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1. INTRODUCTION

Often, computations to enhance quality of digi-
tal pictures, to segment them, to recognize image
objects or to find statistical estimates require enor-
mous calculations. In these cases, the real use of
the statistical and image estimators is restricted by
opportunity to calculate or to evaluate satisfactory
their values. Special methods and techniques have
been developed to provide that.

Results we present now are based on integer pro-
gramming and combinatorial optimization methods
that were specially proposed to solve practical prob-
lems of image processing and statistical Bayes esti-
mation.

In 1996 we studied statistical properties of the
Gibbs estimates of images. Simulated annealing (Ge-
man&Geman(1984)) and the heuristic minimum graph
cut algorithms by Greig, Porteous and Seheult (1989)
were used to find those estimates.

In the paper by Greig, Porteous and Seheult the
following problem was formulated: to develop an al-
gorithm that allows computing the Ising estimate of
gray scale images by fast optimization methods. It
became starting point of our research.
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Notations

S={1,...,N} image pixels or graph nodes

A={(i,j), i,7 € S} image neighborhood system
or graph arcs

G=(S,A) image graph

F={fr,---, fr} image values or label set of
nodes (f1 < ... < f1)

I ={I};es, (I; € F) image or node labels

M ={my,...,mg} estimate values or, in general,
another set of labels of
nodes (m; < ... < mg)
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Problems of MAP estimation of images and the sta-
tistical Bayes estimation are reduced to the following
task: for an image I, which takes a value f € F, with
the graph G to determine its estimate

(1) m = argmin, .\ U(f, m).

We propose combinatorial and integer program-
ming techniques that allow computing the estimate
(1) for Modular Functions, Quadratic Polynomials
and Submodular Functions in a concurrent mode.
The algorithms are especially efficient in image pro-
cessing and the MRF' estimation since usually func-
tions U(f, m) in image processing and the MRF es-
timation do not have phase transitions (otherwise,
changes of neighborhood of object image would com-
pletely recolored the object itself).



2. MULTIRESOLUTION NETWORK
FLOW MINIMUM CUT ALGORITHM

Let the network G = (S, A) consist of n + 2
numbered nodes S = {0,1,2...,n,n + 1}, where
s = 0 is the source, t = n + 1 is the sink and
S = {1,2...,n} are usual nodes. The set of di-
rected arcs is A = {(i,§) : 4,7 € S}. Capacities of
arcs are denoted by d; ; > 0. Suppose the network
g satisfies the condition:

For every usual node ¢ € .S there is either
(@) an arc (s,7) € A connecting the source s
with ¢ or an arc (i,t) € A connecting ¢
with the sink ¢ but not both of these arcs.
The condition (G) does not restrict the use of the
MGMC algorithm. It has been done to simplify writ-
ing down notations and proofs. Any network G can
be easily modified to satisfy (G) for O(n) operations
(one look through usual network nodes S). The mod-
ified network will have the same minimum cut. A
network, which corresponds to a binary image, has
all white pixels connected with the source and all

black ones attached to the sink (see left picture on
Fig.1)



N =
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Ficure 1. Left network satisfies condition (G);

Central network corresponds to function Uy,q.¢;
Right network presents function Us ¢

Let W, B partition S (W, B C S, W B =10
and W JB =29).

The Boolean vector x : S — {0, 1} with coor-
dinates z; = 1, if ¢« € W, and x; = 0 otherwise is
the indicator vector of the set W. The set of all such
indicator vectors x is denoted by X.

The capacity of the s —t cut C'(x) is defined as
the sum of capacities of all forward arcs going from
the set W U {s} to the set B U {t}, i.e.

C(x) = S: S: d; ;.

ieWU{s} je BU{t}

The vector y with coordinates y; = 1, if (s,4) € A,
ory; = 0,if (¢,t) € A (remind that the condition (G)
is valid). Set \; = ds, if (s,7) € A, or \; = d;, if
(7,t) € A. The capacities of usual arcs (i, 7), 7,j €
S will be denoted by §; ; = d; ;.



The function

= Z Ai(1 = 2yi)z; +

1€S

is connected with s — t-cut by C(x) = U(x) +
> v Ay Functions C(x) and U(x) are distin-
guished only by the constant > " ; A;y;. Therefore,
the solutions x* = argmin, yU(x) entirely identify
minimum network flow cuts.

Remark. There is a clear correspondence between
networks satisfying condition (G) and binary images.
The vector y can be understood as an original binary
image and the vector x* as its estimate that mini-
mizes the quadratic function U(x).

