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Minimum Cost Labeling, MAP

θst(xs, xt)
θt(xt)

θs(xs)

s

t

Label set : L 3 xs

Node costs : θs(xs)

Edge costs : θst(xs, xt)

min
x∈Ln

∑

s∈V (G)

θs(xs) +
∑

(s,t)∈E(G)

θst(xs, xt)

Minimum Cost Labeling,MAPθst(xs, xt)θt(xt)θs(xs)stLabel set :L∋xsNode costs :θs(xs)Edge costs :θst(xs, xt)minx∈Ln∑s∈V(G)θs(xs) +∑(s,t)∈E(G)θst(xs, xt)
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Linear Programming Relaxation

min
µ∈LOCAL(G)

∑

s

∑

xs

θs(xs)µs(xs) +
∑

(s,t)∈E

∑

xs,xt

θst(xs, xt)µst(xs, xt),

. Assign pseudomarginals µs and µst to nodes and edges

instead of labels

. Pseudomarginals µ relax indicator variables.

Linear Programming Relaxationminµ∈LOCAL(G)∑s∑xsθs(xs)µs(xs) +∑(s,t)∈E∑xs,xtθst(xs, xt)µst(xs, xt),⊿Assign pseudomarginalsµsandµstto nodes and edgesinstead of labels⊿Pseudomarginalsµrelax indicator variables.



Linear Programming Relaxation

min
µ∈LOCAL(G)

∑

s

∑

xs

θs(xs)µs(xs) +
∑

(s,t)∈E

∑

xs,xt

θst(xs, xt)µst(xs, xt),

∑

xs

µs(xs) = 1

LOCAL(G) :=
∑

xs,xt

µst(xs, xt) = 1

∑

xt

µst(xs, xt) = µs(xs)

µs(xs), µst(xs, xt) ≥ 0

(Schlesinger, 76), (Chekuri et al, 05), (KKT 07)

Linear Programming Relaxationminµ∈LOCAL(G)∑s∑xsθs(xs)µs(xs) +∑(s,t)∈E∑xs,xtθst(xs, xt)µst(xs, xt),∑xsµs(xs) = 1LOCAL(G) :=∑xs,xtµst(xs, xt) = 1∑xtµst(xs, xt) =µs(xs)µs(xs), µst(xs, xt)≥0(Schlesinger, 76), (Chekuri et al, 05), (KKT 07)



Graph-structured LPs

Simplex, Interior Point, Subgradient methods.

Iterative graph-structured algorithms?

Graph-structured LPsSimplex, Interior Point, Subgradient methods.Iterative graph-structured algorithms?



Algorithms to solve graph-structured LPs?

Graph-structured message passing procedures:

• Each node collects info from neighbors

• Collates the info

• Distributes info to neighbors

Algorithms to solve graph-structured LPs?Graph-structured message passing procedures:•Each node collects info from neighbors•Collates the info•Distributes info to neighbors



Max product

Mst(xt) ∝ max
xs



exp(θst(xs, xt)

∏

t∈N(s)\t

Mus(xs)





Max productMst(xt)∝maxxsexp(θst(xs, xt)∏t∈N(s)\tMus(xs)



Max product

Mst(xt) ∝ max
xs



exp(θst(xs, xt)

∏

t∈N(s)\t

Mus(xs)





• Need not converge

• Minimizes zero temperature limit of Bethe energy (not the LP)

Max productMst(xt)∝maxxsexp(θst(xs, xt)∏t∈N(s)\tMus(xs)•Need not converge•Minimizes zero temperature limit of Bethe energy (not the LP)



Tree-reweighted Max Product

LP Relaxation:

min
µ∈LOCAL(G)

∑

s

∑

xs

θs(xs)µs(xs) +
∑

(s,t)∈E

∑

xs,xt

θst(xs, xt)µst(xs, xt),

Tree-reweighted Max ProductLP Relaxation:minµ∈LOCAL(G)∑s∑xsθs(xs)µs(xs) +∑(s,t)∈E∑xs,xtθst(xs, xt)µst(xs, xt),



