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Introduction Backward stochastic differential equations

Probabilistic numerical implications

Backward SDEs

Pardoux and Peng (1990, 1992) : W BM on (Q, F,P), F = FW
e For £ € L2, Hy(y, z) Lipschitz in (y,z), H.(0,0) € H? the BSDE

dYt = —Ht(Yt7Zt)dt+thWt, Yl :é-

has a unique solution (Y, Z) € S? x H?
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e For £ € L2, Hy(y, z) Lipschitz in (y,z), H.(0,0) € H? the BSDE

dYt = —Ht(Yt7Zt)dt+thWt, Yl :§

has a unique solution (Y, 7) € §? x H?

e For H = 0, this is just the martingale representation theorem
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Backward SDEs

Pardoux and Peng (1990, 1992) : W BM on (Q, F,P), F = FW
e For £ € L2, Hy(y, z) Lipschitz in (y,z), H.(0,0) € H? the BSDE

dYt = —Ht(Yt7Zt)dt+thWt, Yl :§

has a unique solution (Y, 7) € §? x H?
e For H = 0, this is just the martingale representation theorem

e Easy proof by means of a fixed point argument
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Introduction Backward stochastic differential equations

Probabilistic numerical implications

Backward SDEs

Pardoux and Peng (1990, 1992) : W BM on (Q, F,P), F = FW
e For £ € L2, Hy(y, z) Lipschitz in (y,z), H.(0,0) € H? the BSDE

dYt = —Ht(Yt7Zt)dt+thWt, Yl :§

has a unique solution (Y, Z) € S? x H?
e For H = 0, this is just the martingale representation theorem
e Easy proof by means of a fixed point argument

e Other (important) extensions : obstacle, quadratic in z,
multidimensional Y/, ... Aﬁ
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Introduction Backward stochastic differential equations

Probabilistic numerical implications

Motivation from finance

The BSDE
dYe = —He(Yt, Ze)dt + ZedW, n=¢

appeared in many contexts :
@ Classical hedging problem in finance (H = 0)

@ Hedging under different lending and borrowing rates, hedging
under portfolio constraints (+ nondecreasing process),

@ Recursice utility, Risk measures/monetary utility functions

e Portfolio optimization (only in exponential or power
expected utility framework)
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Introduction Backward stochastic differential equations

Probabilistic numerical implications

Connection with PDEs

In the previous context of the BSDE :
de_— = —Ht(Yt,Zt)dt+thWt, Y]_ :f
e Assume further that H¢(y,z) = h(t, Xs, y,z), £ = g(X1), and

dXt = b(t, Xt)dt+0(t,Xt)th
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Introduction Backward stochastic differential equations

Probabilistic numerical implications

Connection with PDEs

In the previous context of the BSDE :
dY, = —H(Yy, Zo)dt + ZedWs, Yy =¢
e Assume further that H¢(y,z) = h(t, Xs, y,z), £ = g(X1), and
dX; = b(t, X¢)dt + o(t, X¢)dW;

Then Y: = V(t, X;) for some deterministic measurable function V
e V is a viscosity solution of the semilinear PDE

1
0eV + 507DV + bDV + h(t,x, V,0DV) = 0, V(1,x) = g(x)
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Introduction Backward stochastic differential equations

Probabilistic numerical implications

A Feynman-Kac formula for semilinear PDEs

e Assume that the semilinear Cauchy problem
1
O:v + 502D2v + bDv + h(t,x,v,0Dv) =0, v(1,x)=g(x)

has a classical solution with appropriate growth
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A Feynman-Kac formula for semilinear PDEs

e Assume that the semilinear Cauchy problem
1
O:v + 502D2v + bDv + h(t,x,v,0Dv) =0, v(1,x)=g(x)

has a classical solution with appropriate growth

e Then, v(t,x) = Y, where (Y, Zt*) = (Y, Z) is the unique
solution of the BSDE

dYs = —h(s, Xs, Ye, Zs)ds + ZsdWs, Y1 = g(X1)
dXs = b(s, Xs)ds + o (s, Xs)dWs X = x
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Introduction Backward stochastic differential equations

