25eIzdiEDWGB96dtmp1qbAf5MymqPh2e9uENNUMgVUEGN6Ti2BfkY0cCrYuOSmhiWEDsmA9XKqiGSmn01/GuODXAlwGOu8FOCp+nUiI9KYkfTzzsnV5qc3EX/zeimEF/2MqyQFpuhsUZgKDDGeBIQDrhkFMcoJoZrnt2IaEU0o5DGW/hdC+6TqnFad5lm5fjmPo4j20D6qIAedozq6Rg3UQhTdoQf0hJ6te+vRerFeZ60Faz6zi77BevsEgoWd5w==</latexit>

P̂ : Empirical Data distribution,
Q✓ = '[✓]#µ: Pushforward measure,
d: discrepancy/distance, e.g. MMD, W2, KL.

<latexit sha1_base64="6ZpfN97F/lzTmq303sXZaO9NFhA="></latexit>

µ
<latexit sha1_base64="Af2B2UPWsJ254eoHb9/J2kRo2L0=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsaXU391j03ViT6DscpDxUdaBELRtFJt12V9cqVoOrPQP4mFVig3iu/d/sJyxTXyCS1thP4KYY5NSiY5JNSN7M8pWxEB7zjqKaK2zCfnTohR07pkzgxrjSSmfp1IqfK2rGKXKeiOLQ/van4m9fJML4Ic6HTDLlm80VxJgkmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRiv43c</latexit>

'[✓]
<latexit sha1_base64="cNbkk11pfyNGM4nwHfLN29MK2ag=">AAAB+HicjVDLSsNAFJ3UV62PRl26GSyCq5KooMuiG5cV7AOaUCbTm2boZBJmbgo19EvcuFDErZ/izr8xfSxUFDxw4XDOvdzDCVIpDDrOh1VaWV1b3yhvVra2d3ar9t5+2ySZ5tDiiUx0N2AGpFDQQoESuqkGFgcSOsHoeuZ3xqCNSNQdTlLwYzZUIhScYSH17ao3ZjqNRM/DCJD5fbvm1p056N+kRpZo9u13b5DwLAaFXDJjeq6Top8zjYJLmFa8zEDK+IgNoVdQxWIwfj4PPqXHhTKgYaKLUUjn6teLnMXGTOKg2IwZRuanNxN/83oZhpd+LlSaISi+eBRmkmJCZy3QgdDAUU4KwrgWRVbKI6YZx6Kryv9KaJ/W3bO6e3tea1wt6yiTQ3JETohLLkiD3JAmaRFOMvJAnsizdW89Wi/W62K1ZC1vDsg3WG+fDlqTVw==</latexit>

(trainable)
<latexit sha1_base64="u+1/fopxW3mg/CLdGe1xGuLmPL0=">AAAB8nicjVDLSgMxFL3js9ZX1aWbYBHqpszUhS6LblxWsA9oh5JJM21oJhmSO0IZ+hluXCji1q9x59+YPhYqCh4IHM45l3tzolQKi77/4a2srq1vbBa2its7u3v7pYPDltWZYbzJtNSmE1HLpVC8iQIl76SG0ySSvB2Nr2d++54bK7S6w0nKw4QOlYgFo+ikbgUNFYq69Fm/VA6q/hzkb1KGJRr90ntvoFmWcIVMUmu7gZ9imFODgkk+LfYyy1PKxnTIu44qmnAb5vOTp+TUKQMSa+OeQjJXv07kNLF2kkQumVAc2Z/eTPzN62YYX4a5UGmGXLHFojiTBDWZ/Z8MhOEM5cQRyoxwtxI2ooYydC0V/1dCq1YNzqvBba1cv1rWUYBjOIEKBHABdbiBBjSBgYYHeIJnD71H78V7XURXvOXMEXyD9/YJz6+Q7w==</latexit>



DEEP PRIORS, KERNELS, AND IMPLICIT REGULARIZATION

▸ Overparametrised Deep Neural Networks are powerful 
“curve-fitting” models.  

▸ Empirical Risk Minimisation:

min
✓

bR(✓) :=
1

L

X

l

`(f✓(xl), yl) , (xl, yl) ⇠iid P .
<latexit sha1_base64="R6+NNia4DioQUMUeCX7dZ9c0a3I="></latexit>



DEEP PRIORS, KERNELS, AND IMPLICIT REGULARIZATION

▸ Overparametrised Deep Neural Networks are powerful 
“curve-fitting” models.  

▸ Empirical Risk Minimisation: 

▸ Guarantees for global minimisation using SGD/GD.  

▸ In the interpolant regime                       , what is the 
population risk                                              ? 

▸ In the noisy setting, does gradient descent provide implicit 
regularization through so-called early-stopping? 

min
✓

bR(✓) :=
1

L

X

l

`(f✓(xl), yl) , (xl, yl) ⇠iid P .
<latexit sha1_base64="R6+NNia4DioQUMUeCX7dZ9c0a3I="></latexit>

( bR(✓⇤) = 0)
<latexit sha1_base64="PoO/qFyQ7tCLhX/CgXiqkHhRA+s=">AAACDnicjVC7SgNREL3rM8bXqqXNxSBEi7CrgjaCaGMZxUQhu4bZm4m5ePfBvbNKWPIFNv6KjYUittZ2/o2bR6Gi4IGBwzkzzMwJEiUNOc6HNTY+MTk1XZgpzs7NLyzaS8t1E6daYE3EKtYXARhUMsIaSVJ4kWiEMFB4Hlwf9f3zG9RGxtEZdRP0Q7iKZFsKoFxq2utl71a2sAOUeSFQR4DKTnu9skcdJLjc3OD73Nlo2iW34gzA/yYlNkK1ab97rVikIUYkFBjTcJ2E/Aw0SaGwV/RSgwmIa7jCRk4jCNH42eCdHl/PlRZvxzqviPhA/TqRQWhMNwzyzv7J5qfXF3/zGim19/xMRklKGInhonaqOMW8nw1vSY2CVDcnILTMb+WiAxoE5QkW/xdCfaviblfck53SweEojgJbZWuszFy2yw7YMauyGhPsjj2wJ/Zs3VuP1ov1Omwds0YzK+wbrLdPn3qbJg==</latexit>

R(✓⇤) = EP `(f✓⇤(x), y)
<latexit sha1_base64="Zun+SUr0I+Y0PwDeKTGMv8P3W5g=">AAACKXicjVDLSgNBEJz1GeMr6tHLYBASCSGrgl6EoAgeo5goZOMyO+lNhsw+mOkVw7K/48Vf8aKgqFd/xM1DUFGwYKCoqqZ7ygml0FipvBoTk1PTM7OZuez8wuLScm5ltaGDSHGo80AG6tJhGqTwoY4CJVyGCpjnSLhwekcD/+IalBaBf479EFoe6/jCFZxhKtm5quUx7HIm47OkYGEXkF1tFekBHeqOEx8ndo1aJWqBlAXXjj8zSeGmWOoXqZ3Lm+XKEPRvkidj1Ozco9UOeOSBj1wyrZtmJcRWzBQKLiHJWpGGkPEe60AzpT7zQLfi4U8TupkqbeoGKn0+0qH6dSJmntZ9z0mTg/v1T28g/uY1I3T3W7HwwwjB56NFbiQpBnRQG20LBRxlPyWMK5HeSnmXKcYxLTf7vxIa22Vzp2ye7uarh+M6MmSdbJACMckeqZITUiN1wsktuSdP5Nm4Mx6MF+NtFJ0wxjNr5BuM9w/vX6Um</latexit>



THIS WORK

▸ We treat surface reconstruction as a “low-dimensional” 
implicit modeling using ReLU networks.  

▸ Wasserstein Metric provides chart correspondences, 
resulting in globally consistent atlas.  

▸ Analysis for large neural networks: gradient descent can 
operate in two distinct regimes: kernel or “lazy” regime, or 
feature selection regime. 



PROBLEM SETUP

▸   

▸   

▸ Goal: estimate     from     .

S: Surface in R3, possibly with boundary.
<latexit sha1_base64="NkIJtas7bu4RdbZowj/XQleWC3Y="></latexit>

⇢S : measure on S.
<latexit sha1_base64="VUrCdulTtPplsu3A73vEDqSKukM=">AAACGXicjVBNS8NAEN3Ur1q/qh69LDaCp5LUg+Kp6MVjRfsBbQib7aRdutkNuxuhhP4NL/4VLx4U8agn/41J20MVBR8MPN6bYWZeEHOmjeN8WoWl5ZXVteJ6aWNza3unvLvX0jJRFJpUcqk6AdHAmYCmYYZDJ1ZAooBDOxhd5n77DpRmUtyacQxeRAaChYwSk0l+2bF7aij9tBcRM6SEpzeTiX2OIyA6UYClwPaCZVexX664VWcK/DepoDkafvm915c0iUAYyonWXdeJjZcSZRjlMCn1Eg0xoSMygG5GBYlAe+n0swk+ypQ+DqXKShg8VRcnUhJpPY6CrDO/Uv/0cvE3r5uY8MxLmYgTA4LOFoUJx0biPCbcZwqo4eOMEKpYdiumQ6IINVmYpf+F0KpV3ZOqe12r1C/mcRTRATpEx8hFp6iOrlADNRFF9+gRPaMX68F6sl6tt1lrwZrP7KNvsD6+AFJ2n9Q=</latexit>

⌫: noise distribution.
<latexit sha1_base64="4Wya7RZTyPwskC5bHsIRLxloZ48=">AAACBXicjVA9SwNBEJ3zM8avU0stFhPB6riLhWIVtLGMYD4gOcLeZi9Zsrd77O4JIaSx8a/YWChi63+w89+4l6RQUfDBwOO9GWbmRSln2vj+h7OwuLS8slpYK65vbG5tuzu7DS0zRWidSC5VK8KaciZo3TDDaStVFCcRp81oeJn7zVuqNJPixoxSGia4L1jMCDZW6roH5Y7IyudISKYp6tmFikVZ7nkIdd1S4PlToL9JCeaodd33Tk+SLKHCEI61bgd+asIxVoYRTifFTqZpiskQ92nbUoETqsPx9IsJOrJKD8VS2RIGTdWvE2OcaD1KItuZYDPQP71c/M1rZyY+C8dMpJmhgswWxRlHRqI8Evu1osTwkSWYKGZvRWSAFSbGBlf8XwiNiheceMF1pVS9mMdRgH04hGMI4BSqcAU1qAOBO3iAJ3h27p1H58V5nbUuOPOZPfgG5+0TwhWXdA==</latexit>

X = {xi = yi + wi; i  n,wi ⇠ ⌫, yi ⇠ ⇢S}
<latexit sha1_base64="0A6kJCnHPJYPFob/FImgFn630OU="></latexit>

S
<latexit sha1_base64="1P/t7c46wrfWPU5LIXasEHhaZaQ=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A0lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRcqCh4YOJxzL/fMCVMpDLruh1NaWl5ZXSuvVzY2t7Z3qrt7bZNkmvEWS2SiuyE1XArFWyhQ8m6qOY1DyTvh+KrwO/dcG5GoO5ykPIjpUIlIMIpW8nsxxRGjMr+d9qs1r+7OQP4mNVig2a++9wYJy2KukElqjO+5KQY51SiY5NNKLzM8pWxMh9y3VNGYmyCfRZ6SI6sMSJRo+xSSmfp1I6exMZM4tJNFRPPTK8TfPD/D6CLIhUoz5IrND0WZJJiQ4v9kIDRnKCeWUKaFzUrYiGrK0LZU+V8J7ZO6d1r3bs5qjctFHWU4gEM4Bg/OoQHX0IQWMEjgAZ7g2UHn0XlxXuejJWexsw/f4Lx9ApEJkW8=</latexit>

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>



PROBLEM SETUP

▸   

▸   

▸ Goal: estimate     from     . 

▸ Challenges 

▸     may contain holes and acquisition noise.  

▸    may contain singularities e.g. in corners, tips. and thin regions.

