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Example: Binary Restoration

P AT T
2t e e Py

original noise added Y restored X

Grelg, Porteous and Seheult 89
E(X)ZZ/IlYV_XV |+ Zl ><u _le

veV (u,v)eE
o This is the optimal solution, given the smoothing prior.

o But it does not look as perfect as it sounds.
* \We can probably do a better job removing the noise by hand. How?
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Higher-order Relationships

e Boundary smoothness
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Higher-order Relationships

Boundary smoothness
Linearity

Collinearity
Parallelism
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Higher-order Relationships

Boundary smoothness
Linearity
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Parallelism
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Higher-order Relationships

Boundary smoothness
Linearity

Collinearity

Parallelism

Larger structure
Regular structure
Higher-level knowledge

These tell us what is wrong with =
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Can we state the problem?

How can we state the problem precisely?

What space do these things live in?
— First order: V
— Second order: VxV

...... exponential

Simple ones matter more
Simplicity Is relative to

the structure == Lamm
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Lesson from the graph

By talking about graphs, we are aware explicitly
what structure we are using

That makes the structure explicit and manipulable
Graph abstracts only the neighborhood structure
How can we abstract other structures?

Ishikawa, GC2008 at IPAM, UCLA



Approach

Represent patterns in a uniform way

Reflect simplicity relative to the structure
Integrate the low level and the high level
Automatically generate relationships to look for
Learn probabilities from data —Prior

Connection to the signal level —Semantics

— To generate structures automatically, this semantics
must be a part of what is generated.
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Dense representation

Something like bitmap
— Can represent anything but does not reflect any structure
— Most that can be represented this way Is random noise

Abstract a bit — subsets
— Lines, circles, and other geometric objects

— Images can be thought of as a subset of R%xColor
I.e., image function I(p) on DCR2 < {(p, I(p)) | pcD}

We call this the dense representation

The representation in the following includes these as
the trivial representation

It also allows sparser representation of the same subset
IT 1t Is simple relative to the structure of the space
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Representation

o Specify sets and power maps between them (diagram)

EX. O W
Q- ?(Y)_) ?(X) X< ............ Yf\) ........... Z\\)
) ) sx) N PR
K PX)—> PW) WQS(W)
« Consider an assignment s to each set of its subset
that satisfies s(X) =p(s(Y))
Y)=w(s(Z2)) nn(s(W))
s(S)= (1 wu(s(dm S

5) pein(s) A(s{Am ) S(W) = ¢(s(X))

where  In(S) . Incoming power maps to S
p - Pdm(u)) — Pledm())
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Representation

Specify sets and power maps between them (diagram)

EX. @ /4
X< ........... Y < ........... Z
. P(Y P(X N O N
v ?((z)): ?((Y)) 00 # Ty @<
s PW) - PY) \\W\5
K P(X) > PW) s(W)
Consider an assignment s to each set of its subset
that satisfies S(X) = o (s(Y))
sS(S)= 1 u(s(dm(w))) s(Y) =y (s(Z2)) nn(s(W))
Hene) S(W) = p(s(X)

Finally, specify some of the s(.)

Designate one set (say X ) whose assigned subset (s(X)) Is the
dense representation of what is represented.
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The Simplest Examples

oR ........... > X5 X' X, X' : Euclidean plane
s(R) ={r} 7,217 - dist: XxX—R  distance function
o v 7T, 7,. Projection

¢ ¢
s(X') ={p}  s(X)=?
s(S)= {1 ,U(S(dm(ﬂ)))

1ein(S

f: A—>B

f: PA) — PB) ADSH{f(X)|x € S} B
f-1. PB) > P(A) BDOSt {xeA|f(X)eS}c=A
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The Simplest Examples

|
R o o XX’ X, X' : Euclidean plane
s(R) ={r} 7,217 - dist: XxX—R  distance function
o v 7T, 7,. Projection