Probabilistic numerical implications

A Feynman-Kac formula for semilinear PDEs

e Assume that the semilinear Cauchy problem
1
O:v + 502D2v + bDv + h(t,x,v,0Dv) =0, v(1,x)=g(x)

has a classical solution with appropriate growth

e Then, v(t,x) = Y, where (Y, Zt*) = (Y, Z) is the unique
solution of the BSDE

dYs = —h(s, Xs, Ye, Zs)ds + ZsdWs, Y1 = g(X1)
dXs = b(s, Xs)ds + o (s, Xs)dWs X = x

e One of our objectives is to extend this representation result to
fully nonlinear Dirichlet problems ,ﬂ
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Introduction Backward stochastic differential equations

Probabilistic numerical implications

Typical example of fully nonlinear Cauchy problem : HJB
equations

e U set of control processes with values in U
e For every v € U, the controlled process is defined by :
dXt{/ = IU/(X;/, I/t)dt + O'(X;/, l/t)th

— fsT k(Xl’j,uu)du

e Denote B2 :=e and consider the problem :

V(t,x):=supE [/ B (XS, vs ds+ﬂtg(XT):|

vel
Then the value function V is characterized by the HJB equation :

oV ov 1 PV
0 = G —sun{ut) 5o+ 3 5o )

—k(x,u)V + f(x, u)} Aﬁ

Nizar TOUZI with Jianfeng ZHANG and Mete SONER Wellposedness of Second Order BSDEs



Introduction Backward stochastic differential equations

Probabilistic numerical implications

Stochastic control and BSDEs

e In general HJB equation is fully nonlinear... no connection to
standard BSDEs
e Extension to FBSDEs (Pontryagin Maximum principle)

e If the control only acts on the drift, then HJB equation is
semilinear... the solution of the control problem can be represented
by means of a BSDE

e In portfolio optimization, both drift and diffusion are controlled

@ In general, no connection with standard BSDEs

@ However, if utility function is Exponential or Power, then the
special structure of the problem leads to a semilinear PDE
after a change of variable = BSDE representation

@ Mean-field interacting portfolio managers : conveniently
approached by BSDEs (G.-E. Espinosa’s PhD thesis) lﬁ
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Intraduction Backward stochastic differential equations
Probabilistic numerical implications

Motivation from Probabilistic Numerical Methods

Bally and Pagés (2003), Zhang (2004), Bouchard and T. (2004),
Gobet, Lemor and Warin (2005), - - -,

\A/t’; = g(Xt’;), andfori=1,...,n:

Vo= B Ve v anf(axe, v 2n)
Sn T v AVVfi
ty BT |:Yt',-1 At,]
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Intraduction Backward stochastic differential equations
Probabilistic numerical implications

Motivation from Probabilistic Numerical Methods

Bally and Pagés (2003), Zhang (2004), Bouchard and T. (2004),
Gobet, Lemor and Warin (2005), - - -, Cheridito, Soner, T. Victoir
(2006), Fahim, T. and Warin (2009)

\A/t’; = g(Xt’;), andfori=1,...,n:

Vo= B Vel v anf(axo, v 200
Sn i ¢ AVV’-Li
Zi = Kkl _Yt,; At,}
~ A -A ‘AWt,.|2—At,'
M, = Bl _Ytr; |At;]2
e Related work by Kohn and Serfati (2007)... ﬂ
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Intraduction Backward stochastic differential equations

Probabilistic numerical implications

Convergence of the MC-FD scheme

<Fahim, T. and Warin 09>

Theorem (i) Suppose that f is Lipschitz uniformly in x and
el <V,f <ool. Then

Yo (t,x) — v(t,x) uniformly on compacts

where v is the unique viscosity solution of the nonlinear PDE.
(i) If f is either convex or concave in (y, z,~), i.e. HJB operator,

—Ch/10 < v —vh < chl/4

e What about the convergence of the whole process (Y",Z",1")? Aﬂ
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Gamma constraints

Two intriguing examples Wikt Attt

Hedging under Gamma constraints

e nonrisky asset normalized to unity

e Risky asset defined by BS model dS; = S;odW;
e Wealth process : YtZ =Y+ fot Z,dS,, where Z is the portfolio
strategy assumed to be a semimartingale with

d(Z,S): = T+d(S);: (the so-called Gamma)
e Given a payoff ¢ € LO(F7), superhedging problem :

Vo = inf{YO; JZezZ I<r< ndYT>fIP’—as}

e Or the corresponding hedging problem : find Z € Z and some
"minimal" nondecreasing process K, Ky = 0, such that

Y%—Krzf, P—as.