S: Surface in R3, possibly with boundary.
<latexit sha1_base64="NkIJtas7bu4RdbZowj/XQleWC3Y="></latexit>

⇢S : measure on S.
<latexit sha1_base64="VUrCdulTtPplsu3A73vEDqSKukM=">AAACGXicjVBNS8NAEN3Ur1q/qh69LDaCp5LUg+Kp6MVjRfsBbQib7aRdutkNuxuhhP4NL/4VLx4U8agn/41J20MVBR8MPN6bYWZeEHOmjeN8WoWl5ZXVteJ6aWNza3unvLvX0jJRFJpUcqk6AdHAmYCmYYZDJ1ZAooBDOxhd5n77DpRmUtyacQxeRAaChYwSk0l+2bF7aij9tBcRM6SEpzeTiX2OIyA6UYClwPaCZVexX664VWcK/DepoDkafvm915c0iUAYyonWXdeJjZcSZRjlMCn1Eg0xoSMygG5GBYlAe+n0swk+ypQ+DqXKShg8VRcnUhJpPY6CrDO/Uv/0cvE3r5uY8MxLmYgTA4LOFoUJx0biPCbcZwqo4eOMEKpYdiumQ6IINVmYpf+F0KpV3ZOqe12r1C/mcRTRATpEx8hFp6iOrlADNRFF9+gRPaMX68F6sl6tt1lrwZrP7KNvsD6+AFJ2n9Q=</latexit>

⌫: noise distribution.
<latexit sha1_base64="4Wya7RZTyPwskC5bHsIRLxloZ48=">AAACBXicjVA9SwNBEJ3zM8avU0stFhPB6riLhWIVtLGMYD4gOcLeZi9Zsrd77O4JIaSx8a/YWChi63+w89+4l6RQUfDBwOO9GWbmRSln2vj+h7OwuLS8slpYK65vbG5tuzu7DS0zRWidSC5VK8KaciZo3TDDaStVFCcRp81oeJn7zVuqNJPixoxSGia4L1jMCDZW6roH5Y7IyudISKYp6tmFikVZ7nkIdd1S4PlToL9JCeaodd33Tk+SLKHCEI61bgd+asIxVoYRTifFTqZpiskQ92nbUoETqsPx9IsJOrJKD8VS2RIGTdWvE2OcaD1KItuZYDPQP71c/M1rZyY+C8dMpJmhgswWxRlHRqI8Evu1osTwkSWYKGZvRWSAFSbGBlf8XwiNiheceMF1pVS9mMdRgH04hGMI4BSqcAU1qAOBO3iAJ3h27p1H58V5nbUuOPOZPfgG5+0TwhWXdA==</latexit>

X = {xi = yi + wi; i  n,wi ⇠ ⌫, yi ⇠ ⇢S}
<latexit sha1_base64="0A6kJCnHPJYPFob/FImgFn630OU="></latexit>

S
<latexit sha1_base64="1P/t7c46wrfWPU5LIXasEHhaZaQ=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A0lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRcqCh4YOJxzL/fMCVMpDLruh1NaWl5ZXSuvVzY2t7Z3qrt7bZNkmvEWS2SiuyE1XArFWyhQ8m6qOY1DyTvh+KrwO/dcG5GoO5ykPIjpUIlIMIpW8nsxxRGjMr+d9qs1r+7OQP4mNVig2a++9wYJy2KukElqjO+5KQY51SiY5NNKLzM8pWxMh9y3VNGYmyCfRZ6SI6sMSJRo+xSSmfp1I6exMZM4tJNFRPPTK8TfPD/D6CLIhUoz5IrND0WZJJiQ4v9kIDRnKCeWUKaFzUrYiGrK0LZU+V8J7ZO6d1r3bs5qjctFHWU4gEM4Bg/OoQHX0IQWMEjgAZ7g2UHn0XlxXuejJWexsw/f4Lx9ApEJkW8=</latexit>

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>

S
<latexit sha1_base64="1P/t7c46wrfWPU5LIXasEHhaZaQ=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmVF+4A0lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRcqCh4YOJxzL/fMCVMpDLruh1NaWl5ZXSuvVzY2t7Z3qrt7bZNkmvEWS2SiuyE1XArFWyhQ8m6qOY1DyTvh+KrwO/dcG5GoO5ykPIjpUIlIMIpW8nsxxRGjMr+d9qs1r+7OQP4mNVig2a++9wYJy2KukElqjO+5KQY51SiY5NNKLzM8pWxMh9y3VNGYmyCfRZ6SI6sMSJRo+xSSmfp1I6exMZM4tJNFRPPTK8TfPD/D6CLIhUoz5IrND0WZJJiQ4v9kIDRnKCeWUKaFzUrYiGrK0LZU+V8J7ZO6d1r3bs5qjctFHWU4gEM4Bg/OoQHX0IQWMEjgAZ7g2UHn0XlxXuejJWexsw/f4Lx9ApEJkW8=</latexit>



OVERALL MODEL



LOCAL PARAMETRIZATION

▸ First we consider a local surface parametrization:  

▸ Given  

▸ For sufficiently small radius,  

▸ Thus, exists a differentiable mapping                       such that                            

p 2 S, consider small neighborhood Up.
<latexit sha1_base64="WVci1sbgUTp/iFsL1U4u+PUYlGs=">AAACKnicjVDLSsNAFJ34rPUVdelmsBFcSGjqQpdVNy4r2ge0IUwmt+3QyUyYmQgl9Hvc+CtuulCKWz/E9IGoKHhg4HDOudw7J0w406ZcnlhLyyura+uFjeLm1vbOrr2339AyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMcXE/95gMozaS4N8ME/Jj0BOsySkwuBfalk+AOE7gTE9OnhGd3I+cUUyk0i0BhHRPOsQDW64dS9aWMsPMZrY+CxHEDu+S55Rnw36SEFqgF9rgTSZrGIAzlROu2V06MnxFlGOUwKnZSDQmhA9KDdk4FiUH72eyrI3ycKxHuSpU/YfBM/TqRkVjrYRzmyemZ+qc3FX/z2qnpXvgZE0lqQND5om7KsZF42huOmAJq+DAnhCqW34ppnyhCTd5u8X8lNCqud+Z6t5VS9WpRRwEdoiN0gjx0jqroBtVQHVH0iJ7RC3q1nqyxNbHe5tElazFzgL7Bev8AjoymwQ==</latexit>

S \ Up
⇠= V = (0, 1)2

<latexit sha1_base64="dVP1q/VNzu6VvASYDUKzvwiO0GA=">AAACGXicjVDLSsNAFJ3UV62vqEs3g61QQUpSF7oRim5cVjRtoYlhMp22QyeTMDMRSshvuPFX3LhQxKWu/BsnbREVBQ9cOHPOvcy9J4gZlcqy3o3C3PzC4lJxubSyura+YW5utWSUCEwcHLFIdAIkCaOcOIoqRjqxICgMGGkHo7Pcb98QIWnEr9Q4Jl6IBpz2KUZKS75pVdwQqSFGLL3MoItRDD8FJ/P1C0d8AFsnVevA3r+uV3yzbNesCeDfpAxmaPrmq9uLcBISrjBDUnZtK1ZeioSimJGs5CaSxAiP0IB0NeUoJNJLJ5dlcE8rPdiPhC6u4ET9OpGiUMpxGOjOfGv508vF37xuovrHXkp5nCjC8fSjfsKgimAeE+xRQbBiY00QFlTvCvEQCYSVDrP0vxBa9Zp9WLMv6uXG6SyOItgBu6AKbHAEGuAcNIEDMLgF9+ARPBl3xoPxbLxMWwvGbGYbfIPx9gGjQp6+</latexit>

' : V ! Up
<latexit sha1_base64="BMIeYuewcsWOTIuc/NQApPWsXfU=">AAACBXicjVBNS8NAEJ3Ur1q/oh71sFgETyVRQfFU9OKxgmkLTQib7aZdutmE3U2hhF68+Fe8eFDEq//Bm//G7cdBRcEHA4/3ZpiZF2WcKe04H1ZpYXFpeaW8Wllb39jcsrd3mirNJaEeSXkq2xFWlDNBPc00p+1MUpxEnLaiwdXEbw2pVCwVt3qU0SDBPcFiRrA2Umjv+0Mssz67QE3k6xT5CdZ9gnnhjcMstKtuzZkC/U2qMEcjtN/9bkryhApNOFaq4zqZDgosNSOcjit+rmiGyQD3aMdQgROqgmL6xRgdGqWL4lSaEhpN1a8TBU6UGiWR6ZwcqX56E/E3r5Pr+DwomMhyTQWZLYpzjsy7k0hQl0lKNB8Zgolk5lZE+lhiok1wlf+F0DyuuSc19+a0Wr+cx1GGPTiAI3DhDOpwDQ3wgMAdPMATPFv31qP1Yr3OWkvWfGYXvsF6+wTjVJgw</latexit>

'(V ) = S \ Up.
<latexit sha1_base64="5X0YVdJdipWLmKQdAbmqTNOhfBY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0WoIKFRQTdC0Y3LivYBTQg302k7dJIMM5NCCfkJN/6KGxeKuBXc+TdOH+ADBQ9cOJxzL/feEwjOlK5U3q3c3PzC4lJ+ubCyura+Udzcaqg4kYTWScxj2QpAUc4iWtdMc9oSkkIYcNoMBhdjvzmkUrE4utEjQb0QehHrMgLaSH7xwB2CFH1WbuzjM+yGoPsEeHqdYZeA+BTqmS9sv1hy7MoE+G9SQjPU/OKb24lJEtJIEw5KtZ2K0F4KUjPCaVZwE0UFkAH0aNvQCEKqvHTyVYb3jNLB3ViaijSeqF8nUgiVGoWB6RxfqX56Y/E3r53o7qmXskgkmkZkuqibcKxjPI4Id5ikRPORIUAkM7di0gcJRJsgC/8LoXFoO0e2c3Vcqp7P4sijHbSLyshBJ6iKLlEN1RFBt+gePaIn6856sJ6tl2lrzprNbKNvsF4/AEEcnkQ=</latexit>



LOCAL PARAMETRIZATION

▸ First we consider a local surface parametrization:  

▸ Given  

▸ For sufficiently small radius,  

▸ Thus, exists a differentiable mapping                       such that                             

▸ For each patch, we fit an implicit model                          with  

▸         parametrized as a neural network.  

▸   is a Poisson Disk sampling in     . 

p 2 S, consider small neighborhood Up.
<latexit sha1_base64="WVci1sbgUTp/iFsL1U4u+PUYlGs=">AAACKnicjVDLSsNAFJ34rPUVdelmsBFcSGjqQpdVNy4r2ge0IUwmt+3QyUyYmQgl9Hvc+CtuulCKWz/E9IGoKHhg4HDOudw7J0w406ZcnlhLyyura+uFjeLm1vbOrr2339AyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMcXE/95gMozaS4N8ME/Jj0BOsySkwuBfalk+AOE7gTE9OnhGd3I+cUUyk0i0BhHRPOsQDW64dS9aWMsPMZrY+CxHEDu+S55Rnw36SEFqgF9rgTSZrGIAzlROu2V06MnxFlGOUwKnZSDQmhA9KDdk4FiUH72eyrI3ycKxHuSpU/YfBM/TqRkVjrYRzmyemZ+qc3FX/z2qnpXvgZE0lqQND5om7KsZF42huOmAJq+DAnhCqW34ppnyhCTd5u8X8lNCqud+Z6t5VS9WpRRwEdoiN0gjx0jqroBtVQHVH0iJ7RC3q1nqyxNbHe5tElazFzgL7Bev8AjoymwQ==</latexit>

S \ Up
⇠= V = (0, 1)2

<latexit sha1_base64="dVP1q/VNzu6VvASYDUKzvwiO0GA=">AAACGXicjVDLSsNAFJ3UV62vqEs3g61QQUpSF7oRim5cVjRtoYlhMp22QyeTMDMRSshvuPFX3LhQxKWu/BsnbREVBQ9cOHPOvcy9J4gZlcqy3o3C3PzC4lJxubSyura+YW5utWSUCEwcHLFIdAIkCaOcOIoqRjqxICgMGGkHo7Pcb98QIWnEr9Q4Jl6IBpz2KUZKS75pVdwQqSFGLL3MoItRDD8FJ/P1C0d8AFsnVevA3r+uV3yzbNesCeDfpAxmaPrmq9uLcBISrjBDUnZtK1ZeioSimJGs5CaSxAiP0IB0NeUoJNJLJ5dlcE8rPdiPhC6u4ET9OpGiUMpxGOjOfGv508vF37xuovrHXkp5nCjC8fSjfsKgimAeE+xRQbBiY00QFlTvCvEQCYSVDrP0vxBa9Zp9WLMv6uXG6SyOItgBu6AKbHAEGuAcNIEDMLgF9+ARPBl3xoPxbLxMWwvGbGYbfIPx9gGjQp6+</latexit>

' : V ! Up
<latexit sha1_base64="BMIeYuewcsWOTIuc/NQApPWsXfU=">AAACBXicjVBNS8NAEJ3Ur1q/oh71sFgETyVRQfFU9OKxgmkLTQib7aZdutmE3U2hhF68+Fe8eFDEq//Bm//G7cdBRcEHA4/3ZpiZF2WcKe04H1ZpYXFpeaW8Wllb39jcsrd3mirNJaEeSXkq2xFWlDNBPc00p+1MUpxEnLaiwdXEbw2pVCwVt3qU0SDBPcFiRrA2Umjv+0Mssz67QE3k6xT5CdZ9gnnhjcMstKtuzZkC/U2qMEcjtN/9bkryhApNOFaq4zqZDgosNSOcjit+rmiGyQD3aMdQgROqgmL6xRgdGqWL4lSaEhpN1a8TBU6UGiWR6ZwcqX56E/E3r5Pr+DwomMhyTQWZLYpzjsy7k0hQl0lKNB8Zgolk5lZE+lhiok1wlf+F0DyuuSc19+a0Wr+cx1GGPTiAI3DhDOpwDQ3wgMAdPMATPFv31qP1Yr3OWkvWfGYXvsF6+wTjVJgw</latexit>

'(V ) = S \ Up.
<latexit sha1_base64="5X0YVdJdipWLmKQdAbmqTNOhfBY=">AAACFXicjVDLSsNAFJ3UV62vqks3g0WoIKFRQTdC0Y3LivYBTQg302k7dJIMM5NCCfkJN/6KGxeKuBXc+TdOH+ADBQ9cOJxzL/feEwjOlK5U3q3c3PzC4lJ+ubCyura+Udzcaqg4kYTWScxj2QpAUc4iWtdMc9oSkkIYcNoMBhdjvzmkUrE4utEjQb0QehHrMgLaSH7xwB2CFH1WbuzjM+yGoPsEeHqdYZeA+BTqmS9sv1hy7MoE+G9SQjPU/OKb24lJEtJIEw5KtZ2K0F4KUjPCaVZwE0UFkAH0aNvQCEKqvHTyVYb3jNLB3ViaijSeqF8nUgiVGoWB6RxfqX56Y/E3r53o7qmXskgkmkZkuqibcKxjPI4Id5ikRPORIUAkM7di0gcJRJsgC/8LoXFoO0e2c3Vcqp7P4sijHbSLyshBJ6iKLlEN1RFBt+gePaIn6856sJ6tl2lrzprNbKNvsF4/AEEcnkQ=</latexit>

'p : V ! R3
<latexit sha1_base64="k6dbwBXH5xOJiUCH8yWI0qDYE2U=">AAACCHicjVBNS8NAEJ34WetX1KMHF4vgqTRWUDwVvXisYj+giWGz3bRLN8myuymU0KMX/4oXD4p49Sd489+4aXtQUfDBwOO9GWbmBYIzpSuVD2tufmFxabmwUlxdW9/YtLe2mypJJaENkvBEtgOsKGcxbWimOW0LSXEUcNoKBhe53xpSqVgS3+iRoF6EezELGcHaSL695w6xFH3mC3SGmsjVCXIjrPtBkF2Pb6vIt0tOuTIB+puUYIa6b7+73YSkEY014VipjlMR2suw1IxwOi66qaICkwHu0Y6hMY6o8rLJI2N0YJQuChNpKtZoon6dyHCk1CgKTGd+pPrp5eJvXifV4amXsVikmsZkuihMOTLv5qmgLpOUaD4yBBPJzK2I9LHERJvsiv8LoXlUdqpl5+q4VDufxVGAXdiHQ3DgBGpwCXVoAIE7eIAneLburUfrxXqdts5Zs5kd+Abr7RME2piw</latexit>

min
✓p

W 2
2 ('[✓p]#µ,X \ Up) .