Tree-reweighted Max Product

LP Relaxation:

min
µ∈LOCAL(G)

∑

s

∑

xs

θs(xs)µs(xs) +
∑

(s,t)∈E

∑

xs,xt

θst(xs, xt)µst(xs, xt),

Compact Notation:

min
µ∈LOCAL(G)

〈θ, µ〉

Tree-reweighted Max ProductLP Relaxation:minµ∈LOCAL(G)∑s∑xsθs(xs)µs(xs) +∑(s,t)∈E∑xs,xtθst(xs, xt)µst(xs, xt),Compact Notation:minµ∈LOCAL(G)⟨θ, µ⟩



Tree-reweighted Max Product

LP:

min
µ∈LOCAL(G)

〈θ, µ〉

Dual:

max
{θT }

∑

T

ρ(T ) MAP energy for tree θT

s.t.
∑

T

ρ(T )θT = θ

“Dual decomposition” over trees.

[Wainwright et al, 2005]

Tree-reweighted Max ProductLP:minµ∈LOCAL(G)⟨θ, µ⟩Dual:max{θT}∑Tρ(T)MAP energy for treeθTs.t.∑Tρ(T)θT=θ“Dual decomposition” over trees.[Wainwright et al, 2005]



Stopping Criterion, Rounding

min
{θT }

∑

T

ρ(T ) MAP energy for tree θT

s.t.
∑

T

ρ(T )θT = θ

Tree Agreement: At any iteration,

x∗ optimal for all trees T in set T ⇒ x∗ is the MAP solution.

[Wainwright et al, 2005]

Stopping Criterion, Roundingmin{θT}∑Tρ(T)MAP energy for treeθTs.t.∑Tρ(T)θT=θTree Agreement: At any iteration,x∗optimal for all treesTin setT ⇒x∗is the MAP solution.[Wainwright et al, 2005]



Proximal Bregman Projections

Proximal Bregman Projections



Entropy Messages

Iterate, n = 1, 2, . . .

Initialize:

µ
(n,0)
st = µ

(n−1)
st exp (wn θst)

µ(n,0)
s = µ(n−1)

s exp (wn θs)

Iterate over edges (s, t):

µ
(n,ι+1)
st (xs, xt) ∝ µ

(n,ι)
st (xs, xt)

√√√√ µ
(n,ι)
s (xs)∑

xt
µ

(n,ι)
st (xs, xt)

µ(n,ι+1)
s (xs) ∝ µ(n,ι)

s (xs)

√√√√
∑

xt
µ

(n,ι)
st (xs, xt)

µ
(n,ι)
s (xs)

Entropy MessagesIterate,n= 1,2, . . .Initialize:µ(n,0)st=µ(n−1)stexp (wnθst)µ(n,0)s=µ(n−1)sexp (wnθs)Iterate over edges(s, t):µ(n,ι+1)st(xs, xt)∝µ(n,ι)st(xs, xt)√µ(n,ι)s(xs)∑xtµ(n,ι)st(xs, xt)µ(n,ι+1)s(xs)∝µ(n,ι)s(xs)√∑xtµ(n,ι)st(xs, xt)µ(n,ι)s(xs)



Quadratic Messages

Iterate, n = 1, 2, . . .

