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Minimum Cost Labeling, MAP



Minimum Cost Labeling, MAP

Label set . L > xg
Node costs : O4(xs)

Edge costs : Og(xs, x¢)

:;HEHLI}L Z 98($8)+ Z est(xsaajt)

seV(G) (s,t)EE(G)



Linear Programming Relaxation

min ZZQ T s (Ts) + D D Our(we, wi)pst (s, 1),

peLOCAL(G) (s,t)EE 5,2

> Assign pseudomarginals [ls and [ls+ to nodes and edges
instead of labels

> Pseudomarginals [l relax indicator variables.



Linear Programming Relaxation

min ZZH Ts)ps(Ts) + Y S‘ Ost(Ts, Tt) st (Ts, Tt),

neLOCAL(G) (5,t)EE Ts,Tt

LOCAL(G) := Z pst(Ts, x) =1

,Lbs(l's), ,ust(xs: xt) Z 0

(Schlesinger, 76), (Chekuri et al, 05), (KKT 07)



Graph-structured LPs

Simplex, Interior Point, Subgradient methods.

lterative graph-structured algorithms?



Algorithms to solve graph-structured LPs?

Graph-structured message passing procedures:

e Each node collects info from neighbors
e Collates the info

e Distributes info to neighbors



Max product

Mst(xt) X Imax eXp st xsaajt H Mus 335
e tEN(s)\t



Max product

Mg () ox max exp(Os¢ (s, T¢) H M, s(zs)
’ teN(s)\t

e Need not converge

e Minimizes zero temperature limit of Bethe energy (not the LP)



Tree-reweighted Max Product

LP Relaxation:

min ZZH T ps(@s) + D D Our(we, w)psi (s, 1),

neLOCAL(G) (s,t)EE Ts,1




Tree-reweighted Max Product

LP Relaxation:

min ZZH T s (@) + D> D Our(we, wi)psi (s, 1),

neLOCAL(G) (5,t)EE Ts,1

Compact Notation:

' 0
MEL(%EL(G) < "u>



Tree-reweighted Max Product

LP:

' 0
MEL(%EL(G) < 7'u>

Dual:

max T) MAP energy for tree 6
max ET:P( ) T

s.t. Zp(T)HT =0

“Dual decomposition™ over trees.

[Wainwright et al, 2005]



Stopping Criterion, Rounding

min Z p(T)| MAP energy for tree 6p

Tree Agreement: At any iteration,
x* optimal for all trees T' in set 7 = x* is the MAP solution.

[Wainwright et al, 2005]



Proximal Bregman Projections



Entropy Messages

lterate, n =1,2, ...

Initialize:
Mg?,()) — Mg_l) exp (wy, Ost)
pimo) pl" =Y exp (wy, 0)

lterate over edges (s, t):

(n,.+1) (n,e) ﬂgn7b) (:CS)

Hst (xsaxt) X Hst (xsaxt)\z /L(?’L)(ZL'S ZCt)

DITARI CI
/k(sn’b) (5173)

/ign’hLD (rs) o ﬂgn’b) (5133)\



Quadratic Messages

lterate, n =1,2, ...

Intialize:
Mg?’O) = ﬂg?_l) + wn st
pm0 =t oy, 6,

lterate over edges (s, t):

p (@) = u (e, ) +
16+ 1) (ué”’”(l‘s) S W, m)
p D () = plm (z,) +

<1/€+1>( ) + 3 )



Proximal Iterations

LP: I v,
uEL(I)I(ljlerlL(G)< 1)



Proximal Iterations

LP : I 0
MELgcljl/leL(G)< 1)

(n+1) _ : 0 4 o (n))2
7 argMEnggL(G)< )+ wn [l = pt



Proximal Bregman Iterations

LP : ' 0
MEL(%EL(G) < 7'u>

(n+1) _ - 9 D (n)
u argMEL(grggL(G)hunn £ (e, )

(Bregman 67), (Censor and Zenios, 97)



Proximal Bregman Iterations

(n+1)  _ - 0 D (n)
7 argMELg)IggL(G)< i)+ wn Dy (p, ™)

—~—

arg | dun £, ™)

—~—

Updated parameters: pu" = ,u(") ® 0

Entropy: 1 = pt™ exp(6)

Quadratic: pr =™ 46



Outline of the algorithm

e Outer Loop:

(n+1) _ : 0 D (n)
7 arguenggL(G)hunn £ (e, ™)
— i D n
v min o Dyl ™)

— Solve Outer loop by Inner loop:
t Initialize: p® = p(™ ©; 6
t (1) Cyclic Bregman Projection of u™ onto local constraints.