<latexit sha1_base64="As8osN8zsLJ3GRWBUTRrNxh+FGY="></latexit>

'[✓]
<latexit sha1_base64="cNbkk11pfyNGM4nwHfLN29MK2ag=">AAAB+HicjVDLSsNAFJ3UV62PRl26GSyCq5KooMuiG5cV7AOaUCbTm2boZBJmbgo19EvcuFDErZ/izr8xfSxUFDxw4XDOvdzDCVIpDDrOh1VaWV1b3yhvVra2d3ar9t5+2ySZ5tDiiUx0N2AGpFDQQoESuqkGFgcSOsHoeuZ3xqCNSNQdTlLwYzZUIhScYSH17ao3ZjqNRM/DCJD5fbvm1p056N+kRpZo9u13b5DwLAaFXDJjeq6Top8zjYJLmFa8zEDK+IgNoVdQxWIwfj4PPqXHhTKgYaKLUUjn6teLnMXGTOKg2IwZRuanNxN/83oZhpd+LlSaISi+eBRmkmJCZy3QgdDAUU4KwrgWRVbKI6YZx6Kryv9KaJ/W3bO6e3tea1wt6yiTQ3JETohLLkiD3JAmaRFOMvJAnsizdW89Wi/W62K1ZC1vDsg3WG+fDlqTVw==</latexit>

µ
<latexit sha1_base64="Af2B2UPWsJ254eoHb9/J2kRo2L0=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzQOSJcxOZpMhM7PLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7olQKi77/4RWWlldW14rrpY3Nre2d8u5e0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsaXU391j03ViT6DscpDxUdaBELRtFJt12V9cqVoOrPQP4mFVig3iu/d/sJyxTXyCS1thP4KYY5NSiY5JNSN7M8pWxEB7zjqKaK2zCfnTohR07pkzgxrjSSmfp1IqfK2rGKXKeiOLQ/van4m9fJML4Ic6HTDLlm80VxJgkmZPo36QvDGcqxI5QZ4W4lbEgNZejSKf0vhOZJNTitBjdnldrlIo4iHMAhHEMA51CDa6hDAxgM4AGe4NmT3qP34r3OWwveYmYfvsF7+wRiv43c</latexit>

V
<latexit sha1_base64="ubLjqv76mS0MbIabVE4mhcGSwBs=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7MwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uKBXcWN//8JaWV1bX1gsbxc2t7Z3d0t5+06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0PfVb96gNV/LWjlMMEzqQPOaMWifVm71SOaj4M5C/SRkWqPVK792+YlmC0jJBjekEfmrDnGrLmcBJsZsZTCkb0QF2HJU0QRPms0Mn5NgpfRIr7UpaMlO/TuQ0MWacRK4zoXZofnpT8Tevk9n4Msy5TDOLks0XxZkgVpHp16TPNTIrxo5Qprm7lbAh1ZRZl03xfyE0TyvBWSWon5erV4s4CnAIR3ACAVxAFW6gBg1ggPAAT/Ds3XmP3ov3Om9d8hYzB/AN3tsnuBKM4A==</latexit>



LOCAL PARAMETRIZATION

▸ Since we are dealing with empirical distributions, the 
Wasserstein distance is computed as an EMD:

min
✓

L(✓) = min
⇡2⇧n

nX

i=1

kx⇡(i) � '[✓](vi)k2 .
<latexit sha1_base64="Ln8pKJaqjpEDm/j2FQVzEk2diko="></latexit>

X \ Up = {x1, . . . , xn} , {v1 . . . vn} ⇠ µ.
<latexit sha1_base64="2og+tQvQjJj5VcrmnzRZXx6JNH4="></latexit>



LOCAL PARAMETRIZATION

▸ Since we are dealing with empirical distributions, the 
Wasserstein distance is computed as an EMD: 

▸ Linear Assignment problem: can be solved, e.g with 
network simplex, but expensive             .

min
✓

L(✓) = min
⇡2⇧n

nX

i=1

kx⇡(i) � '[✓](vi)k2 .
<latexit sha1_base64="Ln8pKJaqjpEDm/j2FQVzEk2diko="></latexit>

X \ Up = {x1, . . . , xn} , {v1 . . . vn} ⇠ µ.
<latexit sha1_base64="2og+tQvQjJj5VcrmnzRZXx6JNH4="></latexit>

O(n3)
<latexit sha1_base64="X0riom0dEGc3cYcvOBs2zjEtjCg=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5gxgh6DXrwZwSyQjKGn05O09jJ09whhyD948aCIV//Hm39jZzmoKPig4PFeFVX1ooQzY33/w8stLC4tr+RXC2vrG5tbxe2dplGpJrRBFFe6HWFDOZO0YZnltJ1oikXEaSu6O5/4rXuqDVPy2o4SGgo8kCxmBFsnNS/L8qZ62CuWgoo/BfqblGCOeq/43u0rkgoqLeHYmE7gJzbMsLaMcDoudFNDE0zu8IB2HJVYUBNm02vH6MApfRQr7UpaNFW/TmRYGDMSkesU2A7NT28i/uZ1UhufhhmTSWqpJLNFccqRVWjyOuozTYnlI0cw0czdisgQa0ysC6jwvxCaR5WgWgmujku1s3kcediDfShDACdQgwuoQwMI3MIDPMGzp7xH78V7nbXmvPnMLnyD9/YJZ8+OWw==</latexit>



LOCAL PARAMETRIZATION

▸ Since we are dealing with empirical distributions, the 
Wasserstein distance is computed as an EMD: 

▸ Linear Assignment problem: can be solved, e.g with 
network simplex, but expensive             . 

▸ Instead, we use Sinkhorn regularization [Cuturi,’13]: 

▸ It defines a distance that converges to  
▸ Near-linear time complexity [Altshuler et al.’17]

min
✓

L(✓) = min
⇡2⇧n

nX

i=1

kx⇡(i) � '[✓](vi)k2 .
<latexit sha1_base64="Ln8pKJaqjpEDm/j2FQVzEk2diko="></latexit>

X \ Up = {x1, . . . , xn} , {v1 . . . vn} ⇠ µ.
<latexit sha1_base64="2og+tQvQjJj5VcrmnzRZXx6JNH4="></latexit>

O(n3)
<latexit sha1_base64="X0riom0dEGc3cYcvOBs2zjEtjCg=">AAAB7XicjVDJSgNBEK2JW4xb1KOXxiDES5gxgh6DXrwZwSyQjKGn05O09jJ09whhyD948aCIV//Hm39jZzmoKPig4PFeFVX1ooQzY33/w8stLC4tr+RXC2vrG5tbxe2dplGpJrRBFFe6HWFDOZO0YZnltJ1oikXEaSu6O5/4rXuqDVPy2o4SGgo8kCxmBFsnNS/L8qZ62CuWgoo/BfqblGCOeq/43u0rkgoqLeHYmE7gJzbMsLaMcDoudFNDE0zu8IB2HJVYUBNm02vH6MApfRQr7UpaNFW/TmRYGDMSkesU2A7NT28i/uZ1UhufhhmTSWqpJLNFccqRVWjyOuozTYnlI0cw0czdisgQa0ysC6jwvxCaR5WgWgmujku1s3kcediDfShDACdQgwuoQwMI3MIDPMGzp7xH78V7nbXmvPnMLnyD9/YJZ8+OWw==</latexit>

eL(✓) = min
P2Pn

nX

i,j=1

Pi,jkxj � '[✓](vi)k2 � �
�1

H(P ) ,

<latexit sha1_base64="bIgoJzsl/z8bHNvvecR1GMdJFyw="></latexit> Pn: bi-stochastic matrices, H(P ) = �
P

i,j Pi,j logPi,j .
<latexit sha1_base64="VePP5zunYTdEMFzUIpYy4dJ9r3c="></latexit>

W2 as � ! 1.
<latexit sha1_base64="IMeVnxL9p6PpFmRbRMs01KUSfB4=">AAACCHicjVDLSsNAFJ3UV62vqksXDjaCq9DUhS6LblxWsA9oQriZTNqhk0mYmQgldOnGX3HjQhG3foI7/8bpY6Gi4IGBwzn3cOeeMONM6Xr9wyotLa+srpXXKxubW9s71d29jkpzSWibpDyVvRAU5UzQtmaa014mKSQhp91wdDn1u7dUKpaKGz3OqJ/AQLCYEdBGCqqHdjdo2BgUtj1uYhFgT6fYYyLWY9vBQbXmOvUZ8N+khhZoBdV3L0pJnlChCQel+m49034BUjPC6aTi5YpmQEYwoH1DBSRU+cXskAk+NkqE41SaJzSeqV8TBSRKjZPQTCagh+qnNxV/8/q5js/9goks11SQ+aI459icOm0FR0xSovnYECCSmb9iMgQJRJvuKv8rodNw3FPHvW7UmheLOsroAB2hE+SiM9REV6iF2oigO/SAntCzdW89Wi/W63y0ZC0y++gbrLdPIRCXgQ==</latexit>



LOCAL PARAMETRIZATION

▸ We use a Multilayer Perceptron to parametrize the push 
forward map:

z(k+1) = �(✓k,1z
(k) + ✓k,2)

<latexit sha1_base64="M/n46i1cINM9kALcgUEkxNTc0yU=">AAACIXicjVDLSgMxFM34rPU16tJNsAgtlTJTBbsRim5cVrAPaGvJpJk2TOZBckeow/yKG3/FjQtFuhN/xvSxqKLggQuHc84luceJBFdgWR/G0vLK6tp6ZiO7ubW9s2vu7TdUGEvK6jQUoWw5RDHBA1YHDoK1IsmI7wjWdLyrid+8Z1LxMLiFUcS6PhkE3OWUgJZ6ZuXhLsl7RbuQ4gvcUXzgkzzuwJAB6SXeiZ3iaUDbxQW5nBZ6Zs4uWVPgv0kOzVHrmeNOP6SxzwKggijVtq0IugmRwKlgabYTKxYR6pEBa2saEJ+pbjK9MMXHWuljN5R6AsBTdXEjIb5SI9/RSZ/AUP30JuJvXjsGt9JNeBDFwAI6e8iNBYYQT+rCfS4ZBTHShFDJ9V8xHRJJKOhSs/8roVEu2acl++YsV72c15FBh+gI5ZGNzlEVXaMaqiOKHtEzekVvxpPxYrwb41l0yZjvHKBvMD6/AKrboV4=</latexit>

✓1
<latexit sha1_base64="MqnqxcPbk9utf55XwYaW3j63nkM=">AAAB8XicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOTJcxOepMhs7PLTK8QlvyFFw+KePVvvPk3bh4HFQULGoqqbrq7gkRJS6774RSWlldW14rrpY3Nre2d8u5e08apEdgQsYpNO+AWldTYIEkK24lBHgUKW8Hoauq37tFYGetbGifoR3ygZSgFp1y669IQifcyb9IrV7yqOwP7m1RggXqv/N7txyKNUJNQ3NqO5ybkZ9yQFAonpW5qMeFixAfYyanmEVo/m108YUe50mdhbPLSxGbq14mMR9aOoyDvjDgN7U9vKv7mdVIKL/xM6iQl1GK+KEwVo5hN32d9aVCQGueECyPzW5kYcsMF5SGV/hdC86TqnVa9m7NK7XIRRxEO4BCOwYNzqME11KEBAjQ8wBM8O9Z5dF6c13lrwVnM7MM3OG+fm3WQ3g==</latexit>

✓2
<latexit sha1_base64="JFWkN9H5PteqbSX3OM0KejGPqmI=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYhA8hd0o6DHoxWME88BkCbOT3mTI7Owy0yuEJX/hxYMiXv0bb/6Nk8dBRcGChqKqm+6uMJXCkOd9OEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihskCCJ7VQji0OJrXB0NfVb96iNSNQtjVMMYjZQIhKckZXuujREYr28OumVyn7Fm8H9m5RhgXqv9N7tJzyLURGXzJiO76UU5EyT4BInxW5mMGV8xAbYsVSxGE2Qzy6euMdW6btRom0pcmfq14mcxcaM49B2xoyG5qc3FX/zOhlFF0EuVJoRKj5fFGXSpcSdvu/2hUZOcmwJ41rYW10+ZJpxsiEV/xdCs1rxTyv+zVm5drmIowCHcAQn4MM51OAa6tAADgoe4AmeHeM8Oi/O67x1yVnMHMA3OG+fnPqQ3w==</latexit>