Intialize:

µ
(n,0)
st = µ

(n−1)
st + wn θst

µ(n,0)
s = µ(n−1)

s + wn θs

Iterate over edges (s, t):

µ
(n,ι+1)
st (xs, xt) = µ

(n,ι)
st (xs, xt) +

(1/` + 1)

(
µ(n,ι)

s (xs)−
∑

xt

µ
(n,ι)
st (xs, xt)

)

µ(n,ι+1)
s (xs) = µ(n,ι)

s (xs) +

(1/` + 1)

(
−µ(n,ι)

s (xs) +
∑

xt

µ
(n,ι)
st (xs, xt)

)

Quadratic MessagesIterate,n= 1,2, . . .Intialize:µ(n,0)st=µ(n−1)st+wnθstµ(n,0)s=µ(n−1)s+wnθsIterate over edges(s, t):µ(n,ι+1)st(xs, xt) =µ(n,ι)st(xs, xt) +(1/ℓ+ 1)(µ(n,ι)s(xs)−∑xtµ(n,ι)st(xs, xt))µ(n,ι+1)s(xs) =µ(n,ι)s(xs) +(1/ℓ+ 1)(−µ(n,ι)s(xs) +∑xtµ(n,ι)st(xs, xt))



Proximal Iterations

LP : min
µ∈LOCAL(G)

〈θ, µ〉

Proximal IterationsLP: minµ∈LOCAL(G)⟨θ, µ⟩



Proximal Iterations

LP : min
µ∈LOCAL(G)

〈θ, µ〉

µ(n+1) = arg min
µ∈LOCAL(G)

〈θ, µ〉+ wn ‖µ− µ(n)‖2

Proximal IterationsLP: minµ∈LOCAL(G)⟨θ, µ⟩µ(n+1)= arg minµ∈LOCAL(G)⟨θ, µ⟩+wn∥µ−µ(n)∥2



Proximal Bregman Iterations

LP : min
µ∈LOCAL(G)

〈θ, µ〉

µ(n+1) = arg min
µ∈LOCAL(G)

〈θ, µ〉+ wn Df (µ, µ(n))

(Bregman 67), (Censor and Zenios, 97)

Proximal Bregman IterationsLP: minµ∈LOCAL(G)⟨θ, µ⟩µ(n+1)= arg minµ∈LOCAL(G)⟨θ, µ⟩+wnDf(µ, µ(n))(Bregman 67), (Censor and Zenios, 97)



Proximal Bregman Iterations

µ(n+1) = arg min
µ∈LOCAL(G)

〈θ, µ〉+ wnDf (µ, µ(n))

= arg min
µ∈LOCAL(G)

Df (µ, µ̃n)

Updated parameters: µ̃n = µ(n) � θ

Entropy: µ̃n = µ(n) exp(θ)

Quadratic: µ̃n = µ(n) + θ

Proximal Bregman Iterationsµ(n+1)= arg minµ∈LOCAL(G)⟨θ, µ⟩+wnDf(µ, µ(n))= arg minµ∈LOCAL(G)Df(µ,˜µn)Updated parameters:˜µn=µ(n)⊙θEntropy:˜µn=µ(n)exp(θ)Quadratic:˜µn=µ(n)+θ



Outline of the algorithm

• Outer Loop:

µ(n+1) = arg min
µ∈LOCAL(G)

〈θ, µ〉+ wnDf (µ, µ(n))

= arg min
µ∈LOCAL(G)

Df (µ, µ̃n)

– Solve Outer loop by Inner loop:

† Initialize: µ̃n = µ(n) �f θ

† µ(n+1) ←Cyclic Bregman Projection of µ̃n onto local constraints.

Outline of the algorithm•Outer Loop:µ(n+1)= arg minµ∈LOCAL(G)⟨θ, µ⟩+wnDf(µ, µ(n))= arg minµ∈LOCAL(G)Df(µ,˜µn)–Solve Outer loop by Inner loop:†Initialize:˜µn=µ(n)⊙fθ†µ(n+1)←Cyclic Bregman Projectionof˜µnonto local constraints.