For an arbitrary subset of usual nodes £ C S
define two functions

Z Ai(1 —2y;)x

1€l
+ > Bij(wi — )z,
(i,))E(EXE)J(EXEC)J(E¢X E)
and

= Z Ni(1—=2y;)x; + Z 6@]( xj)xiv

icEe (i,§)€(ECx E°)
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satisfying the equality U(x) = Ug(x)+ Vg(x). Also,
define restriction xg of x onto the set £, which is the
vector xp = (x;);ep, such that x = (xpg,xge). The
function Vg(x) depends only on xp

THEOREM 1. Following properties are valid.

(i): If fized frontier vectors satisfy the condi-
tion X e g%Ec, then for any solution Xy, =
argmin,, U (XE,)O(EC) there exists a solution
zp = argmz’nXEU(xE,%Ec) such that xf, <
z'.

(ii): If fized frontier functions satisfy the con-
dition X e g%Ec, then for any solution z', =
argmmXEU(XE,%Ec) there exists a solution
Xy = argmz'nXEU(xE,chc) such that xp <
z'.

(iii): For any frontier condition Xge the set
{XSE})%EC has the minimal (the mazximal) el-
ement X (Xg).

(iv): If X pe g%Ec, then x7p < zlp and X, <

=/
Zp.

Theorem 1 allows to use multiresolution strategy
of computing minimum graph cuts. It guarantees ex-
istence of two solutions that can be found by known
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maximum network flow algorithms

Xo,p = argminy U(xg, Ogc)
and

X|p = argminXEU(XE, 1ge),
which satisfy the inequality

(4) Xo.p < Xp < X1p.

Denote the sets on nodes B ={k € E | 1 g = 0}
and W = {k € E | xopr = 1}. The equalities
Op = x1p = xp and 1y = Xow = Xjy is inferred
from (4). If sets B and W are not empty we found
coordinates Xp~p of some solution x* of the mini-
mum cut of the original graph.

The main idea of the Multiresolution Minimum
Graph Cut algorithm is to partition the set of nodes
S=UZFE;, EE; =0 and then try to find parts
of solutions xp, of x* = argmin, U(x) operating just
with subgraphs that correspond functions Ug,(xg, ).

An appropriate choice of E; can speed up com-
putations because it allows to reduce number of re-
quired operations and also to exploit only the fast
cash computer memory. One more advantage of the
MGMC algorithm is possibility of its implementation
in a concurrent mode.

The algorithm was published in 2000.
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Ficure 2. Original and noisy images and its
estimate after execution of 1-st level of the
MGMC algorithm
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3. INTEGER MINIMIZATION OF
MODULAR FUNCTIONS

[t was mentioned that Greig, Porteous and Seheult
in 1989 posed the problem of exact determining the
MAP estimate for the gray-scale Ising model. We
present a solution a little bit more general problem,
when an image I is supposes to take values in FV and
the MAP estimate belongs, in general, to another set

of labels M.
Denote by

(5) modf Z)\ ‘fz mz‘ +

eV

Z 5Zj‘m’b mj‘ )\z Z O;ﬁi,j Z 0.

(1,))eE
potential function of the generalized gray-scale Ising
model and by
M, 00 = argmin,, - v = Upogr(m)
Let p,v be integers and the indicator function
1(u>1/) =1, if p > v, and be zero otherwise. For
any u € M and ordered Boolean variables z(l) =
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1(u2m (1)) that satisfy the inequality

2(1) > 2(2) > ... > z(k)

the relationship

(6) (0)+ > (m(l) —m(l —1))x(D),

[=1

holds true. Vice versa, any non-increasing sequence
of Boolean variables z(1) > x(2) > ... > z(k)
determines integer © € M according to (6).

Similarly, image values f; € JF can be represented
as sums

L
= fil7)
T7=1
of non-increasing sequences of Boolean variables
fi(l) > fi(2) = ... = filL).
Let x(1) = (x1(1), z2(1), .. .,xzn(), I =1,.. ., K

be Boolean vectors. Vectors z(l) are with coordinates

(i=1,...,N, l=1,...K)
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and
N

x| =) |z

i=1
is the norm of the vector. The following Proposition

1s valid.

PROPOSITION 2. For all integer v € M and all
fz' e F

=1 T=m(l—1)+1
L
+ ) i)
T=m(k)+1

Thus, for any image value f € FV and any value
m € M” of the estimate the function U,pq¢(m)
can be represented in the following form

(9)
Unoda.£(m) = Y " (m(l) —m(l—1))u(l,x(1)) + const,

=1
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where const = N|m(0)—ZT(?> fi(T)|, N-dimensional

Boolean vectors

X0 = ngzmn) Hmzmw) iz
and functions
Z)\‘zz b‘—I—Z@]‘b
€S (1,j)€A

for N-dimensional Boolean vectors b.