✓K
<latexit sha1_base64="SH/ABvXZDrDpF7yR0D0eSnKmHoA=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYhA8hV0V9Bj0IniJYB6YLGF20psMmZ1dZnqFsOQvvHhQxKt/482/cfI4qChY0FBUddPdFaZSGPK8D2dhcWl5ZbWwVlzf2NzaLu3sNkySaY51nshEt0JmUAqFdRIksZVqZHEosRkOLyd+8x61EYm6pVGKQcz6SkSCM7LSXYcGSKybX4+7pbJf8aZw/yZlmKPWLb13egnPYlTEJTOm7XspBTnTJLjEcbGTGUwZH7I+ti1VLEYT5NOLx+6hVXpulGhbityp+nUiZ7Exozi0nTGjgfnpTcTfvHZG0XmQC5VmhIrPFkWZdClxJ++7PaGRkxxZwrgW9laXD5hmnGxIxf+F0Diu+CcV/+a0XL2Yx1GAfTiAI/DhDKpwBTWoAwcFD/AEz45xHp0X53XWuuDMZ/bgG5y3T8L3kPg=</latexit>

'[✓](v) 2 R3
<latexit sha1_base64="/tA4USu1LZ/KuvkdCRtMNXpWdz4=">AAACDHicjVDLSsNAFJ34rPVVdelmsAh1UxIr6LLoxmUV+4Aklsl00g6dTMLMTaGEfoAbf8WNC0Xc+gHu/BsnbRcqCh4YOJxzLvfOCRLBNdj2h7WwuLS8slpYK65vbG5tl3Z2WzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD4UXut0dMaR7LGxgnzI9IX/KQUwJG6pbK3oioZMBdDwYMiF8ZHWGPS+xFBAZBkF1Pbmsm5VTtKfDfpIzmaHRL714vpmnEJFBBtHYdOwE/Iwo4FWxS9FLNEkKHpM9cQyWJmPaz6Wcm+NAoPRzGyjwJeKp+nchIpPU4Ckwyv1H/9HLxN89NITzzMy6TFJiks0VhKjDEOG8G97hiFMTYEEIVN7diOiCKUDD9Ff9XQuu46tSqztVJuX4+r6OA9tEBqiAHnaI6ukQN1EQU3aEH9ISerXvr0XqxXmfRBWs+s4e+wXr7BBcMmv4=</latexit>

v 2 R2
<latexit sha1_base64="K2eOnVmbUTOy4wjCHXrL4iSdL44=">AAAB+3icjVDLSsNAFL3xWesr1qWbwSK4KkkVdFl047KKfUATy2Q6aYdOJmFmUiwhv+LGhSJu/RF3/o2TtgsVBQ9cOJxzL/dwgoQzpR3nw1paXlldWy9tlDe3tnd27b1KW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+LLwOxMqFYvFrZ4m1I/wULCQEayN1LcrE+QxgbwI61EQZDf5Xb1vV92aMwP6m1RhgWbffvcGMUkjKjThWKme6yTaz7DUjHCal71U0QSTMR7SnqECR1T52Sx7jo6MMkBhLM0IjWbq14sMR0pNo8BsFhnVT68Qf/N6qQ7P/YyJJNVUkPmjMOVIx6goAg2YpETzqSGYSGayIjLCEhNt6ir/r4R2veae1Nzr02rjYlFHCQ7gEI7BhTNowBU0oQUE7uEBnuDZyq1H68V6na8uWYubffgG6+0TRwyT8g==</latexit>



LOCAL PARAMETRIZATION

▸ Also, its residual reparametrisation: 

▸ We consider                                 , so the resulting local 
surface model is piece-wise linear. 

▸ As opposed to triangulations, in our setting we do not 
require               to be nodes (not necessarily interpolant).

✓1
<latexit sha1_base64="MqnqxcPbk9utf55XwYaW3j63nkM=">AAAB8XicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOTJcxOepMhs7PLTK8QlvyFFw+KePVvvPk3bh4HFQULGoqqbrq7gkRJS6774RSWlldW14rrpY3Nre2d8u5e08apEdgQsYpNO+AWldTYIEkK24lBHgUKW8Hoauq37tFYGetbGifoR3ygZSgFp1y669IQifcyb9IrV7yqOwP7m1RggXqv/N7txyKNUJNQ3NqO5ybkZ9yQFAonpW5qMeFixAfYyanmEVo/m108YUe50mdhbPLSxGbq14mMR9aOoyDvjDgN7U9vKv7mdVIKL/xM6iQl1GK+KEwVo5hN32d9aVCQGueECyPzW5kYcsMF5SGV/hdC86TqnVa9m7NK7XIRRxEO4BCOwYNzqME11KEBAjQ8wBM8O9Z5dF6c13lrwVnM7MM3OG+fm3WQ3g==</latexit>

✓2
<latexit sha1_base64="JFWkN9H5PteqbSX3OM0KejGPqmI=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYhA8hd0o6DHoxWME88BkCbOT3mTI7Owy0yuEJX/hxYMiXv0bb/6Nk8dBRcGChqKqm+6uMJXCkOd9OEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihskCCJ7VQji0OJrXB0NfVb96iNSNQtjVMMYjZQIhKckZXuujREYr28OumVyn7Fm8H9m5RhgXqv9N7tJzyLURGXzJiO76UU5EyT4BInxW5mMGV8xAbYsVSxGE2Qzy6euMdW6btRom0pcmfq14mcxcaM49B2xoyG5qc3FX/zOhlFF0EuVJoRKj5fFGXSpcSdvu/2hUZOcmwJ41rYW10+ZJpxsiEV/xdCs1rxTyv+zVm5drmIowCHcAQn4MM51OAa6tAADgoe4AmeHeM8Oi/O67x1yVnMHMA3OG+fnPqQ3w==</latexit>

✓K
<latexit sha1_base64="SH/ABvXZDrDpF7yR0D0eSnKmHoA=">AAAB8XicjVDLSgNBEOz1GeMr6tHLYhA8hV0V9Bj0IniJYB6YLGF20psMmZ1dZnqFsOQvvHhQxKt/482/cfI4qChY0FBUddPdFaZSGPK8D2dhcWl5ZbWwVlzf2NzaLu3sNkySaY51nshEt0JmUAqFdRIksZVqZHEosRkOLyd+8x61EYm6pVGKQcz6SkSCM7LSXYcGSKybX4+7pbJf8aZw/yZlmKPWLb13egnPYlTEJTOm7XspBTnTJLjEcbGTGUwZH7I+ti1VLEYT5NOLx+6hVXpulGhbityp+nUiZ7Exozi0nTGjgfnpTcTfvHZG0XmQC5VmhIrPFkWZdClxJ++7PaGRkxxZwrgW9laXD5hmnGxIxf+F0Diu+CcV/+a0XL2Yx1GAfTiAI/DhDKpwBTWoAwcFD/AEz45xHp0X53XWuuDMZ/bgG5y3T8L3kPg=</latexit>

z(k+1) = z(k) + �(✓k,1z
(k) + ✓k,2) .

<latexit sha1_base64="jCaIR6j37oSu0kkddH/ofekU2NQ=">AAACLnicjZBLSwMxFIUzPmt9VV26CRahpaV0qqAboSiCywr2AZ2xZNK0Dc08SO4IdZhf5Ma/ogtBRdz6M0ynRaooeCDwcc69JDlOILiCcvnZmJtfWFxaTq2kV9fWNzYzW9sN5YeSsjr1hS9bDlFMcI/VgYNgrUAy4jqCNZ3h2Thv3jCpuO9dwShgtkv6Hu9xSkBbncz57XWUGxbMfIxPcMKaCthSvO+SHLZgwIB0omHRjGfjL7sS561iqZPJmqVyIvw3ZNFUtU7m0er6NHSZB1QQpdpmOQA7IhI4FSxOW6FiAaFD0mdtjR5xmbKj5Lsx3tdOF/d8qY8HOHFnNyLiKjVyHT3pEhion9nY/C1rh9A7tiPuBSEwj04u6oUCg4/H3eEul4yCGGkgVHL9VkwHRBIKuuH0/0poVErmQcm8PMxWT6d1pNAu2kM5ZKIjVEUXqIbqiKI79IBe0KtxbzwZb8b7ZHTOmO7soG8yPj4BGrmljQ==</latexit>

�(u) = max(0, u)
<latexit sha1_base64="SbyxdNI3Q5ZBDiiV+RtPKjCSrDc=">AAAB/nicjVDJSgNBFOxxjXEbFU9eGoOQgIQZFfQiBL14jGAWyAzhTaeTNOnuGXoRwxDwV7x4UMSr3+HNv3GyHFQULHhQVL3HKypKONPG8z6cufmFxaXl3Ep+dW19Y9Pd2q7r2CpCayTmsWpGoClnktYMM5w2E0VBRJw2osHl2G/cUqVZLG/MMKGhgJ5kXUbAZFLb3Q006wko2hI+x4GAu6J3aEttt+CXvQnw36SAZqi23fegExMrqDSEg9Yt30tMmIIyjHA6ygdW0wTIAHq0lVEJguowncQf4YNM6eBurLKRBk/UrxcpCK2HIso2BZi+/umNxd+8ljXdszBlMrGGSjJ91LUcmxiPu8AdpigxfJgRIIplWTHpgwJissby/yuhflT2j8v+9UmhcjGrI4f20D4qIh+dogq6QlVUQwSl6AE9oWfn3nl0XpzX6eqcM7vZQd/gvH0Cn96T9w==</latexit>

'[✓](v) 2 R3
<latexit sha1_base64="/tA4USu1LZ/KuvkdCRtMNXpWdz4=">AAACDHicjVDLSsNAFJ34rPVVdelmsAh1UxIr6LLoxmUV+4Aklsl00g6dTMLMTaGEfoAbf8WNC0Xc+gHu/BsnbRcqCh4YOJxzLvfOCRLBNdj2h7WwuLS8slpYK65vbG5tl3Z2WzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD4UXut0dMaR7LGxgnzI9IX/KQUwJG6pbK3oioZMBdDwYMiF8ZHWGPS+xFBAZBkF1Pbmsm5VTtKfDfpIzmaHRL714vpmnEJFBBtHYdOwE/Iwo4FWxS9FLNEkKHpM9cQyWJmPaz6Wcm+NAoPRzGyjwJeKp+nchIpPU4Ckwyv1H/9HLxN89NITzzMy6TFJiks0VhKjDEOG8G97hiFMTYEEIVN7diOiCKUDD9Ff9XQuu46tSqztVJuX4+r6OA9tEBqiAHnaI6ukQN1EQU3aEH9ISerXvr0XqxXmfRBWs+s4e+wXr7BBcMmv4=</latexit>

v 2 R2
<latexit sha1_base64="K2eOnVmbUTOy4wjCHXrL4iSdL44=">AAAB+3icjVDLSsNAFL3xWesr1qWbwSK4KkkVdFl047KKfUATy2Q6aYdOJmFmUiwhv+LGhSJu/RF3/o2TtgsVBQ9cOJxzL/dwgoQzpR3nw1paXlldWy9tlDe3tnd27b1KW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+LLwOxMqFYvFrZ4m1I/wULCQEayN1LcrE+QxgbwI61EQZDf5Xb1vV92aMwP6m1RhgWbffvcGMUkjKjThWKme6yTaz7DUjHCal71U0QSTMR7SnqECR1T52Sx7jo6MMkBhLM0IjWbq14sMR0pNo8BsFhnVT68Qf/N6qQ7P/YyJJNVUkPmjMOVIx6goAg2YpETzqSGYSGayIjLCEhNt6ir/r4R2veae1Nzr02rjYlFHCQ7gEI7BhTNowBU0oQUE7uEBnuDZyq1H68V6na8uWYubffgG6+0TRwyT8g==</latexit>

xi 2 X
<latexit sha1_base64="RFhmGJ0JO4SBHv6FjcY71OC/eJ0=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBVUlU0GXRjcsK9gFNCJPppB06mYSZiRhC/RU3LhRx64e482+ctF2oKHjgwuGce7mHE6acKe04H1ZlaXllda26XtvY3NresXf3uirJJKEdkvBE9kOsKGeCdjTTnPZTSXEcctoLJ5el37ulUrFE3Og8pX6MR4JFjGBtpMCu3wUMeUwgL8Z6TDAv+tPAbrhNZwb0N2nAAu3AfveGCcliKjThWKmB66TaL7DUjHA6rXmZoikmEzyiA0MFjqnyi1n4KTo0yhBFiTQjNJqpXy8KHCuVx6HZLCOqn14p/uYNMh2d+wUTaaapIPNHUcaRTlDZBBoySYnmuSGYSGayIjLGEhNt+qr9r4TucdM9abrXp43WxaKOKuzDARyBC2fQgitoQwcI5PAAT/Bs3VuP1ov1Ol+tWIubOnyD9fYJeIWUqA==</latexit>



LOCAL PARAMETRIZATION

▸ For fixed P, this problem is a least-squares regression 
using an over-parametrized ReLU network

eL(✓) = min
P2Pn

nX

i,j=1

Pi,jkxj � '[✓](vi)k2 � �
�1

H(P ) ,

<latexit sha1_base64="bIgoJzsl/z8bHNvvecR1GMdJFyw="></latexit>



LOCAL PARAMETRIZATION

▸ For fixed P, this problem is a least-squares regression 
using an over-parametrized ReLU network. 