(open problem)
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Gamma constraints

Two intriguing examples Market illiquidity

Hedging under market illiquidity

(Cetin, Jarrow and Protter 2004, 2006)
Risky asset price is defined by

@ the marginal price S;, t > 0

@ the supply curve v — S(.,v) :

S(St,v) price per share of v risky assets

with S§(s,0) =s
79 : holdings in cash, Z; : holdings in risky asset
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Gamma constraints

Two intriguing examples Market illiquidity

Hedging under market illiquidity

(Cetin, Jarrow and Protter 2004, 2006)
Risky asset price is defined by

@ the marginal price S;, t > 0

@ the supply curve v — S(.,v) :

S(St,v) price per share of v risky assets

with S§(s,0) =s
79 : holdings in cash, Z; : holdings in risky asset

With AZ0 = Z0

tiy1

budget constraint : AZS +AZ,.S(5:,AZ;,) =0

- Zg, AZt'. — Zt;+1 - Zt.,

i

— Z9=20-) AZ,S(St,0Zy) =20+ Zy ,ASy + .. g
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Gamma constraints

Two intriguing examples Market illiquidity

Continuous-time formulation of Model

Set Y; := Z2+ Z;S;, then :
Yr o= Yo+ Zy AS,—> AZ,[S (S AZy) — S(S,0)]

Assume v —— S(.,v) is smooth (unlike proportional transaction
costs models), then :

T T
Yr = Yo+/ Z;dS;— 05
0

1. o (5:,00d(Z) =) AZ[S(St, AZ:) - Si]

t<T

o let dSt = StO'th, then

d(Z): =T2d(S);: the so-called Gamma...
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TWO intri uin exam Ies Gamma constraints
guing P Market illiquidity

The Hedging Problem

Option / contingent claim : &

Wealth process (jumps in portfolio can be shown to be
sub-optimal) :

dyt = thSt - gj(st,())r% d<5>t where d<Z,5>t == rtd<5>t

1

Super-hedging problem

V :=inf {y : Y%Z > ¢ P — a.s. for some "admissible" Z}

Here, admissibility is the crucial issue Aﬂ
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Gamma constraints

Two intriguing examples Market illiquidity

Main difficulty

Without further restrictions on trading strategies, the
continuous-time problem reduces to Black-Scholes!

Lemma (Bank-Baum 04) For predictable W —integ. cadlag process
¢, and € > 0, there exists an absolutely continuous predictable
process ¢ = ¢f + fot ardr such that

SUPo<¢<1 ’fot ¢rdW, — fotqﬁder <e

= If the "admissibility" set allows for arbitrary a.c. portfolio
Zy = Zy+ [, aydu, then V = VBS (with T = 01)

<Cetin, Jarrow, Protter 04>
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Gamma constraints

Two intriguing examples Market illiquidity

Asymptotics of the discrete-time solution

BUT Gokay and Soner 09 showed that the discrete-time
super-hedging cost (with time step 1)
Vv Y 7& VBS I

V> is characterized as the unique viscosity solution of

—Vtoo(t,s)—i-%sza(t,s)zﬁ(s) - <‘/'5?‘;((S’f)’5)+1)+ ~ 0

) o B o (20871
with Vo°(T,.) =g and —C < V™ < C(1+5). Here £ := (452)

In the continuous-time problem, Soner and T. derive directly

this nonlinear PDE under appropriate restrictions on the trading
strategies... similar to previous work on Gamma consraints with ﬂ
Cheridito
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

Second Order Backward SDEs

Cheridito, Soner, T. and Victoir 07 (CSTV) :
e 2BSDE :

dYt = Ht(Yt, Zta rt)dt + ZtOth, rtdt = d(Z, W>t, Yl = é.
where
1 1
Ztoth = thWt + §d<Z~ W>t = thWt + Ertdt

is the Fisk-Stratonovich stochastic integration.
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

Second Order Backward SDEs

Cheridito, Soner, T. and Victoir 07 (CSTV) :
e 2BSDE :

dYt = Ht(Yt, Zt, rt)dt + ZtOth, rtdt = d(Z, W>t, Yl = é.
where
1 1
ZiodW; = ZydW; + §d<Z, W), = ZedW,e + §I_tdt

is the Fisk-Stratonovich stochastic integration.