Denote by
(10)  x(I) = argminyu(l,b), (I=1,...,K)

the Boolean solutions that minimize u(l, b) and note
that

Moreover,

z(l)=z2)=...=zv—-1)=1,
0<zv)<lzv+1) = zi(K) =0

for some integer 1 < v < K. It is easy to see that so-
lutions %(I) are in general unordered in a sense that
for {; < ly unordered solutions %X;, 2 X, can ex-
ist. Nevertheless, there always exists non-increasing
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Ficure 3. Original, noisy, filtered by median

and m,,,q -estimate images

sequence
%(1) > %(2) > ... > %(K)

of solutions of problem (10).
This decomposition, in fact, allows computation
of my,,,g as

o0 = m(0) + Y (m(l) —m(l — 1))%(1)

in a concurrent mode with the use of solution x({—1)
to compute x(1).
The result was published in 2001.
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PORT ihin fine = expert contour
thick line = Is + 15

Ficure 4. Ultrasonic image of thyroid gland,
clusterized and then segmented by the gray-
scale modular function
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4. INTEGER MINIMIZATION
OF SQUARE POLYNOMIALS

Submodular square polynomials on integral vec-
tors f € FN (F ={f1,..., fr}) and m € M¥,

(M ={mq,...,mg}) can be written into the form
Usec,f(m) = Z )\Z(fl — mi)2 +
=%
> Bijlmi—my), Ai>0,8,>0
(i,j)EFE

and after represented by the Boolean polynomial

Useeg(m) = P(x(1),...,x(K)),m = > x(1),
=1

which is non-submodular.
Submodular Boolean polynomial Q(x(1), ... ,x(K))
1s constructed so that

Qx(1),...,x(K)) > P(x(1),...,x(K))
and their points of minima coinside
(@"(1),9"(2),...,q"(K)) =
..... (X(1>7 ce 7X(K>) -
argminy ) x(a).. x() L (X(1), .., x(K)).

.....
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Besides, any set of Boolean vectors minimizing )
turns to be decreasing:

qQ (1) >q*(2) > ... > q(K).

Therefore each solution my,. is given by the for-

mula My, = Z{il q*(1).
The result was published in 2001.
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5. COMBINATORIAL MINIMIZATION
OF SUBMODULAR FUNCTIONS

Representation of Functions by Boolean
Polynomials. In general, any function U(x) de-
pending on variables x = (x1,...,zy), which take
values in an arbitrary finite totally ordered set RY =
{ri,re, .. re by, rp <ry < ... < rg, can be rep-
resented by a Boolean polynomial. However, for the
sake of simplicity we consider instead of U(x) the
function

V(j):U(le,T’jQ,...,T’jN)

on integer variables j = (Jj1, j2, - - -, jn) with coordi-
nates j; € {1,2,..., K} = Nk.

To exploit the SFM we represent once more the
integer variables 7; as the sum of ordered Boolean
ones

(11) Ji=>_wi(l),
=1

where z;(I) € {0,1}, z;(1) > z;(2) > ... > z;(K)
and after decomposse the function V' (j) by a Boolean
polynomial.

Remind that the Boolean vector x(1) is of the form
(x1(1), 22(1), ..., 2N (1)), and for two vectors x, z we



22

say x > z, if x; > z;, i = 1,..., N (respectively,
X 7 z, if there is a couple of indexes 7, 5 such that
r; < z; and x; > z;). Then

V(i =V (Z X(l)> , x(1) >x(2)... > x(K).

The following statement is valid.

PROPOSITION 3. The expansion of V(j) into a

polynomial in ordered Boolean variables x(1) >
x(2) > ... > x(K) is of the form

(12) V(§) = Py (x(1),x(2)...,x(K)) = V(0) +

ﬁ: > i AoV (zm:MTelT>

m=1 1<l <..<lp<N p1,....,phm=1
m
XH'CEZT(/’LT)‘
T=1

where

AV(G)=V0E) - V(- e),

X
e, = (O, ....1,0,1,
i—

Oa"'76)7 jeNK

The expansion (12) does not allow to turn imme-
diately to the problem of the Boolean minimization



23
because of ordered variables. To avoid this disadvan-
tage we will use another polynomial

Py (x(1),x(2)...,x(k)) = Py (x(1),x(2).. ., x(k))

+ constz Z —x,(l —1))z,(1),

p=1 1=2

for sufficiently large constant const > 0. This poly-
nomial satisfy the following properties.

PROPOSITION 4. The inequality ]Bv < Py holds
true. Any collection of Boolean vectors
z" = (x*(1),x*(2) ...,x"(k)) that minimizes Py,
1. €.

z" = arg miny 1) x(2),... x(b Fv (x(1),%(2) ..., x(k))

turns to be ordered (non-increasing). Therefore,
this collection minimizes the polynomial ﬁv, and
the integer vector * = S x*(1) minimizes the
original function V (j).
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Hence, instead of minimization of V'(j) we can con-
sider the problem of Boolean minimization of sub-
modular polynomials

N m
PV(Z) = QA + g E a/ll,lg,...,lm H le?
=1

m=1 1<li<..<ljp,<N

dim(z) = KN.