▸ Several authors [Du et al.’18,Venturi et al.’18,Oymak et 
al.’19] observe that gradient descent reaches global 
optimum in such overparametrised regime.

eL(✓) = min
P2Pn

nX

i,j=1

Pi,jkxj � '[✓](vi)k2 � �
�1

H(P ) ,

<latexit sha1_base64="bIgoJzsl/z8bHNvvecR1GMdJFyw="></latexit>



LOCAL PARAMETRIZATION

▸ For fixed P, this problem is a least-squares regression 
using an over-parametrized ReLU network 

▸ Several authors [Du et al.’18,Venturi et al.’18,Oymak et 
al.’19] observe that gradient descent reaches global 
optimum in such overparametrised regime. 

▸ Since this is independent of P, why do we obtain 
meaningful parametrisations?

eL(✓) = min
P2Pn

nX

i,j=1

Pi,jkxj � '[✓](vi)k2 � �
�1

H(P ) ,

<latexit sha1_base64="bIgoJzsl/z8bHNvvecR1GMdJFyw="></latexit>



LOCAL PARAMETRIZATION

▸ For fixed P, this problem is a least-squares regression using an 
over-parametrized ReLU network 

▸ Several authors [Du et al.’18,Venturi et al.’18,Oymak et al.’19] 
observe that gradient descent reaches global optimum in such 
overparametrised regime. 

▸ Since this is independent of P, why do we obtain meaningful 
parametrisations? 

▸         is a Lipschitz map, with  

▸ Early Sinkhorn iterations quickly lock onto correspondence with 
smallest distortion. 

eL(✓) = min
P2Pn

nX

i,j=1

Pi,jkxj � '[✓](vi)k2 � �
�1

H(P ) ,

<latexit sha1_base64="bIgoJzsl/z8bHNvvecR1GMdJFyw="></latexit>

'[✓]
<latexit sha1_base64="cNbkk11pfyNGM4nwHfLN29MK2ag=">AAAB+HicjVDLSsNAFJ3UV62PRl26GSyCq5KooMuiG5cV7AOaUCbTm2boZBJmbgo19EvcuFDErZ/izr8xfSxUFDxw4XDOvdzDCVIpDDrOh1VaWV1b3yhvVra2d3ar9t5+2ySZ5tDiiUx0N2AGpFDQQoESuqkGFgcSOsHoeuZ3xqCNSNQdTlLwYzZUIhScYSH17ao3ZjqNRM/DCJD5fbvm1p056N+kRpZo9u13b5DwLAaFXDJjeq6Top8zjYJLmFa8zEDK+IgNoVdQxWIwfj4PPqXHhTKgYaKLUUjn6teLnMXGTOKg2IwZRuanNxN/83oZhpd+LlSaISi+eBRmkmJCZy3QgdDAUU4KwrgWRVbKI6YZx6Kryv9KaJ/W3bO6e3tea1wt6yiTQ3JETohLLkiD3JAmaRFOMvJAnsizdW89Wi/W62K1ZC1vDsg3WG+fDlqTVw==</latexit>

Lip('[✓]) . k✓k
<latexit sha1_base64="TMhEHdBVBFS/jdZ1326k5RI7Xak=">AAACHHicjVA9SwNBEN2LXzF+RS1tFoMQm5AzgpZBGwuLCCYGckfY20ySJbt3x+5cIJz5ITb+FRsLRWwsBP+Nm49CRcEHA4/3ZpiZF8RSGCyXP5zMwuLS8kp2Nbe2vrG5ld/eaZgo0RzqPJKRbgbMgBQh1FGghGasgalAwk0wOJ/4N0PQRkThNY5i8BXrhaIrOEMrtfMVTzHsa5Veinhc9IZMx33R8rAPyPxD6kkwxghFvVs6Ey1r5wtuqTwF/ZsUyBy1dv7N60Q8URAil8yYlluO0U+ZRsEljHNeYiBmfMB60LI0ZAqMn06fG9MDq3RoN9K2QqRT9etEypQxIxXYzskr5qc3EX/zWgl2T/1UhHGCEPLZom4iKUZ0khTtCA0c5cgSxrWwt1LeZ5pxtHnm/hdC46jkVkru1XGhejaPI0v2yD4pEpeckCq5IDVSJ5zckQfyRJ6de+fReXFeZ60ZZz6zS77Bef8EQlqiEA==</latexit>



BUILDING A GLOBAL ATLAS

▸ So far, we have considered the problem of finding local 
charts  

▸ In order to build an atlas                                                              , 
we need to ensure consistent transitions between 
overlapping charts. 

(Vp,'p = '[✓⇤p]), p 2 S.
<latexit sha1_base64="BaQjVmRlvC01bYV0onuBn98oXIc=">AAACInicjVDLSgNBEJz1bXxFPXoZDEKUELIqqAdB9OJR0SRCdl16JxMzZHZ2mOkVwpJv8eKvePGgqCfBj3HzOKgoWNBQVHXT3RVqKSxWKu/O2PjE5NT0zGxubn5hcSm/vFKzcWIYr7JYxuYqBMulULyKAiW/0oZDFEpeDzsnfb9+y40VsbrEruZ+BDdKtAQDzKQgf1CsBbpEvVswui0CfThiDQ/bHCHQ11v+Zolq6glFvQiwzUCmF70yDfIFt1wZgP5NCmSEsyD/6jVjlkRcIZNgbcOtaPRTMCiY5L2cl1iugXXghjcyqiDi1k8HL/boRqY0aSs2WSmkA/XrRAqRtd0ozDr7R9qfXl/8zWsk2Nr3U6F0glyx4aJWIinGtJ8XbQrDGcpuRoAZkd1KWRsMMMxSzf0vhNp22d0pu+e7haPjURwzZI2skyJxyR45IqfkjFQJI3fkgTyRZ+feeXRenLdh65gzmlkl3+B8fAKA0KME</latexit>

{(Vq,'q), q 2 Q}, Q : anchor points.
<latexit sha1_base64="Wp5ufHtm/8kB49MjNCSMN9qU7A4=">AAACIHicjVDLSgNBEJyNrxhfUY9eBoMQIYSsChFPQS8eEzAPyIZldjKbDJmd2cz0BsOST/Hir3jxoIje9GvcPA4qCtapqKqmu8sLBTdQKr1bqaXlldW19HpmY3Nreye7u9cwKtKU1akSSrc8YpjgktWBg2CtUDMSeII1vcHV1G+OmDZcyRsYh6wTkJ7kPqcEEsnNlp0Y5xvusICdEdFhn7vD4wIeYodLXHMmBVy7cIDdQkwk7SuNQ8UlmEnRzebsYmkG/DfJoQWqbvbN6SoaBUwCFcSYtl0KoRMTDZwKNsk4kWEhoQPSY+2EShIw04lnD07wUaJ0sZ/s95UEPFO/TsQkMGYceEkyINA3P72p+JvXjsA/78RchhEwSeeL/EhgUHjaFu5yzSiIcUII1Ty5FdM+0YRC0mnmfyU0Tor2adGuneUql4s60ugAHaI8slEZVdA1qqI6ougOPaAn9GzdW4/Wi/U6j6asxcw++gbr4xNvZ6H3</latexit>



BUILDING A GLOBAL ATLAS

▸ So far, we have considered the problem of finding local 
charts  

▸ In order to build an atlas                                                              , 
we need to ensure consistent transitions between 
overlapping charts.  

▸ Two charts centered at         overlap if  

▸ Two overlapping charts are consistent if 

▸ well defined since each chart has its associated permutation. 

▸ consistency is guaranteed if the charts are interpolating.

(Vp,'p = '[✓⇤p]), p 2 S.
<latexit sha1_base64="BaQjVmRlvC01bYV0onuBn98oXIc=">AAACInicjVDLSgNBEJz1bXxFPXoZDEKUELIqqAdB9OJR0SRCdl16JxMzZHZ2mOkVwpJv8eKvePGgqCfBj3HzOKgoWNBQVHXT3RVqKSxWKu/O2PjE5NT0zGxubn5hcSm/vFKzcWIYr7JYxuYqBMulULyKAiW/0oZDFEpeDzsnfb9+y40VsbrEruZ+BDdKtAQDzKQgf1CsBbpEvVswui0CfThiDQ/bHCHQ11v+Zolq6glFvQiwzUCmF70yDfIFt1wZgP5NCmSEsyD/6jVjlkRcIZNgbcOtaPRTMCiY5L2cl1iugXXghjcyqiDi1k8HL/boRqY0aSs2WSmkA/XrRAqRtd0ozDr7R9qfXl/8zWsk2Nr3U6F0glyx4aJWIinGtJ8XbQrDGcpuRoAZkd1KWRsMMMxSzf0vhNp22d0pu+e7haPjURwzZI2skyJxyR45IqfkjFQJI3fkgTyRZ+feeXRenLdh65gzmlkl3+B8fAKA0KME</latexit>

{(Vq,'q), q 2 Q}, Q : anchor points.
<latexit sha1_base64="Wp5ufHtm/8kB49MjNCSMN9qU7A4=">AAACIHicjVDLSgNBEJyNrxhfUY9eBoMQIYSsChFPQS8eEzAPyIZldjKbDJmd2cz0BsOST/Hir3jxoIje9GvcPA4qCtapqKqmu8sLBTdQKr1bqaXlldW19HpmY3Nreye7u9cwKtKU1akSSrc8YpjgktWBg2CtUDMSeII1vcHV1G+OmDZcyRsYh6wTkJ7kPqcEEsnNlp0Y5xvusICdEdFhn7vD4wIeYodLXHMmBVy7cIDdQkwk7SuNQ8UlmEnRzebsYmkG/DfJoQWqbvbN6SoaBUwCFcSYtl0KoRMTDZwKNsk4kWEhoQPSY+2EShIw04lnD07wUaJ0sZ/s95UEPFO/TsQkMGYceEkyINA3P72p+JvXjsA/78RchhEwSeeL/EhgUHjaFu5yzSiIcUII1Ty5FdM+0YRC0mnmfyU0Tor2adGuneUql4s60ugAHaI8slEZVdA1qqI6ougOPaAn9GzdW4/Wi/U6j6asxcw++gbr4xNvZ6H3</latexit>

p, q
<latexit sha1_base64="4sBpLCI0iKQ23W5bTJS9FVhXeyM=">AAAB63icjVBNS8NAEJ3Ur1q/qh69LBbBg5TECnosevFYwX5AG8pmO2mX7m7i7kYooX/BiwdFvPqHvPlvTNoeVBR8MPB4b4aZeUEsuLGu++EUlpZXVteK66WNza3tnfLuXstEiWbYZJGIdCegBgVX2LTcCuzEGqkMBLaD8VXut+9RGx6pWzuJ0Zd0qHjIGbW5FJ+Qu3654lXdGcjfpAILNPrl994gYolEZZmgxnQ9N7Z+SrXlTOC01EsMxpSN6RC7GVVUovHT2a1TcpQpAxJGOitlyUz9OpFSacxEBlmnpHZkfnq5+JvXTWx44adcxYlFxeaLwkQQG5H8cTLgGpkVk4xQpnl2K2EjqimzWTyl/4XQOq16tap3c1apXy7iKMIBHMIxeHAOdbiGBjSBwQge4AmeHek8Oi/O67y14Cxm9uEbnLdPboaN1Q==</latexit>

Xp,q = Xp \ Xq 6= ;.
<latexit sha1_base64="wEbcZ0KjxHmkoUs0Ip8Dd5mrSqQ=">AAACK3icjVDLSgMxFM34rPVVdekmWAQXUjoq6EYQ3bisYGuhU0omvaPBTCZN7gjD0P9x46+40IUP3Pofpo9FFQUP5HI4517uzQm1FBar1Tdvanpmdm6+sFBcXFpeWS2trTdskhoOdZ7IxDRDZkEKBXUUKKGpDbA4lHAV3p4N/Ks7MFYk6hIzDe2YXSsRCc7QSZ3SaRAzvOFM5s1+J9e7vf7xpKJpwJkrE1KPBgpcgVhjZgErnVLZr1SHoH+TMhmj1ik9Bd2EpzEo5JJZ2/KrGts5Myi4hH4xSC1oxm/ZNbQcVSwG286Hf+3Tbad0aZQY9xTSoTo5kbPY2iwOXefgaPvTG4i/ea0Uo6N2LpROERQfLYpSSTGhg+BoVxjgKDNHGDfC3Ur5DTOMo4u3+L8QGnsVf7/iXxyUT07HcRTIJtkiO8Qnh+SEnJMaqRNO7skjeSGv3oP37L17H6PWKW88s0G+wfv8AhzLqMw=</latexit>

'q(vq,⇡�1
q (i)) = 'p(vp,⇡�1

p (i)) 8xi 2 Xp,q .
<latexit sha1_base64="OAa9pCqZWJbpEhScwsFHzL0Rz0o="></latexit>



BUILDING A GLOBAL ATLAS

▸ We use Poisson Disk Sampling on full point cloud     with 
radius r. 

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>



BUILDING A GLOBAL ATLAS

▸ We use Poisson Disk Sampling on full point cloud     with 
radius r. 

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>

r
<latexit sha1_base64="C9J2IHbDFRKe7ZXGqMe4EUmIsDI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnulsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ4oKM/A==</latexit>



BUILDING A GLOBAL ATLAS

▸ We use Poisson Disk Sampling on full point cloud     with 
radius r.  