olf Ht = h(t7 Wt7 Yt7 Zt; rt) and g = g(W]_), then Yt = \/(t7 Wt)v
where V is associated with the fully nonlinear PDE :

0:V + h(t,x,V,DV,D*V) =0 and V(L,x) = g(x).
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

The uniqueness result of CSTV

CSTV only deal with the Markov case

e Existence : if corresponding PDE has a smooth solution, then

Yy = V(t,W,), Z; =DV(t,W,), T,=D?>V(t,W,).
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An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

The uniqueness result of CSTV

CSTV only deal with the Markov case

e Existence : if corresponding PDE has a smooth solution, then

Yy = V(t,W,), Z; =DV(t,W,), T,=D?>V(t,W,).

e Uniqueness : Second Order Stochastic Target Problem
V(t,x) = inf {y . Y27 > g(Wy) for some Z € z}
U(t,x) = sup {y : Yly’z < g(W) for some Z € Z}

V and U are resp. viscosity super and subsolution of the PDE

If the comparison principle for viscosity solutions of PDE holds, lﬂ
then 2BSDE has a unique solution in class Z
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

The admissibility set ~ in CSTV

Definition Z € Z if it is of the form

N-1

t t
E Z”]‘{t<7'n+1} + / asds +/ IsdWs
n=0 0 0

e (7,) is an " seq. of stop. times, z, are F,, —measurable,
IV < o0

e Z; and I'; are L°°—bounded up to some polynomial of X;
o =To+ [y asds + [y £&sdWs, 0< ¢t < T, and

wp
o<t<T 1 —|—XB

allgp+ l€llg2 < oo, dllgb =
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

Uniqueness in larger class

Counre-example The following linear 2BSDE with constant
coefficients has a nonzero solution in L2 :

1
dYt f —Ecrtdt + ZtOde7 Yl - 07

whenever ¢ # 1
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

General framework

Q := C([0,1],RY), B : coordinate process, Py : Wiener measure
F := {F:}o<t<1 : filtration generated by B, F+

P is a local martingale measure if B local martingale under P

Karandikar 95 : fot BsdB;, defined w—wise, and coincides with the
Itd integral, P—a.s. for all local martingale measure P. Then

t 1
(B)y := B.BT —2/ B,dBT and 3 := lirn7<<8>t - <B>t_€>,
0 el0 €

defined w—wise

Pw :set of all local martingale measures P such that

(B); isa.c.intand 3 takes valuesin S;°(R), P —as. lﬂ
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

General framework, continued

For every F—prog. meas. « valued in S7°(R) with fol || dt < oo,
Pg—a.s. Define

t
P*:=Pyo (XO‘)*1 where X := / ozi/des, t€[0,1],Pg —a.s.
0

Ps C P : collection of all such P*

Then every P € Ps
o satisfies the Blumenthal zero-one law

@ and the martingale representation property
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

Nonlinear generators

He(w,y,z,7) : [0,1] x Q x R x RY x Dy — R, Dy € R¥*9 given,
containing 0

e For fixed (y, z,7), H is F—progressively measurable

e H is uniformly Lipschitz in (y, z), Isc in v

@ H is uniformly continuous in w under the L°°—norm

1
Fi(w,y,z,a) := sup {a Dy — Ht(w,y,z,’y)} , a€ S;O(R);
v€DH

Fi(y.z) == Fi(y,z,3) and F?:=F,(0,0)

Ph : set of all P € Ps such that

1
ap < a < ap, for some ap, ap and EP[/ \Ftolzdt} < 0.

JO lg

Def Pp—q.s. means P—a.s. for all P € Py (Denis-Martini 04)



The CSTV framework
An alternative formulation of 2BSDEs

2nd order backward SDEs Main results

Target problem and relaxations V(&) > V(¢) = \zf(f)

e Z € Npep, SM?(P), d(Z,B); = d(B):, Py—q.s. and

t t
Y = YOZ—/ HS(YS,ZS,I'S)der/ Zs 0 dB;
0 0

Second order target problem :

V(E) = inf{YO  YZ>¢Py—qs Z€ mpepHSM%P)}
Relax 1 V%= Vo + [ (3as: Fs—Hy(Vs, Zs,Ts)) ds + [ ZodBs,
V() i= inf{?o © 32,6 € Npep,H2(P), YEZ >¢P—as. Pe PH}
Relax 2 ?}”2 = Yo+ fot F. (\z/s, Z) ds + fot Z.dB,