Cyclic Projections

min
µ∈∩iCi

Df (µ, µ̃)
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�����
�����
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�����
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�����
�����
�����
�����

[Bregman 67]

Cyclic Projectionsminµ∈∩iCiDf(µ,˜µ)/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1/1[Bregman 67]



Cyclic Projections

min
µ∈∩iCi

Df (µ, µ̃)

X∗

X1

X2

[Bregman 67]

Cyclic Projectionsminµ∈∩iCiDf(µ,˜µ)X∗X1X2[Bregman 67]



Outline of the algorithm

• Outer Loop:

µ(n+1) = arg min
µ∈LOCAL(G)

〈θ, µ〉+ wnDf (µ, µ(n))

– Solve outer Loop by inner Loop:

(a) Initialize: µ(n+1,0) = µ(n) �f θ

(b) µ(n+1) ← Cyclic Projection of µ̃n.

· For each edge (s, t) ∈ E,

· µ(n+1,k+1) ← Bregman Projection of µ(n+1,k) onto (local)

constraints for edge (s, t).

Outline of the algorithm•Outer Loop:µ(n+1)= arg minµ∈LOCAL(G)⟨θ, µ⟩+wnDf(µ, µ(n))–Solve outer Loop by inner Loop:(a) Initialize:µ(n+1,0)=µ(n)⊙fθ(b)µ(n+1)←Cyclic Projection of˜µn.·For each edge(s, t)∈E,·µ(n+1,k+1)←Bregman Projection ofµ(n+1,k)onto (local)constraints for edge(s, t).



Entropy Messages

Iterate, n = 1, 2, . . .

Intialize:

µ
(n,0)
st = µ

(n−1)
st exp (wn θst)

µ(n,0)
s = µ(n−1)

s exp (wn θs)

Iterate over edges (s, t):

µ
(n,ι+1)
st (xs, xt) ∝ µ

(n,ι)
st (xs, xt)

√√√√ µ
(n,ι)
s (xs)∑

xt
µ

(n,ι)
st (xs, xt)
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s (xs) ∝ µ(n,ι)

s (xs)

√√√√
∑

xt
µ

(n,ι)
st (xs, xt)

µ
(n,ι)
s (xs)

Entropy MessagesIterate,n= 1,2, . . .Intialize:µ(n,0)st=µ(n−1)stexp (wnθst)µ(n,0)s=µ(n−1)sexp (wnθs)Iterate over edges(s, t):µ(n,ι+1)st(xs, xt)∝µ(n,ι)st(xs, xt)√µ(n,ι)s(xs)∑xtµ(n,ι)st(xs, xt)µ(n,ι+1)s(xs)∝µ(n,ι)s(xs)√∑xtµ(n,ι)st(xs, xt)µ(n,ι)s(xs)



Bregman Distances

f(y)

f(x)

Df(x, y)

Df (x, y) = f(x)− f(y)−∇f(y)(x− y)

Bregman Distancesf(y)f(x)Df(x, y)Df(x, y) =f(x)−f(y)− ∇f(y)(x−y)



Bregman Distances

f(y)

f(x)

Df(x, y)

Df (x, y) = f(x)− f(y)−∇f(y)(x− y)

f is convex: the more distant the point, the lower is the linear

approximation bound.

Bregman Distancesf(y)f(x)Df(x, y)Df(x, y) =f(x)−f(y)− ∇f(y)(x−y)fis convex: the more distant the point, the lower is the linearapproximation bound.



Bregman Distances

Df (y, x) = f(y)− f(x)−∇f(x)(y − x)

f(x) =
1

2
x2 : Df (x, y) =

1

2
‖x− y‖2

f(x) =
∑

i

xi log xi : Df (x, y) =
∑

i

xi log(xi/yi)− xi + yi

Tree-reweighted Bethe Divergence:

f(µ) =
∑

s∈V,xs

ρsµs(xs) log µs(xs) +
∑

(s,t)∈E,xs,xt

ρstµst(xs, xt) log µst(xs, xt)

⇒ Df (µ, ν) =
∑

s∈V

D(µs||νs) +
∑

(s,t)∈E

ρstE(µst||νst)