▸ We intersect      with balls                              to obtain 

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>

r
<latexit sha1_base64="C9J2IHbDFRKe7ZXGqMe4EUmIsDI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnulsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ4oKM/A==</latexit>

q
<latexit sha1_base64="6/BQhaP8gdbqFDl7PQZhIBjRCww=">AAAB6HicjVDLSgNBEOyNrxhfqx69DAbBU9hVQY9BLx4TMA9IljA76U3GzM6uM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuClPBtfG8D6ewtLyyulZcL21sbm3vuLt7TZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqZ+6x6V5om8MeMUg5gOJI84o8ZK9bueW/Yr3gzkb1KGBWo9973bT1gWozRMUK07vpeaIKfKcCZwUupmGlPKRnSAHUsljVEH+ezQCTmySp9EibIlDZmpXydyGms9jkPbGVMz1D+9qfib18lMdBHkXKaZQcnmi6JMEJOQ6dekzxUyI8aWUKa4vZWwIVWUGZtN6X8hNE8q/mnFr5+Vq5eLOIpwAIdwDD6cQxWuoQYNYIDwAE/w7Nw6j86L8zpvLTiLmX34BuftE+D+jPs=</latexit>

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>

B(q, cr), c > 1.
<latexit sha1_base64="W7rndqO+e77IX/fv7lTkqLDx3iA=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1iEChKSKuhKSt24rGAf0IYymU7aoZNJnJkINfRL3LhQxK2f4s6/cfpYqCh44F4O59zLvZwg4Uxp1/2wckvLK6tr+fXCxubWdtHe2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxhdTv3WHZWKxeJGjxPqR3ggWMgI1kbq2cVa+fYYEXlk2oXnoJ5d8hx3BvQ3KcEC9Z793u3HJI2o0IRjpTqem2g/w1Izwumk0E0VTTAZ4QHtGCpwRJWfzR6foEOj9FEYS1NCo5n6dSPDkVLjKDCTEdZD9dObir95nVSH537GRJJqKsj8UJhypGM0TQH1maRE87EhmEhmfkVkiCUm2mRV+F8IzYrjnTje9WmpWlvEkYd9OIAyeHAGVbiCOjSAQAoP8ATP1r31aL1Yr/PRnLXY2YNvsN4+ATWVkNg=</latexit>

Xq.
<latexit sha1_base64="hFNz7lA7lDvsqtYoXdHDcw67/ZQ=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgadlVQY9BLx4jmAckMfROZpMhs7PrzKwSlvyHFw+KePVfvPk3ziY5qChY0FBUddNFBYng2njeh1NYWFxaXimultbWNza3yts7DR2nirI6jUWsWgFqJrhkdcONYK1EMYwCwZrB6CL3m3dMaR7LazNOWDfCgeQhp2isdNOJ0Awpiqw16d26vXLFd70pyN+kAnPUeuX3Tj+macSkoQK1bvteYroZKsOpYJNSJ9UsQTrCAWtbKjFiuptNU0/IgVX6JIyVHWnIVP16kWGk9TgK7GaeUv/0cvE3r52a8KybcZmkhkk6exSmgpiY5BWQPleMGjG2BKniNiuhQ1RIjS2q9L8SGkeuf+z6VyeV6vm8jiLswT4cgg+nUIVLqEEdKCh4gCd4du6dR+fFeZ2tFpz5zS58g/P2CZdnkpA=</latexit>



BUILDING A GLOBAL ATLAS

▸ We use Poisson Disk Sampling on full point cloud     with 
radius r.  

▸ We intersect      with balls                              to obtain  

▸ We use heuristic using normals to filter out points 
belonging to different sheets. 

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>

r
<latexit sha1_base64="C9J2IHbDFRKe7ZXGqMe4EUmIsDI=">AAAB6HicjVDLSgNBEOzxGeMr6tHLYBA8hV0V9Bj04jEB84BkCbOT3mTM7OwyMyuEJV/gxYMiXv0kb/6Nk8dBRcGChqKqm+6uMJXCWM/7IEvLK6tr64WN4ubW9s5uaW+/aZJMc2zwRCa6HTKDUihsWGEltlONLA4ltsLR9dRv3aM2IlG3dpxiELOBEpHgzDqprnulsl/xZqB/kzIsUOuV3rv9hGcxKsslM6bje6kNcqat4BInxW5mMGV8xAbYcVSxGE2Qzw6d0GOn9GmUaFfK0pn6dSJnsTHjOHSdMbND89Obir95ncxGl0EuVJpZVHy+KMoktQmdfk37QiO3cuwI41q4WykfMs24ddkU/xdC87Tin1X8+nm5erWIowCHcAQn4MMFVOEGatAADggP8ATP5I48khfyOm9dIouZA/gG8vYJ4oKM/A==</latexit>

q
<latexit sha1_base64="6/BQhaP8gdbqFDl7PQZhIBjRCww=">AAAB6HicjVDLSgNBEOyNrxhfqx69DAbBU9hVQY9BLx4TMA9IljA76U3GzM6uM7NCWPIFXjwo4tVP8ubfOHkcVBQsaCiquunuClPBtfG8D6ewtLyyulZcL21sbm3vuLt7TZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqZ+6x6V5om8MeMUg5gOJI84o8ZK9bueW/Yr3gzkb1KGBWo9973bT1gWozRMUK07vpeaIKfKcCZwUupmGlPKRnSAHUsljVEH+ezQCTmySp9EibIlDZmpXydyGms9jkPbGVMz1D+9qfib18lMdBHkXKaZQcnmi6JMEJOQ6dekzxUyI8aWUKa4vZWwIVWUGZtN6X8hNE8q/mnFr5+Vq5eLOIpwAIdwDD6cQxWuoQYNYIDwAE/w7Nw6j86L8zpvLTiLmX34BuftE+D+jPs=</latexit>

X
<latexit sha1_base64="Yt77dsYxNCiPVBW+rknHiyGJYHs=">AAAB8nicjVBNSwMxFHxbv2r9qnr0EiyCp7Krgh6LXjxWsLXQLiWbZtvQbLIkb4Wy9Gd48aCIV3+NN/+N2bYHFQUHAsPMe7zJRKkUFn3/wystLa+srpXXKxubW9s71d29ttWZYbzFtNSmE1HLpVC8hQIl76SG0ySS/C4aXxX+3T03Vmh1i5OUhwkdKhELRtFJ3V5CccSozDvTfrUW1P0ZyN+kBgs0+9X33kCzLOEKmaTWdgM/xTCnBgWTfFrpZZanlI3pkHcdVTThNsxnkafkyCkDEmvjnkIyU79u5DSxdpJEbrKIaH96hfib180wvghzodIMuWLzQ3EmCWpS/J8MhOEM5cQRyoxwWQkbUUMZupYq/yuhfVIPTuvBzVmtcbmoowwHcAjHEMA5NOAamtACBhoe4AmePfQevRfvdT5a8hY7+/AN3tsnmKKRdA==</latexit>

B(q, cr), c > 1.
<latexit sha1_base64="W7rndqO+e77IX/fv7lTkqLDx3iA=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1iEChKSKuhKSt24rGAf0IYymU7aoZNJnJkINfRL3LhQxK2f4s6/cfpYqCh44F4O59zLvZwg4Uxp1/2wckvLK6tr+fXCxubWdtHe2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxhdTv3WHZWKxeJGjxPqR3ggWMgI1kbq2cVa+fYYEXlk2oXnoJ5d8hx3BvQ3KcEC9Z793u3HJI2o0IRjpTqem2g/w1Izwumk0E0VTTAZ4QHtGCpwRJWfzR6foEOj9FEYS1NCo5n6dSPDkVLjKDCTEdZD9dObir95nVSH537GRJJqKsj8UJhypGM0TQH1maRE87EhmEhmfkVkiCUm2mRV+F8IzYrjnTje9WmpWlvEkYd9OIAyeHAGVbiCOjSAQAoP8ATP1r31aL1Yr/PRnLXY2YNvsN4+ATWVkNg=</latexit>

Xq.
<latexit sha1_base64="hFNz7lA7lDvsqtYoXdHDcw67/ZQ=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoPgadlVQY9BLx4jmAckMfROZpMhs7PrzKwSlvyHFw+KePVfvPk3ziY5qChY0FBUddNFBYng2njeh1NYWFxaXimultbWNza3yts7DR2nirI6jUWsWgFqJrhkdcONYK1EMYwCwZrB6CL3m3dMaR7LazNOWDfCgeQhp2isdNOJ0Awpiqw16d26vXLFd70pyN+kAnPUeuX3Tj+macSkoQK1bvteYroZKsOpYJNSJ9UsQTrCAWtbKjFiuptNU0/IgVX6JIyVHWnIVP16kWGk9TgK7GaeUv/0cvE3r52a8KybcZmkhkk6exSmgpiY5BWQPleMGjG2BKniNiuhQ1RIjS2q9L8SGkeuf+z6VyeV6vm8jiLswT4cgg+nUIVLqEEdKCh4gCd4du6dR+fFeZ2tFpz5zS58g/P2CZdnkpA=</latexit>



ENFORCING CONSISTENCY

▸ Full model is fit by minimizing 

▸ Easy to parallelize 

▸ In practice, initial fit using only unary terms, fine-tuning 
using consistency terms. 

min
✓1,...,✓Q,⇡1,...⇡q

X

q

Lq(✓q,⇡q) +
X

q,q0;Xq,q0 6=;

Lq,q0(✓q, ✓
0
q,⇡q,⇡q0) ,with

<latexit sha1_base64="7lXrju2/q1LlgwIZPcu4bZ+qgEg="></latexit>

Lq(✓,⇡) =

|Xq|X

i=1

k'[✓](vi)� x⇡(i)k2 ,
<latexit sha1_base64="S9Jac7fGR28E52se49BoRidAmLk="></latexit>

Lq,q0(✓, ✓
0,⇡,⇡0) =

|Xq,q0 |X

i=1

k'[✓](vi)� '[✓0](v⇡0�⇡�1(i))k2 .
<latexit sha1_base64="kfxZBtlUgaGKJWfVPutIfT/ps8M="></latexit>



RELATED WORK

▸ PU Net [Yu et al.CVPR’18]: Network trained to upsample 
3d point clouds. No surface parametrisation.  

▸ [Basri & Jacobs,ICLR’17]: Study ability of Neural Networks 
to represent low-dimensional manifolds. No training 
dynamics. 

▸ AtlasNet [Groueix et al.’18]: Shape auto encoder with 
applications to surface reconstruction. No consistent 
transitions. 



NUMERICAL EXPERIMENTS

▸ local parametrization (a single chart)



NUMERICAL EXPERIMENTS: GLOBAL ATLAS

2%

0%

1%

1.5%

0.5%



QUANTITATIVE COMPARISONS

▸ We measure the percentage of fitted vertices to reach a 
given error:
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NUMERICAL EXPERIMENTS

▸ comparisons with EAR+poisson:



NUMERICAL EXPERIMENTS

▸ Comparisons with AtlasNet



TRAINING DYNAMICS



IMPLICIT REGULARIZATION



ANALYSIS

▸ Analysis of the model in the overparametrised regime, 
considering a simple one hidden-layer architecture. 

▸ Relationship with kernel methods? Advantages?   

▸ How should the geometry and topology of S affect the 
network architecture? 



NEURAL NETWORKS AND KERNELS

▸ A neural network is simply a parametrized function  

▸ Consider a canonical regression problem of the form

f(x; ✓)
<latexit sha1_base64="d5VkMxO0eLk2oBCU1arlSHRIRbA=">AAAB83icjVDLSgNBEJz1GeMr6tHLYBDiJeyqoOAl6MVjBPOA7BJmJ73JkNnZZaZXDEt+w4sHRbz6M978GyePg4qCBQ1FVTddVJhKYdB1P5yFxaXlldXCWnF9Y3Nru7Sz2zRJpjk0eCIT3Q6ZASkUNFCghHaqgcWhhFY4vJr4rTvQRiTqFkcpBDHrKxEJztBKflS5v/BxAMiOaLdU9qruFPRvUiZz1Luld7+X8CwGhVwyYzqem2KQM42CSxgX/cxAyviQ9aFjqWIxmCCfZh7TQ6v0aJRoOwrpVP16kbPYmFEc2s2Y4cD89Cbib14nw+g8yIVKMwTFZ4+iTFJM6KQA2hMaOMqRJYxrYbNSPmCacbQ1Ff9XQvO46p1UvZvTcu1yXkeB7JMDUiEeOSM1ck3qpEE4SckDeSLPTuY8Oi/O62x1wZnf7JFvcN4+Ae1ukPQ=</latexit>

min
✓

R(f✓, f
⇤)

<latexit sha1_base64="bBHW8rGdUO5s+TJHyxGnGypPnUQ=">AAACEXicjVBNS8NAEN3Ur1q/oh69LBahipREBT0WvXisYluhiWGz3bRLN5uwOxFKyF/w4l/x4kERr968+W9M2h5UFHww8Hhvhpl5fiy4Bsv6MEozs3PzC+XFytLyyuqaub7R1lGiKGvRSETq2ieaCS5ZCzgIdh0rRkJfsI4/PCv8zi1TmkfyCkYxc0PSlzzglEAueWbNCbn0UgcGDEiGnZDAgBKRXma1wJuo+zi42dv1zKpdt8bAf5MqmqLpme9OL6JJyCRQQbTu2lYMbkoUcCpYVnESzWJCh6TPujmVJGTaTccfZXgnV3o4iFReEvBY/TqRklDrUejnncXF+qdXiL953QSCEzflMk6ASTpZFCQCQ4SLeHCPK0ZBjHJCqOL5rZgOiCIU8hAr/wuhfVC3D+v2xVG1cTqNo4y20DaqIRsdowY6R03UQhTdoQf0hJ6Ne+PReDFeJ60lYzqzib7BePsE9RKdDA==</latexit>