V(€)= inf{% 37 € Mpep H2(P), VEZ > €P—as Pc PH} P
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

Definition

For F1—meas. &, consider the 2BSDE :
1 1
Yt = f _/ FS(Y57ZS)dS _/ stBs + Kl_Kh 0 <t< 1; PH —dq.s.
t t

We say (Y, Z) € D?, x H3, is a solution to the 2BSDE if
o YT = f, PH—C].S.
e For each P € Py, K¥ has nondecreasing paths, P—a.s. :
t

t
KE = Yo—Yt+/ FS(YS,Zs)ds+/ Z.dB,, t€[0,1], P—as.
0 0

o The family of processes {K*, P € Py} satisfies :

KP = essinf PEV[KT], P—as forall Pe Py, t<T
P ePy(t,P)

If the family {K®,P € Py} can be aggregated into a universal ﬂ
process K, we call (Y. Z,K) a solution of the 2BSDE
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

Spaces and norms

o L, := {& Fi — meas. : ||§||£,L < oo}
o Hf, := {Z F —prog. meas. in R9: ”Z”Hﬁl’,’; < oo}

1
€125, = sup E7[€]7), 1211, = sup B¥[( [ (a2 Pde)"?]
H PePy H PePy 0
e DY, := {Y F* —prog. in R cadlag Py —q.s. || Y||?, < oo}
H

IY15, == sup E”| sup |Yi[?]
H  PePy  L0<t<1
eLf. = {€ €L el <o)
H,P H,P /
l€lls, . = sup EF| sup ELIIE], BYFlE] = ess sup® BF [¢] 7]
o PePy 0<t<1 P ePy(t,P)
. Iﬁ%_, := closure of UC,(2) under the norm || - HLﬂ lﬂ
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The CSTV framework
An alternative formulation of 2BSDEs
2nd order backward SDEs Main results

Representation and uniqueness

1

Assumption  sup EP{ sup Ef’P[/ \Fso\zdsﬂ < 00, and there
PePy 0<t<1 t

exists C such that for all (y, z1, z2) :

ey, z1) — Fely, 22)| < Cla*(z1 — 2)|, dt x dP —ass. for all P € Py

Theorem Let ¢ € I3, , and suppose (Y, Z) € D x HE, is a
solution of the 2BSDE. Then, forany Pe Py and 0 < t; < t, <1,

P P’
Yo = esssup Vg (t2, Yy), P—as.
P’ e€Py(t1,P)

Consequently, the 2BSDE has at most one solution in D2, x H?Z,

Corollary Comparison holds true ﬂ
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A priori estimates

Theorem (i) Let¢ e }Lf,’* and (Y, Z) € D?, x H% a solution of
the 2BSDE. Then

1Y 15, + 1211, + sup EF[IKY ] < C(lIglEs + IF°IIGs )
PePy H H,x*

(ii) Let ¢ € L%_,y* and (Y, Z") € D?, x H2, corresponding
solutions to the 2BSDE, i = 1,2. Then, with 6¢ 1= ¢ — €2,
Y ==Yl - VY2, 6Z:=2" - 72 and 6K? := KIF — K2F .

16V lloz, < ClIGEllz, . and

1621, + sup E¥| sup [oKE ]
H PePy 0<t<1

< Cllagl2, + Cl1€Nz, .+ 17z, o€y,
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Existence

Theorem For any ¢ € 1.2, the 2BSDE admits a unique solution
(Y,Z) € D}, x H3,.

Recall 22, := closure of UC,(£2) under the norm || - ”lew,*’ where
H,P
lelz, = sup B sup E{[lg?]
o PePy 0<t<1
and

Ef’P[g] = esssup’ EY [€|F¢]
P/ePy(t,P)
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Connection with PDEs

Theorem Under "natural conditions", the solution of the 2BSDE
satisfies Y; = u(t, Bt), t € [0, T], and u is a viscosity solution of

g:(t,x) + /:l(t,x, u(t, x), Du(t, x), D2u(t,x)) = 0,0<tx«1
u(1,x) = g(x)

where

~ 1

H(tvxvyvz”)/) = sup {73:7_F(t’x’)/azaa)}a ’YGRdXd'

aeS}(R)

We also have a Feynman-Kac representation theorem for the
Cauchy problem with the latter fully nonlinear PDE lﬂ
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