Bregman DistancesDf(y, x) =f(y)−f(x)− ∇f(x)(y−x)f(x) =12x2:Df(x, y) =12∥x−y∥2f(x) =∑ixilogxi:Df(x, y) =∑ixilog(xi/yi)−xi+yiTree-reweighted Bethe Divergence:f(µ) =∑s∈V,xsρsµs(xs) logµs(xs) +∑(s,t)∈E,xs,xtρstµst(xs, xt) logµst(xs, xt)⇒Df(µ, ν) =∑s∈VD(µs||νs) +∑(s,t)∈EρstE(µst||νst)



Rounding Schemes

• Naive Rounding: x̂s = arg minxs
µn

s (xs)

Rounding Schemes•Naive Rounding:ˆxs= arg minxsµns(xs)



Graph based Rounding

• Naive Rounding

• Edge Rounding: (x̂s, x̂t) = arg minxs,xt
µn

st(xs, xt), provided

they are consistent.

Graph based Rounding•Naive Rounding•Edge Rounding:(ˆxs,ˆxt) = arg minxs,xtµnst(xs, xt),providedthey are consistent.



Graph based Rounding

• Naive Rounding

• Edge Rounding

• Star Rounding: x̂← optimal configuration for each local

neighborhood.

S

Graph based Rounding•Naive Rounding•Edge Rounding•Star Rounding:ˆx←optimal configuration for each localneighborhood.S



Graph based rounding

• Naive Rounding

• Edge Rounding

• Star Rounding

• Tree Rounding: x̂← optimal configuration for each tree in

set.

Graph based rounding•Naive Rounding•Edge Rounding•Star Rounding•Tree Rounding:ˆx←optimal configuration for each tree inset.



Optimality Certificate

• Naive Rounding ≡ no guarantees in general

• Theorem: At any iteration, if any of {Edge,Star,Tree} rounding

schemes find a consistent configuration x̂, then x̂ is the MAP

configuration.

Optimality Certificate•Naive Rounding≡no guarantees in general•Theorem:At any iteration, if any of{Edge,Star,Tree}roundingschemes find a consistent configurationˆx, thenˆxis the MAPconfiguration.



Optimality Certificate

• Naive Rounding ≡ no guarantees in general

• Theorem: At any iteration, if any of {Edge,Star,Tree} rounding

schemes find a consistent configuration x̂, then x̂ is the MAP

configuration.

• Computational Cost of Rounding: Naive ≤ Edge ≤ Star ≤ Tree

Optimality Certificate•Naive Rounding≡no guarantees in general•Theorem:At any iteration, if any of{Edge,Star,Tree}roundingschemes find a consistent configurationˆx, thenˆxis the MAPconfiguration.•Computational Cost of Rounding: Naive≤Edge≤Star≤Tree



Order preserving Invariant

For the entropic messages:

log




∏

s

µn
s (xs)

∏

(s,t)∈E(G)

µn
st(xs, xt)



 ∝

(
n∑

i=1

wn

)
E(θ, x)

Order preserving InvariantFor the entropic messages:log∏sµns(xs)∏(s,t)∈E(G)µnst(xs, xt)∝(n∑i=1wn)E(θ, x)



Convergence

Theorem: For any of the divergences {quadratic, entropic, TRW

Bethe}, denoting the current iterate by µn and the LP optimum by µ∗,

the convergence is super-linear

lim
n→0

‖µn − µ∗‖

‖µn−1 − µ∗‖
→ 0

Follows by adapting (Censor and Zenios, 97), (Teboulle, 95) and

(Bertsekas and Tsitsiklis, 97)

ConvergenceTheorem:For any of the divergences{quadratic, entropic, TR WBethe}, denoting the current iterate byµnand the LP optimum byµ∗,the convergence is super-linearlimn→0∥µn−µ∗∥∥µn−1−µ∗∥→0Follows by adapting (Censor and Zenios, 97), (Teboulle, 95)and(Bertsekas and Tsitsiklis, 97)



Convergence to LP optimum
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Optimality Gap
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Tree Disagreement
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