¢ ¢
s(X') ={p}  s(X)=?
s(S)= {1 ,U(S(dm(ﬂ)))

uein(s
S(X x X )=d|st '(s(R) Nz, (s(X"))
={(x, y) | dist(x, y) € S(R), 7,(x, y) = p}
={(x, p) [dist(x, p) =r}
S(X) =, (s(X x X))
={x|dist(x, p) =r}
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The Simplest Examples

-1

7. mult ' -
(/V ....... fo> VxR U>V- X, X' : Euclidean
s(V) ={v} sub V, V' 2D vector
e L mult; VxXxR—V
.7 . T
(/X D XK > )(\3 sub: XxX—sV/
s(X") ={p} s(X)=? m, m: Projection

s(V xR)={(v,c)|ceR}
s(V')={cv|ce R}
S(X x X')={(x,p) | x=pes(V)}
s(X)={x|x=p+cv,ceR} )
51
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(v,C) —> cv

(X, yY) > X=y
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Remarks

The diagram (the sets and the maps) represents the

structure:; the fixed subsets are t

ne parameters

Not too many primitive sets anc

maps

Variety comes from combination

Once the primitive sets and maps are implemented,

the rest 1S automatic

The structure and implementation details can be
separated; e.g., real numbers, image resolution, ...

— A line i1s a line In this representation, no matter how the
points on the Euclidean plane is represented.

Ishikawa, GC2008 at IPAM, UCLA

17



A little extension

e Choose some of the sets

EX. 7 W
o.PY)—> P(X) (/XQ ............. YE\) ............ Z\\)
w: PZ)— PY) S
n:PW)— P(Y) (X) K oy () s(2)
K: P(X) > PW) W\Bs(vv)
« Assume the assignment s satisfies for the chosen sets
s8)= U u(sam@a)) 7770
pein(S s(Y) =w(s(Z))wn(sW))
instead of s(W) = p(s(X))
s(S)= (1 p(s(dm()))

uein(S)

Ishikawa, GC2008 at IPAM, UCLA 18



Formally,

Consider the triple (.&~, .&~*, .#") where
= {S;}i., Is a family of sets indexed by a set |
" 1s a subfamily of .&~, (chosen sets)
A ={ @}y 1safamily of maps ¢ : P(S;) - P(Sy)

Let s be an assignment to each S; In .~“of s; c S
that satisfies s = U @;(s) ifSjisin &

1€J, 92 P(S) > P(S))

and 5 = g o;(s) ifSisin .~

J€d, 9 P(S)>P(S)
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Combination

dist ™ 7T, mult

(/R ............ > Xx X' Y — > VxR >\

2. A

(/X- " X' > X,XXI
s(X') ={p} s =

Ishikawa, GC2008 at IPAM, UCLA 20



Recursive definition

-1

V s X\ X, X" : Euclidean plane
S(V) ={A S V: 2D vector space
B add: XxV—X (X, V) > X+V
X' d) X _ ..
. 3 7, 7. Projection
s(X') ={p} S(X) =7

sS(X xV ) ={(x,v) | xe s(X)}
s(X) = s(X") U add(s(X xV))
={p}ru{x+v|xes(X)}
Sy p=2v,p-V, D, , 2V, - .
{-.p vpvpp+vp+v}/
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Recursive definition

-1

V s X\ X, X" : Euclidean plane
_n & \ V: 2D vector space
s(V) ={u,v} 72_—1/\ - add P
IRV add: XxV—X  (X,V) = X+V
X' ..... I d) X ] P . .
s(X') ={p} S(X) =7 .
. UL. '
’ Pev
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Hierarchical definition

-1

V s X\ X, X" : Euclidean plane
& \ V: 2D vector space
s(V) ={u,v} ”1_1/:; - add P
_ O add: XxV—X (x V) > X+V
X' ..... I d) X P
S(X) =A S(X)="7 O

) OO
>0 ),y OOOO )
RO
O O
O O
O O
O OO
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Hierarchical definition

dist T,
R ____________ > XXXI V ............ > XXV
s(R)={r} =, e UV 217 add

s(X")={ pi/ g(><) @@
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Regular and random parts of data

e Example: Same pattern appearing randomly
— Regqularity: the sameness of the pattern
— Randomness: pattern itself & where the pattern appears