✓ 7! f✓ = f(·, ✓)
<latexit sha1_base64="D1M/ohMyyc9Xn9Nt6V4AdO6qoTQ=">AAACEXicjVBNS8NAEN3Ur1q/oh69LBahgpREBb0IRS8eK1hbaELYbDbt0t0k7E6EUvoXvPhXvHhQxKs3b/4bt00PKgo+GHj73gw788JMcA2O82GV5uYXFpfKy5WV1bX1DXtz60anuaKsRVORqk5INBM8YS3gIFgnU4zIULB2OLiY+O1bpjRPk2sYZsyXpJfwmFMCRgrsmgd9BgR7kmQaUhwHhXAW1zwapXCAi/d+YFfdujMF/ptU0QzNwH73opTmkiVABdG66zoZ+COigFPBxhUv1ywjdEB6rGtoQiTT/mh60RjvGSXCcapMJYCn6teJEZFaD2VoOiWBvv7pTcTfvG4O8ak/4kmWA0to8VGcC2xOn8SDI64YBTE0hFDFza6Y9okiFEyIlf+FcHNYd4/q7tVxtXE+i6OMdtAuqiEXnaAGukRN1EIU3aEH9ISerXvr0XqxXovWkjWb2UbfYL19Ao5BnNI=</latexit>

' : ⇥ ! F
<latexit sha1_base64="DyQIoZ/9VhAy8eCLu2ZvbLcgW/8=">AAACCHicjVBNS8NAEN3Ur1q/oh49uFgETyVRQfFUFMRjhX5BE8pku2mXbjZhd1MooUcv/hUvHhTx6k/w5r9x0/agouCDgcd7M8zMCxLOlHacD6uwsLi0vFJcLa2tb2xu2ds7TRWnktAGiXks2wEoypmgDc00p+1EUogCTlvB8Cr3WyMqFYtFXY8T6kfQFyxkBLSRuva+NwKZDNgF9uoDqgF7OsZeBHpAgGfXk65ddivOFPhvUkZz1Lr2u9eLSRpRoQkHpTquk2g/A6kZ4XRS8lJFEyBD6NOOoQIiqvxs+sgEHxqlh8NYmhIaT9WvExlESo2jwHTmJ6qfXi7+5nVSHZ77GRNJqqkgs0VhyrF5Nk8F95ikRPOxIUAkM7diMgAJRJvsSv8LoXlccU8q7u1puXo5j6OI9tABOkIuOkNVdINqqIEIukMP6Ak9W/fWo/Vivc5aC9Z8Zhd9g/X2CSaemWw=</latexit>



NEURAL NETWORKS AND KERNELS

▸ A neural network is simply a parametrized function  

▸ Consider a canonical regression problem of the form 

▸ Gradient-based learning (in continuous time) becomes 

▸          is the so-called Neural Tangent Kernel [Jacot et al.’18]

f(x; ✓)
<latexit sha1_base64="d5VkMxO0eLk2oBCU1arlSHRIRbA=">AAAB83icjVDLSgNBEJz1GeMr6tHLYBDiJeyqoOAl6MVjBPOA7BJmJ73JkNnZZaZXDEt+w4sHRbz6M978GyePg4qCBQ1FVTddVJhKYdB1P5yFxaXlldXCWnF9Y3Nru7Sz2zRJpjk0eCIT3Q6ZASkUNFCghHaqgcWhhFY4vJr4rTvQRiTqFkcpBDHrKxEJztBKflS5v/BxAMiOaLdU9qruFPRvUiZz1Luld7+X8CwGhVwyYzqem2KQM42CSxgX/cxAyviQ9aFjqWIxmCCfZh7TQ6v0aJRoOwrpVP16kbPYmFEc2s2Y4cD89Cbib14nw+g8yIVKMwTFZ4+iTFJM6KQA2hMaOMqRJYxrYbNSPmCacbQ1Ff9XQvO46p1UvZvTcu1yXkeB7JMDUiEeOSM1ck3qpEE4SckDeSLPTuY8Oi/O62x1wZnf7JFvcN4+Ae1ukPQ=</latexit>

min
✓

R(f✓, f
⇤)

<latexit sha1_base64="bBHW8rGdUO5s+TJHyxGnGypPnUQ=">AAACEXicjVBNS8NAEN3Ur1q/oh69LBahipREBT0WvXisYluhiWGz3bRLN5uwOxFKyF/w4l/x4kERr968+W9M2h5UFHww8Hhvhpl5fiy4Bsv6MEozs3PzC+XFytLyyuqaub7R1lGiKGvRSETq2ieaCS5ZCzgIdh0rRkJfsI4/PCv8zi1TmkfyCkYxc0PSlzzglEAueWbNCbn0UgcGDEiGnZDAgBKRXma1wJuo+zi42dv1zKpdt8bAf5MqmqLpme9OL6JJyCRQQbTu2lYMbkoUcCpYVnESzWJCh6TPujmVJGTaTccfZXgnV3o4iFReEvBY/TqRklDrUejnncXF+qdXiL953QSCEzflMk6ASTpZFCQCQ4SLeHCPK0ZBjHJCqOL5rZgOiCIU8hAr/wuhfVC3D+v2xVG1cTqNo4y20DaqIRsdowY6R03UQhTdoQf0hJ6Ne+PReDFeJ60lYzqzib7BePsE9RKdDA==</latexit>

✓ 7! f✓ = f(·, ✓)
<latexit sha1_base64="D1M/ohMyyc9Xn9Nt6V4AdO6qoTQ=">AAACEXicjVBNS8NAEN3Ur1q/oh69LBahgpREBb0IRS8eK1hbaELYbDbt0t0k7E6EUvoXvPhXvHhQxKs3b/4bt00PKgo+GHj73gw788JMcA2O82GV5uYXFpfKy5WV1bX1DXtz60anuaKsRVORqk5INBM8YS3gIFgnU4zIULB2OLiY+O1bpjRPk2sYZsyXpJfwmFMCRgrsmgd9BgR7kmQaUhwHhXAW1zwapXCAi/d+YFfdujMF/ptU0QzNwH73opTmkiVABdG66zoZ+COigFPBxhUv1ywjdEB6rGtoQiTT/mh60RjvGSXCcapMJYCn6teJEZFaD2VoOiWBvv7pTcTfvG4O8ak/4kmWA0to8VGcC2xOn8SDI64YBTE0hFDFza6Y9okiFEyIlf+FcHNYd4/q7tVxtXE+i6OMdtAuqiEXnaAGukRN1EIU3aEH9ISerXvr0XqxXovWkjWb2UbfYL19Ao5BnNI=</latexit>

' : ⇥ ! F
<latexit sha1_base64="DyQIoZ/9VhAy8eCLu2ZvbLcgW/8=">AAACCHicjVBNS8NAEN3Ur1q/oh49uFgETyVRQfFUFMRjhX5BE8pku2mXbjZhd1MooUcv/hUvHhTx6k/w5r9x0/agouCDgcd7M8zMCxLOlHacD6uwsLi0vFJcLa2tb2xu2ds7TRWnktAGiXks2wEoypmgDc00p+1EUogCTlvB8Cr3WyMqFYtFXY8T6kfQFyxkBLSRuva+NwKZDNgF9uoDqgF7OsZeBHpAgGfXk65ddivOFPhvUkZz1Lr2u9eLSRpRoQkHpTquk2g/A6kZ4XRS8lJFEyBD6NOOoQIiqvxs+sgEHxqlh8NYmhIaT9WvExlESo2jwHTmJ6qfXi7+5nVSHZ77GRNJqqkgs0VhyrF5Nk8F95ikRPOxIUAkM7diMgAJRJvsSv8LoXlccU8q7u1puXo5j6OI9tABOkIuOkNVdINqqIEIukMP6Ak9W/fWo/Vivc5aC9Z8Zhd9g/X2CSaemWw=</latexit>

K(t)
<latexit sha1_base64="/pRAIZ5gLKMKAUIpgqfRXYT0St8=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1iEuimJCrosuhHcVLAPaEOZTCft0MkkzNwINfRL3LhQxK2f4s6/MWm7UFHwwIXDOfdyD8ePpTDoOB9WYWl5ZXWtuF7a2NzaLts7uy0TJZrxJotkpDs+NVwKxZsoUPJOrDkNfcnb/vgy99t3XBsRqVucxNwL6VCJQDCKmdS3y72Q4ohRmV5Pq3hE+nbFrTkzkL9JBRZo9O333iBiScgVMkmN6bpOjF5KNQom+bTUSwyPKRvTIe9mVNGQGy+dBZ+Sw0wZkCDS2SgkM/XrRUpDYyahn23mMc1PLxd/87oJBudeKlScIFds/ihIJMGI5C2QgdCcoZxkhDItsqyEjaimDLOuSv8roXVcc09q7s1ppX6xqKMI+3AAVXDhDOpwBQ1oAoMEHuAJnq1769F6sV7nqwVrcbMH32C9fQL/IZKl</latexit>

✓̇(t) = �r'(✓(t)) · R0(f✓(t), f
⇤) , thus

<latexit sha1_base64="S5BnE9aQVZGX7btIUxnEBwpYnuM="></latexit>

ḟ(t) = �r'>(t)r'(t)| {z }
K(t)

·R0(f(t), f⇤) .

<latexit sha1_base64="2Qi1Zs5cQpmWGpbVmi1Vqb5to68="></latexit>



KERNEL/LAZY REGIME

▸ For wide neural networks initialized such that covariance is 
preserved, NTK          does not move during gradient 
descent in the infinite-width limit [Jacot et al.’18].

K(t)
<latexit sha1_base64="KrPX8lFAxj4Cj7WyT0dIqAPSe6o=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvQheIpgHJGuYncwmQ2Znl5leJSz5Dy8eFPHqv3jzb5w8DioKFjQUVd10UUEihUHX/XByC4tLyyv51cLa+sbmVnF7p2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5M/OYd10bE6gZHCfcj2lciFIyilW47EcUBozK7GpfxsFsseRV3CvI3KcEctW7xvdOLWRpxhUxSY9qem6CfUY2CST4udFLDE8qGtM/blioaceNn09RjcmCVHgljbUchmapfLzIaGTOKArs5SWl+ehPxN6+dYnjmZ0IlKXLFZo/CVBKMyaQC0hOaM5QjSyjTwmYlbEA1ZWiLKvyvhMZRxTuueNcnper5vI487ME+lMGDU6jCJdSgDgw0PMATPDv3zqPz4rzOVnPO/GYXvsF5+wQssJJK</latexit>



KERNEL/LAZY REGIME

▸ For wide neural networks initialized such that covariance is 
preserved, NTK          does not move during gradient 
descent in the infinite-width limit[Jacot et al.’18]. 

▸ In that regime, in the limit of infinite width, Neural Networks are 
Kernel machines: 

▸ Also called “lazy” training [Chizat, Bach,’18], since neurons do 
not move.

K(t)
<latexit sha1_base64="KrPX8lFAxj4Cj7WyT0dIqAPSe6o=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvQheIpgHJGuYncwmQ2Znl5leJSz5Dy8eFPHqv3jzb5w8DioKFjQUVd10UUEihUHX/XByC4tLyyv51cLa+sbmVnF7p2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5M/OYd10bE6gZHCfcj2lciFIyilW47EcUBozK7GpfxsFsseRV3CvI3KcEctW7xvdOLWRpxhUxSY9qem6CfUY2CST4udFLDE8qGtM/blioaceNn09RjcmCVHgljbUchmapfLzIaGTOKArs5SWl+ehPxN6+dYnjmZ0IlKXLFZo/CVBKMyaQC0hOaM5QjSyjTwmYlbEA1ZWiLKvyvhMZRxTuueNcnper5vI487ME+lMGDU6jCJdSgDgw0PMATPDv3zqPz4rzOVnPO/GYXvsF5+wQssJJK</latexit>

� = argmin k�k2 s.t.f̂(xj) = yj .
<latexit sha1_base64="BCwRienjdrKn9LDgDWWiefv9oEU=">AAACH3icjZDNSgMxFIUz/tb6V3XpJlgEBRk6KuqmILpxqWBVaOpwJ820qZnMkNwRy9g3ceOruHGhiLjzbZzWLlQUPBA4fOdekpwgUdJipfLujIyOjU9MFqaK0zOzc/OlhcUzG6eGixqPVWwuArBCSS1qKFGJi8QIiAIlzoOrw35+fi2MlbE+xW4iGhG0tAwlB8yRX9phgUCgVcrAtFgkNWW3dMDY7eUmZRvWRZeyNmAW9tZu/M56tet3XL9U9tzKQPRvUyZDHfulN9aMeRoJjVyBtXWvkmAjA4OSK9ErstSKBPgVtEQ9txoiYRvZ4H89upqTJg1jkx+NdEC/bmQQWduNgnwyAmzbn1kf/pbVUwz3GpnUSYpC88+LwlRRjGm/LNqURnBU3dwANzJ/K+VtMMAxr7T4vxLONl1vy/VOtsv7B8M6CmSZrJA14pFdsk+OyDGpEU7uyAN5Is/OvfPovDivn6MjznBniXyT8/4BKhShMQ==</latexit>

f̂(x) =
mX

j=1

�iK(0)(x, xj),with

<latexit sha1_base64="phuSmkh+CtDpGnoG9bp4P0f6+tU="></latexit>



KERNEL/LAZY REGIME

▸ For wide neural networks initialized such that covariance is 
preserved, NTK          does not move during gradient 
descent in the infinite-width limit[Jacot et al.’18]. 

▸ In that regime, in the limit of infinite width, Neural Networks are 
Kernel machines: 

▸ Also called “lazy” training [Chizat, Bach,’18], since neurons do 
not move. 