However, we should remember that although the prob-
lem of minimization of submodular Boolean polyno-
mials admits solution of polynomial complexity on
input data, the polynomial Py (z), in the general
case, consists of exponential number O(e”) of mono-
mials. Therefore, to guarantee existence of fast min-
imizing algorithms we have to use for applications
Py(z) having polynomial number O(N9) of sum-
mands. Among them are, for example, polynomials
of a fixed degree and polynomials with Markov type
dependence of variables.

Modified SFM Algorithm. For two Boolean
vectors x,y let us denote by x V y (respectively,
by x A y) the vector with coordinates max(x;, y;)
(respectively, with coordinates min(x;, y;)).

DEFINITION 1. A function f s called submod-
ular if for any Boolean vectors x,y it satisfies the
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inequality

fxAYy)+ f(xVy) < f(x)+ f(y)

Remind that the set S = {1,..., N} and that for
any D C S the set D = S\D. The vector xp with
coordinated x;, ¢ € D is the restriction of x to the
set D, the abbreviation P(xp) = P(xp, Ope).

Below we always suppose for simplicity that
P(0) =0.
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The polynomial P(x) can be represented into the
form

P(x) = P{D}(x) + P(xp:), D C S,

where each monomial of P{D}(x) contains at least
one variable x;, i € D (and, in general, it depends
on xpe), and P(xpe) is independent of xp. Denote

by
M (xXpe) = {arg min P{D}(xp, %DC)}
XD

the set of minima of the polynomial P{D} on xp for
fixed Xpe. Then the following result is valid.

COROLLARY 5. Let )O(gcéggc be any ordered pair
of vectors, then:

(i): for any X}y, € M(xpe) there ezists a so-
lution z, € M(zpe) such that X, < zl,.
(ii): For any z}y € M(zpe) there exists a so-
lution Xy € M(Xpe) such that Xy < 7.
(iii): The sets M(xpe) and M(zpe) have min-
imal X, 25, and mazimal X, Zp elements.
(iv): The minimal and mazimal elements are
ordered, i.e. xp < zp, and X, < 77,
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Corollary 5 allows the use of multiresolution ap-
proach to find minima of submodular Boolean poly-
nomial. The approach is similar to the Multiresolu-
tion Graph Minimum Cut algorithm.

Representability of Submogular Boolean
Polynomial by Graphs.

In paper by Kolmogorov&Zabih (2002) the following
definition of graph representability is given.

DEFINITION 2. A function U(x) of N Boolean
vartables 1s called gmph representable iof there ex-
ists a network G = (S A) with number of nodes
M > N and the cost function C(z) such that for
some constant c

Ux)= min C(x1,...,TN,2N11,---,2M) + C.

Obviously, there is another definition of graph rep-
resentability.

DEFINITION 3. We say a function U(x) of N
Boolean variables can be represented by a graph

iof there exists a submodular quadratic polynomaial
p(z) of M (M > N) on Boolean variables, which
satisfies the equality

Ux)= min p(ry,...,TN,2N41,---,2M) + C.
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Ficure 5. Graph representing ax s ... Ty, a < 0

The following Lemma allows to represent Boolean
polynomials, which have all coefficients of nonlinear
monomials negative, by graphs.

LEMMA 6. For any natural m and real a < 0
the Boolean polynomial axixs ... x,, is graph rep-
resentable.

The monomials of order greater than 2 with pos-
itive coeflicients can not be represented by graphs
directly. To do it we should accompany those posi-
tive monomials by quadratic items with large enough
negative coefficients. It requires additional nodes in
graphs that represent the monomials.
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Ficure 6. Graphs representing axizs...x,, —
A ycicjemTiTj, >0, m=3,4,50

LEMMA 7. For any natural m > 2 and a > 0
the Boolean polynomaial

P(xy,x9,...,TN) = aT1T2. .. Ty—a Zl§i<j§m Tix;
1S graph representable.

Lemmas 6,7 allows to formulate
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THEOREM 8. The following Boolean polynomi-
als P are graph representable:

(i): Polynomials with all coefficients of non-
linear monomials negative;

(ii): Submodular polynomials having all co-
efficients before monomials of order 8 and
high positive;

(iii): Polynomials positive coefficients of which

571,12 ..... iy > 0 satisfy the condition

n—2
+ . .
alz’j _|_ Z Z bllaZQ aaaa UyeesJyenes Im S O’ VZ,] < S

m=1 [1<lp<...<lp,

The results were published in 2003.
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