Cyclic Projections

o
Inin, £ (1, )

\

7

[Bregman 67]



Cyclic Projections

DT
Inin, £ (1, )

[Bregman 67]




Outline of the algorithm

e Outer Loop:

(n+1)  _ - 9 D (n)
H arguEL(I)I(ljlerlL(G)< ,,u>+wn f(,LL,,u )

— Solve outer Loop by inner Loop:
(a) Initialize: p(" 19 = 4™ o, 0
(b) p(™*t1) — Cyclic Projection of u".
. For each edge (s,t) € E,
. pn LR+ Bregman Projection of (" 1%) onto (local)
constraints for edge (s,1).



Entropy Messages

lterate, n =1,2, ...

Intialize:
Mg?,()) — Mg_l) exp (wy, Ost)
pimo) pl" =Y exp (wy, 0)

lterate over edges (s, t):

(n,.+1) (n,e) ﬂgn7b) (:CS)

Hst (xsaxt) X Hst (xsaxt)\z /L(?’L)(ZL'S ZCt)

DITARI CI
/k(sn’b) (5173)

/ign’hLD (rs) o ﬂgn’b) (5133)\



Bregman Distances




Bregman Distances

Dy(z,y) = f(z) — fy) = Vfy)(z—y)

f is convex: the more distant the point, the lower is the linear
approximation bound.



Bregman Distances

Dy(y,z) = f(y) — f(x) = V[f(z)(y — )

fla)=5a* : Dylay)= eyl

:inlog:ci . Dy(z,y) = Zﬂleogﬂ?z/yz) Ti + Yi

Tree-reweighted Bethe Divergence:

f(:u) — Z Pslhs (xs) log s (373) T Z Pst st (3737 xt) log ps¢ (SUS, xt)
seV,x (s,t)EE, x5,y
= Df w, v ZD ,UsHVs + Z pstE :ustuyst)

seV (s,t)eE



Rounding Schemes

e Naive Rounding: Ty = argmin,_ u?(xs)



Graph based Rounding

e Naive Rounding

e Edge Rounding: (75, 7;) = argming,_ ., pl, (s, ), provided

they are consistent.

—



Graph based Rounding

e Naive Rounding

e Edge Rounding

e Star Rounding: < optimal configuration for each local
neighborhood.



Graph based rounding

Naive Rounding
Edge Rounding
Star Rounding

Tree Rounding: T < optimal configuration for each tree in

set.
oo o o oo o o
oo o o ® o o o
oo o o ® o o o




Optimality Certificate

e Naive Rounding = no guarantees in general

e Theorem: At any iteration, if any of {Edge,Star,Tree} rounding
schemes find a consistent configuration =, then Z is the MAP

configuration.



Optimality Certificate

e Naive Rounding = no guarantees in general

e Theorem: At any iteration, if any of {Edge,Star,Tree} rounding
schemes find a consistent configuration =, then Z is the MAP

configuration.

e Computational Cost of Rounding: Naive < Edge < Star < Tree



Order preserving Invariant

For the entropic messages:

log HM?(ZL’S) H gt (Ts, Tt) (Z wn)

(s,t)EE(G)



Convergence

Theorem: For any of the divergences {quadratic, entropic, TRW
Bethe}, denoting the current iterate by u™ and the LP optimum by p*,

the convergence is super-linear

¥ | — p*|
1111 n—1 *
n—0 [[pun=1 — p*||

Follows by adapting (Censor and Zenios, 97), (Teboulle, 95) and
(Bertsekas and Tsitsiklis, 97)



Convergence to LP optimum

Convergence rates: Attractive grid (SNR = 1)
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Suboptimality gap %
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Suboptimality gap %
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Disagreement %
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Disagreement: attractive grid (SNR = 2)
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Disagreement %
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