▸ In the case of single hidden-layer, kernel becomes

K(t)
<latexit sha1_base64="KrPX8lFAxj4Cj7WyT0dIqAPSe6o=">AAAB9XicjVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvQheIpgHJGuYncwmQ2Znl5leJSz5Dy8eFPHqv3jzb5w8DioKFjQUVd10UUEihUHX/XByC4tLyyv51cLa+sbmVnF7p2HiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5M/OYd10bE6gZHCfcj2lciFIyilW47EcUBozK7GpfxsFsseRV3CvI3KcEctW7xvdOLWRpxhUxSY9qem6CfUY2CST4udFLDE8qGtM/blioaceNn09RjcmCVHgljbUchmapfLzIaGTOKArs5SWl+ehPxN6+dYnjmZ0IlKXLFZo/CVBKMyaQC0hOaM5QjSyjTwmYlbEA1ZWiLKvyvhMZRxTuueNcnper5vI487ME+lMGDU6jCJdSgDgw0PMATPDv3zqPz4rzOVnPO/GYXvsF5+wQssJJK</latexit>

f(x; ✓) =
1p
n

X

in

�(x; ✓i) , ✓i ⇠ ⇢

<latexit sha1_base64="g6DS/708TvLl4fcAWw8oAsekbyc=">AAACQnicjVDLShxBFK02muiocRKXbgqHgMIwTKtgQAISNy4VHB9MDU11zW27sKq6rbotGZr+tmzyBe78gGyyUMStC2seQiIKOVBw73lwixPnSjpst2+CqXfTM+8/zM7V5hcWPy7VP30+dllhBXREpjJ7GnMHShrooEQFp7kFrmMFJ/HF3lA/uQLrZGaOcJBDT/NzIxMpOHoqqp8laz92GKaAfJ1+oyyxXJRhVTJ3abE0VUWZK3 RUSsoUXFLj9zyVPkPHoUius2aTNZ83b5eaMptmUb0Rttoj0LeHBpngIKpfs34mCg0GheLOdcN2jr2SW5RCQVVjhYOciwt+Dl0/Gq7B9cpRBRX94pk+TTLrn0E6Yv9OlFw7N9Cxd2qOqXupDcnXtG6ByddeKU1eIBgxPpQUimJGh33SvrQgUA38wIWV/q9UpNy3iL712v+VcLzRCjdb4eFWY/f7pI5ZskJWyRoJyTbZJfvkgHSIID/Jb3JL7oJfwZ/gPngYW6eCSWaZ/IPg8Ql7/7Ah</latexit>

�(x; ✓) = c�(hx, ai+ b), ✓ = (a, b, c).
<latexit sha1_base64="ACybmhIAp78fmUzmf8KcAcoqBH0="></latexit>

K(x, x0) =
1

n

X

i

r�(x, ✓i)
>r�(x0, ✓i) ! E⇢[r�(x, ✓)>r�(x0, ✓)]

<latexit sha1_base64="dXixxg6osjDe3XQyqB8yG5i9EvY="></latexit>

� = argmin k�k2 s.t.f̂(xj) = yj .
<latexit sha1_base64="BCwRienjdrKn9LDgDWWiefv9oEU=">AAACH3icjZDNSgMxFIUz/tb6V3XpJlgEBRk6KuqmILpxqWBVaOpwJ820qZnMkNwRy9g3ceOruHGhiLjzbZzWLlQUPBA4fOdekpwgUdJipfLujIyOjU9MFqaK0zOzc/OlhcUzG6eGixqPVWwuArBCSS1qKFGJi8QIiAIlzoOrw35+fi2MlbE+xW4iGhG0tAwlB8yRX9phgUCgVcrAtFgkNWW3dMDY7eUmZRvWRZeyNmAW9tZu/M56tet3XL9U9tzKQPRvUyZDHfulN9aMeRoJjVyBtXWvkmAjA4OSK9ErstSKBPgVtEQ9txoiYRvZ4H89upqTJg1jkx+NdEC/bmQQWduNgnwyAmzbn1kf/pbVUwz3GpnUSYpC88+LwlRRjGm/LNqURnBU3dwANzJ/K+VtMMAxr7T4vxLONl1vy/VOtsv7B8M6CmSZrJA14pFdsk+OyDGpEU7uyAN5Is/OvfPovDivn6MjznBniXyT8/4BKhShMQ==</latexit>

f̂(x) =
mX

j=1

�iK(0)(x, xj),with

<latexit sha1_base64="phuSmkh+CtDpGnoG9bp4P0f6+tU="></latexit>



KERNEL/LAZY REGIME

▸ What is the Kernel associated to our architecture?



KERNEL/LAZY REGIME

▸ What is the Kernel associated to our architecture? 

▸ In the single hidden-layer case, the kernel converges to  

▸ In the one-dimensional case, this corresponds to cubic 
spline interpolation.

K(x, x0) = hx, x0i(⇡ � ↵) + kxkkx0k((⇡ � ↵) cos↵+ sin↵) , ↵ = \(x, x0) .
<latexit sha1_base64="MflmUKlLgAA8EHH6mYyLDa7yytQ="></latexit>

[Chizat & Bach, ’19]



ACTIVE REGIME

▸ For appropriate scaling (                                     ), the model 
does NOT behave as a kernel.  

▸ Mean field measure in the single hidden-layer case:

1/n as opposed to 1/
p
n

<latexit sha1_base64="lauwKurX7XL/BPAoPRA5niwMHuY=">AAACCXicjVA9SwNBEN3zM8avU0ubxUSwinex0DJoYxnBfEByhL3NXLJkb3fd3RPCkdbGv2JjoYit/8DOf+NdkkJFwQcDj/dmmJkXKs6M9bwPZ2FxaXlltbBWXN/Y3Np2d3abRiaaQoNKLnU7JAY4E9CwzHJoKw0kDjm0wtFF7rduQRsmxbUdKwhiMhAsYpTYTOq5uOwfizImBkulpIE+tjLXuuZG21RMyj235Fe8KfDfpITmqPfc925f0iQGYSknxnR8T9kgJdoyymFS7CYGFKEjMoBORgWJwQTp9JMJPkzyEyKpsxIWT9WvEymJjRnHYdYZEzs0P71c/M3rJDY6C1ImVGJB0NmiKOH5t3ksuM80UMvHGSFUs+xWTIdEE2qz8Ir/C6FZrfgnFf+qWqqdz+MooH10gI6Qj05RDV2iOmogiu7QA3pCz8698+i8OK+z1gVnPrOHvsF5+wSkHphq</latexit>

µt =
1

n

nX

i=1

�✓i(t)
<latexit sha1_base64="E+W2MrfVWZJs2Bygb3nGzGg7kOw=">AAACHnicjVDLSgMxFM34tr6qLt0Ei6Cb0vGBbgqiG5cVrAqdOmTSOzaYZIbkjlCG+RI3/oobF4oIrvRvTB8LFQUPhBzOuZd774lSKSzWah/e2PjE5NT0zGxpbn5hcam8vHJuk8xwaPJEJuYyYhak0NBEgRIuUwNMRRIuopvjvn9xC8aKRJ9hL4W2YtdaxIIzdFJY3gtUFiKt0yA2jOd+keuCBjZTYS7qfnGladABiSzMA+yC+8UmbhVhueJXawPQv0mFjNAIy29BJ+GZAo1cMmtbfi3Fds4MCi6hKAWZhZTxG3YNLUc1U2Db+eC8gm44pUPjxLinkQ7Urx05U9b2VOQqFcOu/en1xd+8VobxQTsXOs0QNB8OijNJMaH9rGhHGOAoe44wboTblfIuczmhS7T0vxDOt6v+TtU/3a0cHo3imCFrZJ1sEp/sk0NyQhqkSTi5Iw/kiTx7996j9+K9DkvHvFHPKvkG7/0TIhuifw==</latexit>



ACTIVE REGIME

▸ For appropriate scaling (                                     ), the model 
does NOT behave as a kernel.  

▸ Mean field measure in the single hidden-layer case: 

▸ Gradient Dynamics are approximated in the mean-field 
limit by a PDE given by the continuity equation: 

▸ Studied in [Mei, Montanari, Nguyen], [Chizat, Bach], [Rotskoff, 
Vanden-Eijnden], [Rotskoff, Jelassi, B. EVE]. 

▸ Global convergence under appropriate settings.

1/n as opposed to 1/
p
n

<latexit sha1_base64="lauwKurX7XL/BPAoPRA5niwMHuY=">AAACCXicjVA9SwNBEN3zM8avU0ubxUSwinex0DJoYxnBfEByhL3NXLJkb3fd3RPCkdbGv2JjoYit/8DOf+NdkkJFwQcDj/dmmJkXKs6M9bwPZ2FxaXlltbBWXN/Y3Np2d3abRiaaQoNKLnU7JAY4E9CwzHJoKw0kDjm0wtFF7rduQRsmxbUdKwhiMhAsYpTYTOq5uOwfizImBkulpIE+tjLXuuZG21RMyj235Fe8KfDfpITmqPfc925f0iQGYSknxnR8T9kgJdoyymFS7CYGFKEjMoBORgWJwQTp9JMJPkzyEyKpsxIWT9WvEymJjRnHYdYZEzs0P71c/M3rJDY6C1ImVGJB0NmiKOH5t3ksuM80UMvHGSFUs+xWTIdEE2qz8Ir/C6FZrfgnFf+qWqqdz+MooH10gI6Qj05RDV2iOmogiu7QA3pCz8698+i8OK+z1gVnPrOHvsF5+wSkHphq</latexit>

µt =
1

n

nX

i=1

�✓i(t)
<latexit sha1_base64="E+W2MrfVWZJs2Bygb3nGzGg7kOw=">AAACHnicjVDLSgMxFM34tr6qLt0Ei6Cb0vGBbgqiG5cVrAqdOmTSOzaYZIbkjlCG+RI3/oobF4oIrvRvTB8LFQUPhBzOuZd774lSKSzWah/e2PjE5NT0zGxpbn5hcam8vHJuk8xwaPJEJuYyYhak0NBEgRIuUwNMRRIuopvjvn9xC8aKRJ9hL4W2YtdaxIIzdFJY3gtUFiKt0yA2jOd+keuCBjZTYS7qfnGladABiSzMA+yC+8UmbhVhueJXawPQv0mFjNAIy29BJ+GZAo1cMmtbfi3Fds4MCi6hKAWZhZTxG3YNLUc1U2Db+eC8gm44pUPjxLinkQ7Urx05U9b2VOQqFcOu/en1xd+8VobxQTsXOs0QNB8OijNJMaH9rGhHGOAoe44wboTblfIuczmhS7T0vxDOt6v+TtU/3a0cHo3imCFrZJ1sEp/sk0NyQhqkSTi5Iw/kiTx7996j9+K9DkvHvFHPKvkG7/0TIhuifw==</latexit>

@tµt = div(rV µt) ,
<latexit sha1_base64="K081YEo8+c9m8Ob3ye/XR94mz4o=">AAACGXicjVBNSwMxEM36bf2qevQSLEIFKbsq6EUQvXisYD+gu5TZNNVgNrsks8Wy1J/hxb/ixYMiHvXkvzHb9qCi4IMZHu/NMMkLEykMuu6HMzE5NT0zOzdfWFhcWl4prq7VTZxqxmsslrFuhmC4FIrXUKDkzURziELJG+H1ae43elwbEasL7Cc8iOBSia5ggFZqF10/AY0CZBupH6W2H1Ef+Q1mHdEblKmvIJRA6yNz+3anXSx5FXcI+jcpkTGq7eKb34lZGnGFTIIxLc9NMMjyq0zyQcFPDU+AXcMlb1mqIOImyIY/G9Atq3RoN9a2FNKh+nUjg8iYfhTayQjwyvz0cvE3r5Vi9zDIhEpS5IqNDnVTSTGmeUy0IzRnKPuWANPCvpWyK9DA0IZZ+F8I9d2Kt1fxzvdLxyfjOObIBtkkZeKRA3JMzkiV1Agjd+SBPJFn5955dF6c19HohDPeWSff4Lx/AkyFn9M=</latexit>

V (✓, µ) = F (✓) +

Z
K(✓, ✓0)µ(d✓0).

<latexit sha1_base64="zJn64FbUZTPTWsgBUM6wDlRDXow=">AAACKnicjVDLSgMxFM34rPU16tJNsIgtSplRQTdCVRDBTQX7gE4pmUzahmYeJHeEUvo9bvwVN10oxa0fYjodRUXBAyHnnnsuuTluJLgCyxobM7Nz8wuLmaXs8srq2rq5sVlVYSwpq9BQhLLuEsUED1gFOAhWjyQjvitYze1dTvq1eyYVD4M76Ees6ZNOwNucEtBSyzyv5h3oMiAHjh8X8Bm+SusC3scODwDffBqSa6+AtTPvfVTFlpmzi1YC/DfJoRTlljlyvJDGPguACqJUw7YiaA6IBE4FG2adWLGI0B7psIamAfGZag6Srw7xrlY83A6lPnq5RP06MSC+Un3f1U6fQFf97E3E33qNGNqnzQEPohhYQKcPtWOBIcST3LDHJaMg+poQKrneFdMukYSCTjf7vxCqh0X7qGjfHudKF2kcGbSNdlAe2egEldA1KqMKougBPaFn9GI8GiNjbLxOrTNGOrOFvsF4ewdI/6Qj</latexit>



KERNEL VS ACTIVE REGIME

▸ Illustration in 1d curve fitting: 

▸ Adaptivity to local regularity: feature selection.  

▸ Adaptivity to irregular sampling



CONCLUSIONS

▸ Surface reconstruction as implicit generative modeling. 

▸ Neural networks fit local charts, made consistent using 
Wasserstein distances. 

▸ No training data required. Expensive inference, high 
quality results. 

▸ Analysis: low-dimensional counterpart of neural network 
training mystery.  

▸ Role of surface geometry/topology in architecture? 

▸ Extend the analysis to deep architectures.  

▸ depth = non-local priors? 



Thanks! 

Reference: 

https://arxiv.org/abs/1811.10943