-1
7T

2
V ............ > XXV ’.
¢ . 2
Rcv R 7[1_1'.,.-.,..--""7 add V@
oy
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Representing Computation
e Can represent computation

yXN .............. D NX'\\)l G
s(NxN)={(0,1)} £(0),(12),(2,2),(3,6),---,(n,nl), -}

" (n,m) > (n+1,m(n+1))

 In fact, it can simulate any Turing machine
(Turing Complete)

Ishikawa, GC2008 at IPAM, UCLA
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Representing Computation

* Mixes the geometry and computation
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Information Measure

e Can define an information measure similar to
Kolmogorov Complexity for arbitrary subsets

— Equivalent to KC for strings.

* Measure by the size of the maps needed in the
diagram to represent the subset, in terms of given set
of primitive maps

Ishikawa, GC2008 at IPAM, UCLA
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Problems

Given a diagram and parameters, render the subsets to
get an approximate dense representation (rendering)

Glven a diagram and a dense data, guess the
parameters (parameter finding)

Given a dense data, find a diagram and parameters that
represents the data (pattern discovery)

Because of the Turing completeness, all these problems
are undecidable In general

Ishikawa, GC2008 at IPAM, UCLA 29



Rendering

e (Given the setting —

and an element, e.g., xeX,
determine If xes(X)

X.< ............ Y Gl Z
W

* Recursively search until all conditions are checked

Xes(X)<e

Vgoein(X),{

y) =X [wheng = f]
'when g = f ]

3y e s(dm(e)), f(

f (x) e s(dm(e))
O f ﬂ
3 o -
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Rendering (Another approach)

 Create an approximate dense X< ------------ Y <‘”Z
representation for each set. o 577 Ss(2)={2)

e.g., pixels o
(.., pixels) W

» Define a binary variable v, for each node x.
— v,=1 Iff xes(X)
— WA=11ff xe u (s(dm(r)))

* The condition for the s(X) can be converted to logical

constraints

V. = A W'

X uein(X)

s(X)= N u(s(dm(p))) < swi=v_ .. v, [whenu="f]

yef 7 (x) ¥
uein(X)

-1
W, =Vio [whenpg=17]
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Rendering (Another approach)

 The constraints are of one of the forms:

X=YAN...AL (XVYV--vVI)AKXVY) A A(XV2Z)
X=YV..VvIZ (Xvyve-vZI)AXVY)A--A(XVI)
Xx=0 X
x=1 X

e They can be converted to the Conjunction Normal Form
C,An---nC,
C,=XVYVZIvV:--VvW

e The problem is thus the Satisfiability (SAT) Problem
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MAX SAT

 SAT < rendering, parameter finding
— Rendering: fix the sparse parameter
— Parameter finding: fix the dense data

« MAX SAT: the optimization version of SAT

C,An---nC_, weight w, for each C,
Ck=VYyvVy,
il el

|, :set of variablesappearing unnegated (I, : negated) in clause k

Find the assignment that maximizes ZWk
kst.C,=1

Ishikawa, GC2008 at IPAM, UCLA
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MAX SAT

* Approximation Algorithms
Yannakakis 92 (.75), Goemans&Williamson 94 (.75),

Goemans&Williamson 95 (.7584), Asano&Williamson’02
(.7846)

Just to give you a flavor:

relax
Max > w,z,
Ck
(IP)  subjectto:) y,+> (1-y,)>z, VC,
el el

y. €{0,1}, 0<z <1

Ishikawa, GC2008 at IPAM, UCLA

34



Toy Experiment

« Parameter Finding

found

2.0

found
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Conclusion

Introduced a representation of patterns:

Represents subsets

Describes structures in terms of the structure as defined by the
maps that characterize the space

— Reflects simplicity relative to the structure — sparse
Can mix sparse and dense representation

— EX. represent lines
* by a vector and a point — sparse
o by “pixels” — dense
— Deals with regular and random parts of the data

Allows hierarchical and recursive representations
Problems: rendering, parameter finding, pattern discovery
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